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Preface

These lecture notes have been prepared for the course MCS.T419: Stochastic Differential Equa-
tions at the Institute of Science Tokyo. The purpose of the notes is to provide an elementary yet
rigorous introduction to stochastic differential equations (SDEs), together with the foundations
of stochastic control and modern numerical methods for nonlinear partial differential equations
(PDEs). The notes are intended to offer a systematic pathway from basic stochastic processes
to controlled diffusions, viscosity solutions, and kernel-based numerical schemes.

Chapter 1 is devoted to some preliminaries for handling continuous-time stochastic processes.
In particular, we need to introduce the notion of measurability that describes predictabilities
of random motions. This theory is often bothersome to application-oriented students, but is
indispensable for a rigorous analysis of stochastic processes. Brownian motion is introduced as
the canonical model of continuous-time randomness.

Chapters 2 and 3 develop the basic theory of stochastic calculus. Chapter 2 introduces
stochastic integrals and Itd’s formula, followed by change-of-measure techniques such as the
Girsanov—Maruyama theorem and the martingale representation theorem. Chapter 3 then for-
mulates stochastic differential equations, covering existence and uniqueness, explicit solutions,
numerical approximations, statistical inference, weak solutions, and time reversal of diffusions.
The theory of time reversal provides the mathematical foundation for recent generative models
such as denoising diffusion probabilistic models (DDPMs), where the reverse-time dynamics of
diffusions play a central role.

Chapter 4 collects several applications of the SDE theory. We first present state-space
models for animal movement built on biologging data, together with the Kalman filter for linear-
Gaussian models. Next, we treat option pricing in It6 market models, where the no-arbitrage
price of a European contingent claim is given by its discounted expectation under an equivalent
martingale measure, leading to the Black—Scholes formula. Finally, we introduce SDE-based
machine learning methods, namely Langevin Monte Carlo and DDPMs.

Chapter 5 introduces stochastic control theory for controlled diffusions. It first presents a
basic framework of continuous-time optimization problems, then gives the characterization of
these problems by Hamilton—Jacobi-Bellman (HJB) equations through the verification theorem,
and further studies the stochastic control problems with terminal constraints. The terminal-
constraint formulation encompasses the classical Schrédinger problem (or Schrédinger bridge
problem), which can be regarded as an entropy-regularized stochastic control problem connecting
prescribed initial and terminal distributions. The chapter closes with numerical methods for
HJB equations, including the classical finite-difference scheme of Kushner following Fleming
and Soner, and kernel-based collocation methods that rely on reproducing kernel Hilbert spaces
and have recently attracted attention for multi-dimensional nonlinear PDEs.

Chapter 6 collects further applications of the SDE theory and stochastic control. We first
treat the classical Merton portfolio problem, which is a textbook application of the verification
theorem in mathematical finance and admits an explicit closed-form solution. We then turn
to the Schrodinger bridge problem as a stochastic control problem with a terminal-distribution



constraint, whose feedback drift provides a generative-modeling framework that complements
the diffusion models of Chapter 4. Finally, the Almgren—Chriss optimal execution problem
is presented as a finite-horizon linear-quadratic mean-variance control problem whose explicit
solution exhibits a clean qualitative dependence on the trader’s risk aversion.

Chapter 7 then develops the theory of the viscosity solutions, which are the most useful and
elegant notion for weak solutions of nonlinear elliptic and parabolic partial differential equations,
as well as open up the possibility of rigorous numerical analysis of HJB equations whose classical
solutions might not exist. In particular, the Barles—Souganidis method developed in this chapter
gives the rigorous convergence proof for the numerical methods presented at the end of Chapter 5.

Several important topics necessarily fall outside the scope of these notes, including advanced
properties of Brownian motion and diffusion processes, stochastic integration with respect to
discontinuous semimartingales, Rough paths, backward stochastic differential equations, optimal
filtering, infinite-horizon control, optimal stopping, and applications to mathematical finance.
These topics may be treated in future versions.

To the Reader: The reader of these notes is expected to have knowledge of measure-theoretic
probability theory and of functional analysis at an introductory level. Several technical parts
can be skipped on a first reading, which are explicitly indicated. In particular, the proofs of
mathematical statements with the caption “Proof*” can be skipped on a first reading.
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Convention and Notation

Convention

e Throughout these notes except for the appendix, we work on a complete probability space
(Q, F,P). In particular, all random variables appeared in Chapters 1-7 are assumed to be
defined on the measurable space (92, F).

o All stochastic processes appeared in Chapters 2-7 are assumed to be measurable.

Notation

e N={1,2,...}.

7 ={0,+1,£2,...}.

e R% d-dimensional Euclidean space.

o Z0={(z',...;2%) 2" €Z, 1<i<d}.

e R™*: the totality of real m X d-matrices.

o S% the set of all d x d real symmetric matrices.

e C: the set of complex numbers.

o |z|: the standard Euclidean norm of z € R?.

o lal =0, |la;;|?)'/? for any real matrix a = (a;;).

o z7 =max{z,0}, z € R.

o 7 =max{—z,0}, z € R.

e a': the transposition of a real vector or matrix a.

e A¢: the complement of a set A.

e 14: the indicator function for a set A.

o E[X]: the expectation of a random variable X under P.

e V[X]=E[(X — E[X])?]: the variance of X under P.

o Eg[X]: the expectation of a random variable X under a probability measure Q on (2, F).
e I, the identity matrix in R4*?,

o LP =LP(Q,F,P) for p e [l,00].



O¢f = 0f/0€ and 8§n f = 02f/0¢0on if the partial derivatives exist for any function f
defined on a subset of an Euclidean space.

For every multi-index o = (v, . . ., aq) with |a|1 := a1 + - - - + g, the differential operator
D¢ is defined as usual by

N glah
D f(xl, e ,:,Ud) = mf(xl, .o .,xd)-

C(U): the set of all continuous functions on U C R™.
Cy(U): the set of all bounded continuous functions on U C R™.
C3°(R™): the set of all infinitely differentiable functions on R™ having compact supports.

C12(]0, T]xR™): the set of all functions f : [0, 7] xR™ — R such that the partial derivatives
Ocf, O, f 8§ixjf, i,7=1,...,n, exist and continuous on [0, T] x RY,

C(U;R%): the set of all R%-valued continuous function on U.
By(z)={yeR": |y —z| <r} for z € R" and r > 0.

o(X1,...,Xp): the o-algebra generated by random variables Xy, ..., X,,. More generally,
o(A) denotes the o-algebra generated by a collection A of subsets of .

B(R9): the Borel o-algebra on R

F = {F;}1>0: a filtration, i.e., a family of sub o-algebras of F satisfying Fs C F; for s <.
N (u,3): the normal (Gaussian) distribution with mean p and covariance matrix X.
tr(A): the trace of a square matrix A.

Df(x) = (0p, f(2),...,02,f(2))7: the gradient of f : R? — R at =.

D?f(z) = ((ﬁmjf(x))gj:l: the Hessian matrix of f: R? — R at x.

(X): the quadratic variation of a semimartingale X at time t¢.

(X,Y)s: the quadratic covariation of semimartingales X and Y at time ¢.

Leb: the Lebesgue measure on R

a.s.: almost surely; with probability one under P.

a.e.: almost everywhere with respect to a given measure.

vi



CHAPTER 1

Preliminaries for Continuous-Time Stochastic Processes

In the theory of stochastic differential equations, martingales play a fundamental role. So we first
review the abstract notion of conditional expectation on which martingale theory is built. Next,
we discuss several kinds of measurability which are indispensable for handling unpredictable
motions of dynamical systems. Then, we deal with Brownian motions, which is a basic model
of a source of purely random fluctuations.

1.1 Conditional Expectation

For A, B € F with P(B) > 0, we call

P(AN B)

P(AIB) = —5 g

the conditional probability of A given B.
Similarly, for random variable X and B € F with P(B) > 0, we call

E[X1p]

EIXIB = 5 5

the conditional expectation of X given B.

The case of finite o-algebras

Definition 1.1
A sub o-algebra G in F is said to be finite if there exist Ay,..., A, € F such that = U}_, Ay,
AiNA; =0 (i#j)and G =0(A1,...,A).

o We call {A;}}_, in Definition 1.1 a partition of €.

o The o-algebra G in Definition 1.1 is said to be generated by the partition {Ay}.

Definition 1.2
Let X € L' and G be the o-algebra generated by the partition {A4x}7_,. Then,

E[X|G] := Zn:E[X|Ak]1Ak
k=1

is said to be the conditional expectation of X given G. Here, we set an arbitrary value for



E[X| Ay if P(Ay) = 0.

o Roughly speaking, E[X|F] is the expectation of X computed provided that we know in-
formation of G.

o Note that E[X |G] is also a random variable. In particular, it is a G-measurable random
variable.

o We often write E[X |G](w) to emphasize that it is a function of w € €.

o Since {A} is a partition of €, the quantity E[X|G](w) gives the conditional expectation
of X given the events of which w belongs to.

o For random variables X,Y’, we often write E[X|Y] for E[X|o(Y)].

Problem 1.3
Let p € (0,1) and 0 < d < 1 < u. Consider the random variables S;, i = 0, 1,2, defined by

Sit1=D;415;, 1=0,1,

where D1, Dy are IID with P(D; = u) =1 —P(D; = d) = p and S) is assumed to be a positive
constant.

(i) Show that o(S}) is finite.
(ii) Prove that
E[SQ’Sl] = (up + d(l — p))Sl.
(zeneral definition

Next consider the case where o-field is not necessarily finite. Then of course Definition 1.2 is
no longer available. Our idea is to derive a good implication that can be described without the
definition of finite o-fields, and to adopt it as the definition of general conditional expectations.

Proposition 1.4

Let X € L' and G a finite o-field. Then, for A € G we have E[X14] = E[E[X|G]14].

Proof. Let {By}}_, be a partition of  satisfying G = (B4, ..., By).
First notice that the proposition immediately follows if A € G is empty. Thus assume that
A € G is nonempty. Then, A = U]" | B;, for some i1,...,4, € {1,...,n}, and so

m

E[E[X|G)1p,] = ) EE[X|B;]lz,]
k=1

I
NE

E[E[X]G]14]

e
Il
—

I
NE

E[X|B;,JP(Bi,) = Y E[X1p, | = E[X14].
k=1

i
I

O]

Proposition 1.4 means that if G is finite, then Y = E[X|G] is a G-measurable random variable
such that E[X14] = E[Y'14], A € G. A random variable Y with this property exists when o-
algebra is not necessarily finite, and this existence is unique.



Theorem 1.5

Let X € L' and G a sub o-algebra in F. Then there exists a random variable Y satisfying
the following:

(i) Y is G-measurable.
(i) Y e L.
(iii) E[14Y] =E[14X], A€ g.

Moreover, this existence is almost surely unique, i.e., for Y with the three properties
above, we have Y =Y a.s.

Proof. We use the representation X = X+ —X~. For each X and X, we define the probability
measure QF on (2, G) by

X+ 41
+ _
@(A%iAE[i+HMR Aeg

respectively. Since QT and Q™ are both absolutely continuous with respect to P, by Radon-
Nikodym theorem (see Theorem A.38), there exist nonnegative, integrable, and G-measurable
random variables Z* such that Q¥ (A) = E[14Z%], A € G. Hence, the G-measurable random
variable
Y =EXt+1Z" —E[X~ +1]Z~

satisfies (ii) and (iii) in the statement of the theorem.

Next we will show the uniqueness. Suppose that Y and Y satisfy (i)-(iii) in the statement
of the theorem and P(Y > Y') > 0. Then, since lim, o P(Y > Y +1/n) = P(Y > Y), we have
P(Y >Y +1/n) > 0 for some n € N. It follows from this that

- 1 -

On the other hand, the conditions (ii) and (iii) imply that A := {YV > Y +1/n} € G and

E[Y14] ZNE[Y/lA], which leads to a contradiction. Thus Y <Y a.s. By a similar argument, we
see Y >Y a.s. HenceY =Y a.s. O

Therefore, the conditional expectations with respect to finite o-algebras are completely char-
acterized by the three properties in Theorem 1.5. Then we define the conditional expectations
with respect to general o-algebras by these properties.

Definition 1.6

For X € L' and any sub o-algebra G in F, we call the unique random variable Y as in Theorem
1.5 the conditional expectation of X given G, and write Y = E[X|F].

o If you want to confirm that Y = E[X|G] a.s., then you only need to check that Y satisfies
the properties (i)—(iii) in Theorem 1.5.

We collect basic properties of the conditional expectations given o-algebras.

Proposition 1.7

Let X,Y € L' and let G, H be o-algebras. Then the following hold:
(i) If X is G-measurable, then E[X|G] = X a.s.

(ii) ElaX 4 bY|G] = aE[X|G] + DE[Y|G] a.s. for a,b € R.




(iii) If X > 0 a.s., then E[X|G] > 0 a.s.

(iv) For a sequence {X,}7 ; of random variables such that 0 < X,, < X,,41 < --- as.
and X, — X a.s., then E[X,,|G] " E[X]F] a.s.

(v) For a sequence {X,}°°; of random variables such that |X,,| < Z (Vn) a.s. for some
nonnegative random variable Z € L! and lim,,_,, X,, = X a.s., then

nli_)rlgoE[Xn\g} = E[X|G] a.s.

(vi) If H C G then E[E[X|G]|H]| = E[X|H] a.s.
(vii) E[E[X|G]] = E[X].
(viii) If X is G-measurable and XY € L!, then E[XY|G] = XE[Y]|G] a.s.

)
)
)
(ix) If H is independent of o(X,G), then E[X|o(G, H)] = E[X|]] a.s.
(x) If X is independent of G, then E[X|G] = E[X] a.s.

)

(xi) For R-valued convex function g on R such that g(X) € L', we have E[g(X)|G] >
g(E[X]G]) a.s.

Proof. (i). The random variable X itself satisfies (i)—(iii) in Theorem 1.5. By the uniqueness,
X =E[X|F] as.
(ii). By the linearity of E[-], for A € G,

E[(aX + bY)14] = aE[X14] + E[Y14] = aE[E[X|G]14] + bE[E[Y|G]14]
— E[(aE[X|G] + bE[Y |G])14].

The uniqueness of E[aX + bY|G] means E[aX + bY |G| = aE[X|G] + DE[Y|G] a.s.

(iii). It follows from X > 0 and Theorem 1.5 (iii) that E[14E[X|G]] > 0 for A € G. Hence
E[X]|G] > 0 a.s.

(iv). From (iii) the sequence {Y,,} defined by Y, := E[X,|G] is almost surely nonnegative and
nondecreasing. Thus Y (w) := limsup,,_, ., Y, (w) satisfies ¥;, /' Y a.s. Then the monotone
convergence theorem for the expectation (see Theorem A.36) yields

E[YIA] = nh_EgoE[YnlA] = nh—g)loE[anA] = E[XlA], Aeqg.

This means that Y satisfies the conditions (i)—(iii) in Theorem 1.5.
(v). Use an argument similar to that in the proof of (iv).
(vi). Let A € H. Since A € G, we have E[E[X|G]14] = E[X14].
(vii). This follows from the property (iii) in Theorem 1.5 for A = Q.
(viii). For B € G we see

E[1gE[Y|G]14] = E[E[Y|G]1Bna] = E[Y1pna] = E[(15Y)14], A€g.

Thus, the claim follows for X = 1. For general X, approximate it with simple random variables
and then use a convergence theorem.

(ix). We may assume that X > 0 a.s. without loss of generality. The claim is trivial when
X = 0 a.s. Thus we further assume E[X] > 0. Set Y = E[X|G]. Then we will show that the
two probability measures

p(A) = E[X14]/E[X],  p2(A) = E[Y14]/E[Y], AeF



coincide with each other on o(G,H).
Indeed, for A € G and B € H, since X14 and Y14 are independent of B, we find

E[X1anp] = E[X14]P(B) = E[Y14]P(B) = E[Y 14ns].

Hence gy = poon C :={ANB: A€ G, Be€ H}. Lemma A.44 now implies that pu; = ps on
o(G,H)=0(C).

(x). Take G = {0, Q2} in (ix).

(xi). We will prove the claim in the case where G is finite, i.e., it is generated by a par-
tition {Ay}7_,. For general cases we refer to, e.g., [46]. In the present case, E[X|G] =
S r_ E[X|Ak]14,. Then notice that E[X|A,] = E?[X], where Q is the probability measure
defined by dQ/dP = 14, /P(Aj). Thus by Jensen’s inequality (Proposition A.27),

n

g(E[X]4]) Zg (XA 14, < D El9(X)[A4]La, = Elg(X)|g],

k=1 k=1

as required. ]

The conditional expectation E[X |G| can be interpreted as the least square estimates of X
over G-measurable random variables.

Proposition 1.8

For X € L?, the conditional expectation E[X|G] is almost surely unique G-measurable
random variable such that

E[(X —E[X|G])?] = min{E[(X —Y)?]: Y € L? G-measurable}.

Proof. First notice that for Y € L?, Cauchy-Schwartz inequality (see Proposition A.28 (i)) yields
IE[XY]| < co. Thus (X —Y)? € L'. Next, setting Z = E[X|G] — Y, we have

(X —Y)? = (X —E[X|G] + E[X|G] - Y)* = (X — E[X|G])* + 2(X — E[X|G])Z + Z°.
If Y is G-measurable, so is Z. Thus By Proposition 1.7,
E[(X - E[X|0])Z] = E[E[(X - E[X|G])Z|9]] = E[ZE[X — E[X|F]|F]]
= E[Z(E[X]|G] - E[X[F])] = 0.

This implies

E[(X — Y)?) = B[(X — E[X|g))?] + E[2?
for any G-measurable Y € L2. Therefore E[Z?] attains the minimum 0 only when Y = E[X|J]
a.s., which leads to the claim. ]

Let AV be the collection of all P-null sets from F. Then, o(N) = {4 € F:P(4) =1 or P(A4) = 0}.
The following is a generalization of Theorem A.17:

Theorem 1.9

Let (FE, &) be a measurable space, Y : Q@ — E, and X : Q@ - R a 0(N Uoc(Y))-measurable
random variable. Then, there exists an £-measurable function f : £ — R such that

X =f(Y)as




Proof*. We may assume that X is bounded. Otherwise, it suffices to consider arctan(X). We
also assume that X > 0 a.s. and P(X > 0) > 0 without loss of generality. Then, define

X(w) =E[X|o(Y)|(w), weQ.

By Theorem A.17, X (w) = f(Y (w)), w € Q, for some E-measurable f. We will show that X = X
a.s. To this end, first note that G := c(N Uc(Y)) = o(c(N)No(Y)) and o(N) No(Y) is a
m-system. For any A € o(N) and B € o(Y') we have

E[X14np] = E[X15] = E[X1p] = E[X14n5]

if P(A4) = 1. Otherwise, E[X14n5] = 0 = E[X14np]. Thus, the two probability measures Q and
Q on (£2,G) defined respectively by

Q(A) = Q(4) =

A€qg,

agree with each other on o(N) N o(Y). Then, applying Lemma A.44, we find that E[X14] =
E[X14], A € G, whence )
E[XZ] = E[XZ]

for any bounded G-measurable random variable Z. Therefore, for any A € F,
E[X14] = E[XE[14|G]] = E[XE[14]G]] = E[X14].
This means X = X a.s., as wanted. O

By Theorem A.17, there exists a measurable function f such that E[X|o(Y)] = f(Y). Thus,
f(z) can be interpreted as the “conditional expectation” E[X|Y = z]. Rigorously, this quantity
has no meaning when P(Y = z) = 0. The next theorem gives a valid version of the conditional
expectation given Y = z. A proof can be found in [33].

Theorem 1.10

Suppose that € is a complete separable metric space and F = B(2). Let S be a separable
metrizable space, and Y : 2 — S a Borel measurable map. Denote by p the law of Y.
Then, there exists a family { P, },cg of probability measures on (S, B(S)) such that

(i) S 3 x+— Py(A) is Borel measurable for any A € F;
(ii)) Py(A\{Y ==z}) =0 for p-almost all x € S,

(iii) for any X € L*,
Ey () [X] = EX|o(Y)](w)

for almost every w € 2, where E, is the expectation operator with respect to P,.

Theorem 1.10 means that for any X € L' and bounded measurable f,

E[X (V)] = /S F () Eu [ X u(de). (1.1.1)

In particular, we have the disintegration formula

P(A) :/SPQC(A)M(dy), AeF. (1.1.2)



To give the interpretation of F, mentioned above, let x € S be fixed and € > 0. Assume that
y — E,[X] is bounded on the open ball B, , at « with radius e . Then by (1.1.1) and the mean
value theorem for Lebesgue integral (see, e.g., [50, EH 12.5]),

BX1yenl = [ B/XIu(dy) = (Y € Be.)

for some ¢ € [infyep, , Ey[X],sup,cp. , Ey[X]]. Therefore, if P(Y = z) > 0, then considering
€ = 0 we obtain
E[X|Y =z] = E.[X].

In the case of P(Y = x) = 0, by assuming the continuity of y — E,[X], we get
lim E[X|Y € B..] = E,[X].
e—0 ’

Thus, we conclude that E,[X] can be interpreted as the conditional expectation of X given
Y ==x.

1.2 Filtration, Measurability, and Martingales

An R%valued stochastic process is a family {X;}ser of random variables taking values in R
The index generally represents a continuous or discrete time variable.

Definition 1.11
Let T = [0,00), [0,7], NU {0}, or {0,1,...,N}, where T" € (0,00) and N € N. A family
F = {Fi}ter of sub o-fields of F is said to be a filtration if Fs C F; for s,t € T with s < ¢t.

e F; is interpreted as the information available at time .
o The quadruplet (Q, F,F,P) is said to be a filtered probability space.

Definition 1.12

Let T be as in Definition 1.11, and let F = {F};er be a filtration. An Rvalued stochastic
process {X;}ier is said to be F-adapted if X, is Fi-measurable for any ¢ € T.

o If {X;} is an adapted process, then the random variable X, is realized up to time ¢.

« For an arbitrary process {X;}ser, the family FX = {FX};ct of sub o-algebras defined by
FX =0(Xs;s €T, s <t)is said to be the natural filtration generated by {X;}ier. Here,
for a family {Z)}rea of random variables,

o(Zy,AeN):=0 (U O'(Z)\)> .
AEA
o Any stochastic process is adapted w.r.t. the natural filtration generated by itself.

In what follows, we work on a fixed filtered probability space (Q, F,F,P).

Definition 1.13
(i) A process {X¢}+>0 is said to be measurable if X. : [0,00)x — R is B0, 00) X F-measurable.

(ii) A process {X}}+>0 is said to be F-progressively measurable if X. : [0,¢]xQ — R is B[0, t] x F4-
measurable for every t € [0, 00).

o If {X,} is measurable, then for every ¢ the random variable Y; := f(f Xsds is F-measurable.

o If {X;} is progressively measurable, then {Y;} above is an adapted process.



Problem 1.14: S
ow that every progressively measurable process is measurable and adapted.

Hereafter, all processes appeared in these notes are assumed to be measurable.

Definition 1.15

We say that {X;}+>0 is a modification of {Y;}1>o if P(Xy = Y;) = 1 for any ¢ > 0. Moreover,
{X:} and {Y;} are said to be indistinguishable if P(X; =Y;, t > 0) = 1.

Example 1.16

Let 7 be a (0,00)-valued random variable having a continuous density, say an exponentially
distributed random variable. Set X; = 1(,<, ¢ > 0 and consider the left-limit X; = limg ~ X¢.
Then it is straightforward to see that V; := X;—X; = 17,_, and that P(Y; = 0) = P(7 # t) = 1
for every ¢t € [0,00). Hence, the process Z; = 0 is a modification of {Y;}. On the other hand,
we have P(Y; =0, t > 0) =P(r # ¢, t > 0) = P(7 ¢ [0,00)) = 0, which implies that {¥;} and
{Z;} are not indistinguishable.

Proposition 1.17

Suppose that { X; }+>0 is adapted and {Y; }+>¢ is a modification of { X;}. Suppose moreover
that Fp contains all P-null sets that are F-measurable, i.e., that A C Fy. Then {Y;}:>0
is also adapted.

Proof. Fix t > 0 and set N = {X; # Y;}. Then observe that for A € B(R),
[, € A} = ({¥i € A} N) U ({¥; € A} N°) = ({¥; € A} 1 N) U ({X; € 4} 1 N°).

Since Y; is F-measurable and N, N¢ € Fy, we have {Y; € A} € F and P{Y; € A} N N) = 0.
Hence {Y; € A} N N € Fy. This together with {X; € A} N N¢ € F; means {Y; € A} ¢ F;. O

o We often assume Fyp DN = {A € F : P(A) = 0} to use the convenient property above.

o The filtration o(FX UN), t > 0, is called the augmented natural filtration generated by X.

Problem 1.18
(n)

Suppose that Fy D N. Let {Xt(n)}tzo be a sequence of adapted processes such that X,
converges to some X; almost surely for any ¢ > 0. Show that {X;}+>¢ is adapted.

In general, t — X(w), w € Q, is called a sample path of the process {X;} with respect to
w. We say that {X;} is a continuous process if every sample path of {X;} is continuous, i.e.,
t — X;(w) is continuous for every w € Q2. We also say that {X;} is a.s. continuous if ¢t — X;(w)
is continuous for almost all w € €.

Proposition 1.19

Let {X;} and {Y;} be continuous. If {X;} and {Y;} are modifications of each other,
then the two processes are indistinguishable. Moreover, if {X;} is adapted, then it is
progressively measurable.

Proof. Let w € {X; =Y; forallt € QN [0,00)}. For any ¢t > 0 there exists {t,} C QN [0, 00
such that ¢, — t¢. Then, by the continuity of {X;}, we have X;(w) = lim, o0 X, (w) =
limp, 00 ¥4, (w) = Yi(w). This implies P(X; = Y3, V) = [Ncqnpo,c0) P(Xs = ¥5) = 1.

To prove the second claim, we consider a piece-wise linear function [0,¢] 5> s — X () (w)
satisfying x{M (w) = Xs(w), s=0,27",...,27"|2"t|. Here, |z| denotes the greatest integer not
exceeding « € R. Then, X ™ is B([0, t]) x F;-measurable. This together with lim,, o x{M (w) =
Xs(w) for w and s € [0, ] means that X, s <, is also B([0,t]) x Fi-measurable. O
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The proposition above is generalized in the following sense:

Proposition 1.20

Every measurable and adapted process has a progressively measurable modification.

The proof of this result is found in [33].

Proposition 1.21

Suppose that Fy D N. Let {X;}o<i<r be an adapted process satisfying

T
/ | X¢|dt < 00, a.s.
0

Then, the process
t
Yt:/ Xeds, 0<t<T,
0

is progressively measurable. In particular, {Y;} is adapted.

Proof. By PI“OpOblthn 1.20, the process {X;} has a progressively measurable modification {X;}.
Then, Y; := fo X,ds, 0 <t <T, is adapted. By Fubini theorem,

T T

Thus, the Lebesgue measure of {s : X, # X s} is zero almost surely, whence Y; = Y, a.s.,
€ [0,T]. Then Proposition 1.17 and Proposition 1.19 mean that {Y;} is adapted and so is
progressively measurable due to the continuity. O

Problem 1.22

Prove that if {X;}+>0 is continuous then sup,sq Xy, inf;>0 Xy, limsup,_, o, X¢, and liminf; o X
are all F-measurable random variables. B

Problem 1.23

Prove that if {X;};>0 is continuous then

o(X;0<t<T)=0(Xy;t €T N[0,T])

for any dense subset T C [0,00) and T € [0, 00).

Definition 1.24
Let T be as in Definition 1.11, and let F = {F };cr be a filtration. A real-valued process {X;}ier
is said to be an F-martingale if the following three conditions are satisfied:

(i) X, € L for any t € T.
(ii) {X:} is F-adapted.
(iii) E[X¢|Fs] = X, for s,t € T with s <.

Example 1.25: Simple random walk
Let Xy € R, and let {X,,}°°, be an IID sequence with P(X,, =1) =P(X,, = -1) =1/2, n € N.

Then define {S,}22, by
Sn = ZXk, neN

We say that the process {S,}22 is a simple random walk starting from X.



Now, let F be the natural filtration generated by {X,}. Then it is straightforward to see from
Proposition 1.7 that E[X,,|F,] = 0 for m > n. This means that {S,} is an F-martingale.

Example 1.26

Let X € L'. Then X; := E[X|F], t € T, gives the estimation of unrealized variable X based on
the information available at time ¢. By Proposition 1.7, the process {X;} is a martingale.

In Example 1.26, if T = N U {0}, then one might expect that X,, — X as n — oo, which is
guaranteed by the following result:

Let G be a sub o-field of F, and X € L? a G-measurable random variable. Suppose that
the filtration G = {Gy, }n>0 satisfies G = (G, : n > 0). Then E[X|G,] converges to X
almost surely and in L2.

The proof is omitted. An interested reader may refer to [46, Ch. 14].

Definition 1.28
Let T be as in Definition 1.11, and let F = {F}ier be a filtration. Suppose that a real-
valued process {X;}er is F-adapted and satisfies X; € L', t € T. We say that {X;} is an
F-supermartingale if

E[X¢|Fs] < X5 as. t>s,

and that {X;} is an F-submartingale if
E[X|Fs] > Xs as. t>s.

o If {X,} is a supermartingale (resp. submartingale), then E[X}] is nonincreasing (resp. non-
decreasing).

Problem 1.29
Let {M;}ter be a martingale and p > 1. Show that if E|M;|P < oo for every ¢ € T then the
process {|M;|P}ieT is a submartingale.

Definition 1.30
Let F = {Fi}ej0,0) De a filtration. We say that 7 : Q — [0, o0] is F-stopping time if it satisfies
{r <t} € F; for any t € [0,0).

e If 7 and 7 are F-stopping times, then 7 V 7 and 71 A 79 are also F-stopping times. This
follows from

{Tl\/TQSt}:{Tl St}ﬂ{ngt},
{Tl/\ngt}:{ﬁSt}U{ngt}.

A filtration F = {F; }+>0 is said to be right-continuous if Fy = Fiy := Ng>tFs for any t > 0.

Proposition 1.31

Let F be a right-continuous filtration. Then the following (i)—(iv) are equivalent:

(i) 7 is a stopping time.

)

(ii) {7 <t} € F; for any t > 0.

(iii) {7 >t} € F for any t > 0.
)

(iv) {r >t} € F; for any ¢t > 0.

10



Proof. If T is a stopping time, then by definition {7 < ¢t} = J,_{r < t—1/n} € F. Thus
the implication (i)=-(ii) follows. Conversely, assume that (ii) holds. Then for k& > 1 we have
{r <t} = Mhli{r < t+1/n} € Fipqy,. This together with the right-continuity of I implies
that (i) holds. The claims (i)<(iii) and (ii)<(iv) are trivial. Thus the proposition follows. []

Proposition 1.32

Let F be a right-continuous filtration and {X;}+>0 an R%valued continuous F-adapted
process. If A is an open or a closed subset of R?, then the random variable

TA(w) :=1inf{t > 0: Xy(w) € A}

is an F-stopping time. Here, by convention, inf () = +oo.

o 74 is called the hitting time of {X;} to A or the first exit time of {X;} from A°.

o We say that a filtration F = {F; }+>0 satisfies the usual conditions if it is right-continuous
and Fy contains all P-null sets from F.

For a filtration G = {G; }+>0 and a G-stopping time 7, we define
Gr:={A € G : ANn{r <t} € G, Vt > 0}.
o Here, Goo :=0(G; : t > 0).
e Roughly speaking, G, is the o-algebra generated by events occurring before 7.

o If two stopping times o and 7 satisfies o(w) < 7(w) for all w € €, then we have F, C F;.

Proposition 1.33

Suppose that [ is right-continuous. Let {X;};>¢ be an F-progressively measurable process,
and let 7 an F-stopping time with 7 < co a.s. Then X, is Fr-measurable.

Proof. Fix t > 0. By the assumption, the mapping (w,s) — Xs(w) is measurable from (2 x
0,t], F+ x BJ0,t]) into (R, B(R)). Moreover, the mapping w + (w, 7(w) A t) is measurable from
(Q, F) into (2 x [0,t], Fy x B[0,¢t]). Hence X;,; is Fi-measurable. In addition, by Proposition
1.31, we have {7 < t},{r =t} € F;. Therefore, for B € B(R),

{XreBin{r<t}={X,eBin{r<t}u{X,eBin{r=t}
={X;neBIn{r<tiu{Xie B}n{r=t} e F.
Thus the proposition follows. O
The following inequality for continuous submartingales is frequently used.

Theorem 1.34: Doob’s maximal inequality

Suppose that {X;}:>0 is a nonnegative submartingale with continuous paths. Then, for
every T'> 0 and A > 0,

P ( sup X; > /\> < %E[XT].

0<t<T

11



Moreover, for any p > 1, if E[X7] < co then we have

P p

E

0<t<T -

\.

Proof. Notice that by the continuity supy<;<r X; is certainly F-measurable (see Problem 1.22)
and

sup X, = sup Xy,
0<t<T n>0

where {t,}>°, =QnN[0,T] such that 0 =ty < t; < --- and lim,, ;o t, = T. Then, we find that
the event A = {supg<g<n X1, > A} is represented as A =yn_ Ay with

AOZ{XQZ)\}, Ak:{thZ)\, max Xti<)\}, k=1,2,...,n.
0<i<k—1

Since A,(Cn)’s are disjoint, by Chebyshev’s inequality and the submartingale property we see

n 1
= k: 0

E[Xr]. (1.2.1)

> =

< XE[XTl{Supogth thA}] =

Letting n — oo, we obtain the first required inequality.
To show the second inequality, put Y = supy<;<p Xt and observe, for K > 0,

0o K 1
BI(Y AKP =p [ WY AK 2 NN p [ 0 E XLyl
0 0

YAK p
=pRE [ / AMdAXT] = ——E[(Y A K1 X7]
0

< L B[y A K- V/PR[xE]P.
Here, we have used (1.2.1) with limit, Fubini’s theorem, and Holder’s inequality. Thus,

BY7IP = tim ELY A KPP < LR,

as wanted. O

1.3 Brownian Motion

Consider the simple random walk S,, = >}, X}, n > 0, starting from 0. To embed this into
the continuous time framework, we use the normalized process

1
vn

by its linear interpolation, i.e.,

ny . Lo m 1 (n) .
wy™ = \/ﬁso 0, Wy = \/ﬁsl, Wy =
(n)

of Sy, by v/n. Then we define the continuous time process W

Sy, - -

n 1
Wt( ) _ % [SLntj +thtj+1(nt — LntJ)] , t>0.

We shall consider a limit of Wt(n) as n — 0o.

12



Figure 1.3.1: Sample paths of Wt(n). The cases of n = 10 (left), n = 100 (center), n = 1000
(right).

Proposition 1.35

Let 0 = tg < t; < t3 < -+ < t,. Then the R™tlvalued random variable

(Wt( ) Wt(f ),...,Wt(;:)) converges in distribution to an R™*l-valued random variable
(Wio, Wiy, ..., Wy,,) having the following properties:

(i) Wi, =0 aus.
(il) Wy, , Wy, — Wy, ..., Wy, — Wy, | are independent.

(iii) For each k, the random variable W;, —W;, | has a Gaussian distribution with mean
0 and variance t; — tp_1.

Proof. We will prove the case of m = 2. The proof for the general case is similar. For simplicity
set s =t1 and t = t9. We see
1

N

b
NG

1

i~ NG

S\t

to obtain

‘(Wégn),Wt(”)) _ (SLanvSLmJ)’ —0 a.s.

Hence, it is sufficient to show that

lsn]  [tn]
ZXJ,ZX — (We, W) in law. (1.3.1)

To this end, let ¢ be the imaginary unit and o, # € R. Then, by the IID property of {&;},

[sn] [tn]
E |exp | ia fZX —HB\FZX

lsn] [tn]
=E |exp | i(a+ B)— ZX +Z/B\f Z

j=|sn]+1

Lan
=E [exp za—{—ﬂ\/ e

|tn] — |sn] 1 Lin] —Len]

X,
V]tn] — [sn] ; ’

x E |exp | i8
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It follows from (sn—1)/n < |sn]|/n < s that [sn]/n — s. Further, by the central limit theorem,
the distribution of \/LlsTJ Z]Linlj X converges to the standard normal distribution. Therefore

[sn] Ltn]
1 1 il SN .
E |exp ’L()é% Z X+ ZB% ZX]- — Ele (a+B)W. JE[e B(We )]

— E[eian-‘riBWt].

Thus (1.3.1) follows. 0

This suggests that a process {W;} satisfying Proposition 1.35 (i)—(iii) can be seen as a limit
of {W; n)}. We shall call such process {W;} as Brownian motion.

Definition 1.36
A real-valued process {W;:}+>0 is said to be a Brownian motion if

(i) Wy =0 as.

(ii) Independent increments property: for 0 = t9 < t;1 < --+ < ty,, the random variables
Wi, Wy — Wy oo o, Wy, — Wy, are independent.

(iii) Stationary increments property: for s < ¢, the random variable W; — Wy is a Gaussian
random variable with mean 0 and variance t — s.

It should be noted that Proposition 1.35 does not guarantee the existence of a Brownian
motion. The proposition means that if a Brownian motion exists then its distribution coincides
with the limiting distribution of {W,™}.

To discuss the existence of a Brownian motion rigorously, we consider the measurable space
(C[0,00),B(C[0,00))) defined by the totality of continuous functions on [0,00). Then, the
projection m; defined by m(w) = w(t), w € C[0,00) is a measurable function on C[0,00). For
each w € C[0,00) we can regard {m(w)}i>0 = {w(t)}+>0 as the sample paths of a process. We
call {m }+>0 as coordinate process.

Now suppose that a probability measure P on (C[0,00), B(C[0,00))) satisfies, for 0 = ¢y <
ty < -+ <tymand ay,...,qn, €R,

Plw:w(ty) —w(tg-1) <o, k=1,...,m)

_ H ]. /ak e_u2/2(tk_tk'*1)du_ (132)
k=1 \/ 27r(tk - tk_l) —00

Then, the coordinate process {7} on the probability space (C|0, c0), B(C[0,00)), P) is a Brow-
nian motion. Therefore, the existence problem of a Brownian motion is reduced to that of P.
Let P, be the distribution of C[0,c0)-valued random variable W™ .= {Wt(n)}. Then P, is
a probability measure on (C[0,00), B(C[0,00))). If {P,} weakly converges to some P then it
follows from Proposition 1.35 that P satisfies (1.3.2).

A general theory of weak convergence of probability measures tells us that if the two con-
ditions in the statement of Theorem A.42 hold then there exists a subsequence {P,, } that
converges weakly. Indeed, we can prove that the two conditions do hold, and so a weak limit P
satisfies (1.3.2). An interested reader may consult [26, Chapter 2] and [6, Chapter 2]. Conse-
quently, under the weak limit P, the coordinate process {7} satisfies the conditions in Definition
1.36.

The arguments above shows the following claim:




There exists a Brownian motion on some probability space.

P is called the Wiener measure.

We also say that a process satisfying the requirements in Definition 1.36 is a Wiener
process.

An Ré-valued process Wy = (W,...,W¢), t > 0, is said to be a d-dimensional Brownian
motion if each W} is a Brownian motion and W} and W} are independent of each other
for i # j.

Let P, i=1,...,d, be d copies of the Wiener measure on (C[0,00), B(C[0,0))). Then
the product measure P := P x ... x P jg called the d-dimensional Wiener measure
on (C([0,00); R%), B(C([0,00); RY)), and the coordinate process Wy (w) := w(t), t > 0, is a

d-dimensional Brownian motion under PVY.

It is known that for any Brownian motion there exists a continuous modification (this
follows from Kolmogorov’s continuity theorem. See, e.g., [36, Chapter 2]). Hereafter, we
always take this modification as a Brownian motion, i.e., any Brownian motion is assumed
to be continuous.

Definition 1.38
Let F = {F:}+>0 be a filtration. We call {W;}+>0 as a d-dimensional F-Brownian motion if

(i) {Wi}i>0 is F-adapted and a d-dimensional Brownian motion.

(ii) For s <t the random variable W; — W is independent of Fs.

Let {W;} be a d-dimensional Brownian motion and consider the augmented natural filtra-
tion G = {G¢}1>0 generated by {W;}, i.e., G := o(F}Y UN), where A is the collection of
all P-null sets from F. Then {W,} is also a d-dimensional G-Brownian motion.

o It is known that the filtration G above satisfies the usual conditions (see, e.g., [26, Theorem

2.7.9)).

Problem 1.39: L
t {Wi}i>0 be a d-dimensional Brownian motion. Show that

o (FVUN) =0 ({o(Wyy,... , Wi,): 0<ty < -+ <t, <t, n>1}UN).

There are infinitely many Brownian motions on the same probability space, as seen in the

following problem:

Problem 1.40: L
t {Wi}+>0 be a Brownian motion. Then show that the processes defined by the following (i)—(iii)
are all Brownian motions:

(1) {=Witeo.
(ii) {Wits — Wihiso.

(111) {CWt/(c2) }tEO-

Here s > 0 and ¢ # 0.

Next we focus on an irregularity of the sample paths of a Brownian motion.
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Theorem 1.41

Let {W;} be a Brownian motion. Then

P({w € Q:t+— Wi(w) is not differentiable at s € Q N [0,00)}) = 1.

Proof. Fix s > 0, put A; = {w : t — Wi(w) is differentiable at s}, and take w € As. Then the
limit limp o(Wspn(w) —Ws(w))/h exists and is finite. In particular, there exist § > 0 and hg > 0
such that W yp(w) — Ws(w)|/h <6, 0 < Vh < hg. Hence sup,,>1 n|Wyi 1/, (w) — Ws(w)| < oo,
and so there exists N > 1 such that for n > 1 we have n|W, 1, (w) — Ws(w)| < N. This implies

As C U ﬂ{n|Ws+1/n - Ws| < N}7
N>1n>1

whence by the continuity of the probability measures

P(As) < lim inf P(n|Wyiq/, — W < N).

N—oon>1

Take £ ~ N(0,1) and use Wy, — Ws ~ N(0,1/n) to obtain
inf P(n|W, 1/ — Wil < N) = inf B(ny/1/nlé] < N) = inf P(J¢| < Nn™1/2) = 0.
Consequently we have P(As) = 0. Therefore P(Useqno,o0)As) = 0. O

o Actually, we can show that the sample paths of a Brownian motion is not differentiable
for any time almost surely We refer to [26, Theorem 2.9.18] for a proof.

o This fact suggests an unpredictability of Brownian motion in a pathwise way.

We shall see an irregularity of Brownian motions with a different criterion. To this end, we
use the total variation of {W;} in [0, ] for each t > 0, defined by

k

VW([()»t]) ‘= sup Supz |Wt7;+1 - Wt7;|7
k>0 =0

where the second supremum is taken over the partitions 7: 0 =1ty <t < --- <ty < tgy1 =1 of
[0,¢] having k + 1 points.

Theorem 1.42

The total variation of {W;} is almost surely infinite, i.e., P(Viy([0,t]) = oo, t > 0) = 1.

Proof. First notice that for each partition 7 of [0, ¢],

E> (Wi, —Wi)? =) (tin —t) =t

t,em t,em

Then write Z; = (Wy,,, — Wy,)? — (tit1 — t;) and take £ ~ N(0,1). Clearly, {Z;} is independent
and each Z; has the same distribution as that of (¢2 — 1)(t;41 — t;). Thus

2
E (Z(Wti+1 - Wti)Q - t) =K Z Zi2 = E[(€2 - 1)2] Z(ti+1 - ti)Q'

t;em t,em tiem
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Let 7, be a sequence of the partition such that A, := sup; . |tiy1 — % — 0. Then the
right-hand side of the equality just above is at most tE[(£2 — 1)?]A,,. Therefore,

Qni= Y (Wi, —W,)> =t n—o0, inL?

t;€Emn

whence there exists a subsequence @), that converges almost surely.
Now, suppose that P(Vj ([0, t]) < co) > 0. By the continuity of Brownian sample paths, we

have supy,er, (Wi,ow — Wi,| = 0, and so the probability of the event

t < lim <sup |Wti+1—Wtil> > Wi, =Wy =0

k—o0 .
Li€ny, ti€mn,

is positive, which is impossible for ¢ > 0. Hence P(Vyy- ([0, t]) = oo) for every ¢t > 0. Furthermore,
since Vi ([0, s]) < Vi ([0, ¢]) for any ¢ > 0 and s € Q with s < ¢, we have

1 =P(Viw([0,s]) =00, s € QN (0,00)) <PV ([0,t]) = 00, t > 0).
Thus the theorem follows. O

The proof of the theorem above implies that for each partition 0 =ty < t; < --- < t, <
tn+1 = t such that A, = sup |[t;i+1 — ;] — 0,

<W>t = lim Z(Wti+1 - Wti)2 = t’ in L2.
=0

We call (W), t > 0, as the quadratic variation of {W;}.

Definition 1.43
We say that an R%valued F-adapted process {X;} is an F-Markov process if

E[f(Xe)|Fs] = E[f(X¢)|Xs], s <t,
for any bounded Borel function f on RY.

o {X;} is simply called a Markov process if it is Markov with respect to {F };>o.

Theorem 1.44

Any d-dimensional F-Brownian motion is F-Markov.

Proof. Let s <t. Since Wy — W is independent of F, we can apply Lemma 1.45 below to obtain
E[f (W) |Fs] = E[f (W, — W + W,)|Fs] = g(Ws).

Here g(y) = E[f(W; — W5 +y)].
On the other hand, o(Wy) C F, yields E[f(Wy)|o(Wy)] = E[E[f(Wy)|Fs]lo(Ws)] = g(Ws),
whence the claim follows. O

We have used the following lemma to show Theorem 1.44.

Let (S;,S;), i = 1,2, be measurable spaces. Suppose that an S;-valued random variable
X1 is independent of a c-algebra G and that an Ss-valued random variable X5 is G-
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measurable. Then for any bounded Borel function f on (S} X Sz, 81 x S2) we have

E[f (X1, X2)|9] = E[f (X1, 2)]|z=x,-

\.

Proof. Let A € G. The assumption implies that Z = (X2, 14) is independent of X;. So applying
Theorem A.36, we have

E[f(X,Y)14] = / £y, 2y, dy, d€) = / f(, )€ (da)pz (dy, €),

where py denotes the distribution of V. Thus by Fubini’s theorem (Theorem A.35),

BV = [ [ [ 1 yéux(dfv)] €p7(dy,€) = Blg(Y)14]

Since A € G is arbitrary, we are done. O

Theorem 1.46: The strong Markov property for Brownian motions

Suppose that the filtration F is right-continuous. Let {W;};>0 be a d-dimensional F-
Brownian motion. Then, for any F-stopping time 7 and bounded Borel function f on R¢,
we have

Ellr <oy f(Xri )| Fr] = E[l{rcooy [ (Xri0)[X7], 22 0.

Proof. First notice that for every bounded Borel measurable function f on B(R) there exists a
sequence {f,}°°, C Cp(R?) such that f,(z) — f(z), € R%. To confirm this, recall that any
Borel measurable function can be approximated by simple functions and the indicator function
on H?Zl(ai, b;] can be approximated by continuous functions. Thus, in view of this pointwise
approximation and the dominated convergence theorem, we can assume f € Cb(Rd) without loss
of generality.

Let 7 be a stopping time and put 7, = (|n7] +1)/n, n € N. Fix A € F;. Then,

E [1{r<oo} f (Wigr,)1a] = ZE (Wit /n) L an{mn—k/n} ] -

Since 7 < 7, we have F, C Fr,,. Thus AN {7, = k/n} € Fj,. Then by Theorem 1.44,

E[f (Wisr,)Lantrn=k/n}] = EIEf (Wetrr )| Fr/nlLangr,=k/n}]
E[E[f(Wt-i-Tn)‘Wk/n}lAﬁ{TnZR/n}]
= EE[fWitr/m — Win + 2)|le=wy ) Lan{ra=k/n})-

Therefore,
E [1{T<00}f(Wt+Tn)1A] =E []‘{T<OO}E[f(Wt + x)”x:Wm 1A] :
By the continuity of f and the dominated convergence theorem, letting n — oo, we obtain

E [1{T<00}f(Wt+7')1A] =E [1{T<00}E[f(Wt + x)”m:WT 1A] . (1.3.3)

On the other hand, by Proposition 1.19, {W;} is progressively measurable. This together
with Proposition 1.33 means that W, is Fr-measurable. Thus, o(W;) C F; and (1.3.3) holds
for any event in o(W.). Consequently,

E [1{T<oo}f(Wt+T) |-7:7-] = [1{T<Oo}f(Wt+T) | U(WT)} )

as required. 0
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Theorem 1.47

Suppose that the filtration F is right-continuous. Let {W3}:>0 be a d-dimensional {F; }4>o-
Brownian motion and 6 an F-stopping time with 8 < oo, a.s. Then, W; := Wy, 9 — Wy, t >
0, is also a d-dimensional Brownian motion with respect to {F;4¢}+>0 and is independent
of fg.

Proof. As in (1.3.3), we can show that
E [ WisoWern) 1| B[R ™W]1a], t25, A€ Foo, (RS,

where 1 = /—1. Thus

E [eifT (Wiro—Wsia)

.7-"S+9} = e_(t_s)‘ﬂQ/z, t>s, £eRY

This leads to the claims. O

Proposition 1.48

Let {W;}+>0 be an F-Brownian motion, and o € R. Then the following three processes
are F-martingales.

(1) {Wi}e>o0,
(ii) {W? —t}i>0,

(111) {eo'Wt —(02/2)t}t20 )

Proof. Let s <t. (i). Since Wy — Wy is independent of F;, we have
E{Wt’fs} = E[Wt - WS + Ws‘-/rq] - E[Wt - WS] + Ws - Ws-

(ii). We use the representation W2 —t = (W — W+ Ws)2 —t = (W — Wi)2 — (t —s) + 2W,(W; —
W) + W2 — s to see

E[W2 — t|Fs] = B[(W; — W)?] — (t — 5) + 2W,E[W; — W] + W2 — s = W2 — 5.
(iii). This follows from

E[eaWt—(az/Q)t‘fs] _ 6chVS—(cr2/2)sE[ea(I/Vt—VVS)—(cr2/2)(t—s)] _ €UW5—(U2/2)5.

Problem 1.49
Apply Doob’s maximal inequality to show that

E [exp (O’ sup \Wt>] < 00
0<t<T

Let {W;} be a 1-dimensional Brownian motion. For t > 0 and = € R,

for any 7' > 0 and o > 0.

W;7x::x+Ws—Wt, s>t
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is a Brownian motion starting at (¢,2). Then, the probability density function

( ) o POV < ) e~ le=yl?/2(s—t) R
t,T;8,Yy) = — <y = ——m—, s>t, ye
PS03y Y 275 — 1) Y

of Wi™ is called a transition density from (¢, ) to (s,y). This satisfies second order parabolic
partial differential equations

1

Osp — §8§yp =0, (1.3.4)
1

op + 58;%]0 =0,. (1.3.5)

The equation (1.3.4) is called the forward Kolmogorov equation, whereas (1.3.5) is called the
backward Kolmogorov equation.
Let f be a bounded continuous function on R. Then, by the backward Kolmogorov equation
(1.3.5), the function
u(t,z) == E[f(W5")], (t,z) €[0,T] x R,

satisfies )
Oru(t, ) + gagmu(t,x) =0, (t,x)€[0,T) xR,

and u(T,z) = f(x), x € R.
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CHAPTER 2

Stochastic Integrals

Standard textbooks for the contents of this chapter are, e.g., [36], [56], [54], [26].

In what follows, we fix a time maturity 7' € (0, 00) and work on a filtered probability space
(Q, F,{F:}o<t<r,P). For the technical reasons described in Chapter 1, we assume that F satisfies
the usual conditions.

2.1 Construction

Let {Wi}o<t<r be a one-dimensional {F;}o<;<p-standard Brownian motion on (2, F,PP). As
seen in Chapter 1, Brownian motions can be a mathematical model for unpredictable motions.
One might expect that an infinitesimal analysis for Brownian motions can be available as in the
case of the classical calculus. However, by Theorem 1.41, the sample paths of Brownian motions
are not differentiable. Therefore, to say nothing of a differentiation, an integral fot fsdWy cannot

be defined via the classical change of variation formula fot fs(dWs/ds)ds. Moreover, since the

total variation of any Brownian motion diverges (Theorem 1.42), an integral fot fsdWg cannot
also be defined by the so-called Lebesgue-Stieltjes integrals.

The case of simple processes

As in the case where the definition of the expectation, we start with the case of simple integrands.

Definition 2.1
We say that {¢:}o<i<7 is a simple process if there exist a partition 0 = t) < t; < --- < t,, <
tne1 = T of [0,T], Fo-measurable 1)y € L? and F;,-measurable ¢; € L% i =0,...,n, such that

(W) = o(w) oy (1) + Y @i(w) g 0] (),  (tw) €[0,T] x Q. (2.1.1)
=0

For simple processes {¢;}, we define the stochastic integral or Ité integral on [0,T] of {¢:}
with respect to {W;} by

T n
10)= [ 6udWeim 3 (Wi = W) (2.12)
1=0

It should be mentioned that the values at leftmost point in [¢;, ¢;1+1] are adopted for the integrals,
which differs from the arbitrariness in the case of Riemann integrals.
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Our first task is to confirm that the definition (2.1.2) is well-defined, i.e., (2.1.2) is indepen-
dent of the representation (2.1.1) of ¢, as a simple process. Suppose that {X;} is represented
as

¢t = oliop(t) + D> Pil(san) (1)
=1

for some partition 0 = sop < s1 < -+ < Sy < Smy1 = T, and F,-measurable ¢ € L?,
1 = 1,...,m. Then, with the common partition 0 =y < up < -+ < uk < Upqr = T, we
see ¢y = Yy lioy(t) + Zz 095 L(usuiya] (1), where @f is given by ¢} = ¢; = ¢, for appropriate j
and ¢. Since the interval (u;, u;41] is a subdivision of (t;,¢;41] for some j, we have (t;,tj41] =
U (uj, uip1] for some 4o < i;. Hence, 0j(Wi,y —Wy,) = Z?:Z.O (W, — Wy,). A similar

=10

relation is obtained for the representation of ¢ (Ws,,, — Ws,). Therefore,
n m
= Z (pj(Wth - th Z 30 Wi — W) = Z ‘P%(WSLH - Ws,).
j=0 £=0

This shows that (2.1.2) is well-defined.
Now, we shall define the Itd integrals for general integrands by extending the definition
(2.1.2) in a natural way. To this end, we focus on the following fact:

Proposition 2.2

If {¢:} is a simple process, then
U qdes} . (2.1.3)

([ o) ]-

Proof. Suppose that ¢; is represented as in (2.1.1). Then,

T 2
</0 (z)tth) = Z 4Pi¢j(Wti+1 - Wti)(Wtj+1 - Wtj)

2
= Z @?(Wtz‘+1 - Wti)2 +2 Z (Pi(pj(Wti-q-l - Wti)(Wtj+1 - Wt]’)'
i=0 §>i

By the independent increments property of {W,}, for j > i we have

Elpio; Wiy — Wi, ) Wi,y — Wiy)] = Eloi(Wh oy — Wi )@ BEIW,, ., — Wi | F, ]l =0

J+1

</0-T¢tth>2] = ,-Z::E [62] (tigr — ) / o2t

o The property (2.1.3) is called as the isometry of the It6 integrals.

whence

o Proposition 2.2 means that for two simple processes {¢;} and {1}
T
BI() 1)) = E [ (0~ it

Thus, the L?-error between I(¢) and I(v)) is equal to the mean squared error E fOT(ét -
y)2dt of the two stochastic processes {¢;} and {1 }.
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The case of square integrable processes

The preceding argument suggests that for a general process {¢;} having approximate sequence
{¢§”)} of simple processes, the L2-limit of I(¢(™) is meaningful and can be defined as an integral

of {¢1}.

We consider the class

T
L2 = {{@}OSKT : F-adapted, E/ qf)?dt < oo} .
0

Then we have the following:

For any {¢;} € £2, there exists a sequence {qﬁgn) }, n > 1, of simple processes such that

T
lim E [/ |t —¢§”)|2dt] —0.
n—oo 0

Proof*. First, consider the case where ¢;(w) is continuous for any w € 2 and uniformly bounded,
L.e., SUP(¢ w)efo,mxq |¢t(w)| < oo. Then, the sequence

O = ppgny te k2T (k+1)27"T), k=0,...,2"—1, n=12,...

of simple processes converges to ¢;(w) for any (t,w). Further, it follows that |¢En) — ¢ <

2sup; ,, [¢s(w)| < oo, whence, by the dominated convergence theorem, E fOT |¢>§n) — ¢y|*dt — 0.
Second, consider the case where {¢;} is adapted and uniformly bounded. Then, by Propo-

sition 1.21, the process

1 t

¢ == | aods, 0<t<T

€ Jt—e
is adapted, uniformly bounded, and continuous. By [50, EH} 19.3], we have ¢§5) — ¢ as
e — 0 for almost every t. Moreover, there exists a sequence {¢§n,5)} of simple processes that

approximate {gbgs)} for every € > 0. Therefore, applying the dominated convergence theorem,
we obtain

T
lim lim IE/ yqst"’f) — ¢¢2dt = 0.
0

e—0n—o0

Thus we have E fOT ]qbgn’e") — ¢¢|2dt — 0 for some subsequence &, — 0.
Third, consider the case where {¢;} is adapted and is not necessarily bounded. Then, the

process ¢§N) = tl{g<n}, 0 <t < T, is adapted and bounded, and satisfies

T T
: (N) 25, 1 2 _
ngnooE/o ¢y — ¢l dt = ngnooE/O (0¢)"1q)py>npdt = 0. (2.1.4)

Hence, there exists a sequence {qbgn’N)} of simple processes that approximate {¢§N)} for every

N > 1. This together with (2.1.4) implies that EfOT \gbgn’N”) — ¢¢|?dt — 0 for some subsequence
N,, — oo. ]

By Proposition 2.2 and Lemma 2.3, for any {¢;} € £? there exists a sequence {gzbgn)}ggth
of simple processes such that

T
E[I(¢™) — I(¢/™)? = E /0 6™ — g™ 2dt, m,n €N,

n—oo

T
lim IE/ e — o™ 2dt = 0.
0
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This shows that {I(4(™)}°2 | is a Cauchy sequence in L?, whence there exists a limit I(¢) € L.
Moreover, I(¢) does not depend on the choice of approximating simple processes {¢§”)}. Indeed,
if {%En)}ogth’ n € N, are another simple processes such that E fOT |y — wtn)|2dt — 0, then

EJ1(6) — I(6™)[2 < 2B[1(6™) — I(™)[2 + 2E|1(6™) — I(6)]2
T
. / 16— ™ P + 2E|1($™) — ()% — 0.
0

The arguments above justify the following definition:
Definition 2.4

Let {¢;} € £? and {qﬁtn)} be as in Lemma 2.3. Then we define the It6 integral I(¢) = fOT PrdWy
of {¢¢} by the L2-limit of I(¢(™).
Example 2.5

Let us compute fOT WidWy. In this case,

on_1
Z jo-nrlo-nT,(j+1)2-nm(t), 0<t<T, n=12,...

is an approximate sequence of {W;}. Indeed,

T (n) 281 e(j+1)2-nT
E [/ (" — Wt)th] =E Z / (Wi — Wig—ngp)?dt
0

oo JieT
281 a(j+1)27"T 2"—1
-y / (t—j27"T)dt =Y 27} ((j + 1)27"T — j27"T)* — 0.
jo-nT

J=0 J=0

Thus,
on—1

/ WidWy = lim. Z 2-nr(Wijy2-nr — Wig-ng) in L2,
2

Using 2y(z —y) = 22 —9? — (v — y)2, we see

271 271
Z 2T (W(j1y2-nr — Wig-nr) = Wi — Z (W27 — WjQ*"T)2~
j=0

Further, the second term of the right-hand side in the equality just above converges to T in L?.
Therefore,
T 1
/ Wy dW, = Wi — =
0 2

It6 integral as stochastic processes

We shall define the stochastic integrals on [0,¢] for each ¢t € [0,7], and then construct the
processes of the integrals. For the simple process {¢;} with representation (2.1.1),

/ PsdW ~—/ Gslis<pydWs = ZS% Wieont — Wint), 0t <T.
k=0
That is, for t € (t;,tiv1], It(¢) = Ek 0 k(Wi — Wi,) + @i(Wy — Wy,). The sample paths of
{I;(¢)} is clearly continuous almost surely.
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Next, we introduce the class
My = {{M,;}o<i<7 : a.s. continuous, F-martingales, My = 0, IE]MT|2 < oo}

of processes. Then we have the following fundamental result:

Proposition 2.6

For any simple process {¢:}o<t<7, the process {I;(¢)}o<i<r is an F-martingale, i.e.,

{1:(®)} € Ma.

Proof. Let {¢:} be given by (2.1.1). Then, for ¢t > s,

E[1(¢)|Fs] = Z OrkEWy i at — Wit Fs] + Z E [orE[Wi, o nt — Wegne Fr ]| Fs]

kitp<s kit >s
= > eeWiins = Wins) = Ls(9).
kit <s

O]

For t € [0,T] and for {¢s}o<s<i € L2, we define I;(¢) by the L2-limit of the stochastic

integrals I;(¢(™) of an approximating simple processes {¢§”)}0§ s<t- Then we have the following:

For any {¢:}o<t<r € L2 there exists a modification process {J;} € Ma of {I;(¢)}o<i<r-
Namely, {J;} is a continuous F-martingale and satisfies P(J; = I;(¢)) = 1 for t € [0, 7.

Proof*. By Doob’s maximal inequality (Theorem 1.34), for any fixed £ > 0,
1
P( sup [1(6™) = L(e"™)] > 8) < B [11(0") — Ir (6P

0<t<T
Lo [Tom
= [ 1 — ol a0

as m,n — oo. Hence there exists a subsequence ng ' co such that

P( sup (@) — I,(6™))] > 2*) <ok,

0<t<T
Then we apply Borel-Cantelli lemma (Lemma A.12) to obtain
U ﬂ { sup |I(¢"+)) — I,(¢(™))] < 2]} =1.
k>1 5>k (OSIST
From this, for almost every w € Q there exists ko(w) such that

sup [1(6"+))(w) — L(¢"H) (w)| <27, k> ko(w).

0<t<T

This implies that for almost every w the sequence I;(¢™*))(w) of functions converges to some
J;(w) uniformly on [0, T]. We set J;(w) = 0 for w such that the limit I;(¢(™))(w) does not exist.
Then {J;} is continuous almost surely and a modification of {I;(¢)}. Indeed, by Fatou’s lemma,

E[(J; — 1(9))’] = E[ lim (1(¢™)) — [1(¢))*] < liminf E[(1(¢™)) — 11(¢))*] = 0
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whence J; = I;(¢) a.s.

Next we will show that {J;} is a martingale. It is clear that J; € L' for every ¢t. By Problem
1.18 and Proposition 1.17, {I;(¢)} and {J;} are adapted. Moreover, for s < ¢, the inequality
(@ +b)? < 2(a® + b?) for a,b € R and Jensen’s inequality for conditional expectations yield

EBLAIF] - Jif* < 28 [BAIF] - BlL6™)A]| +2E [0 - 2]
<2 (E ‘It(") - th +E ™ — J, 2)
— 0,
whence E[J;|Fs| = Js. Therefore we have {J;} € M. O

o In what follows, the process I(¢) = fg ¢sdWs, 0 < t < T, denotes the continuous modifi-
cation {J;}o<i<7 in Theorem 2.7.

e The processes of the stochastic integrals can be seen as a linear map from £? into M.
Namely, for {¢:}, {¢1} € £2 and a, 8 € R we have I;(a¢ + B) = aly(¢) + BL ().

e We define, for s < t,
t t s
s 0 0

Then it follows that for A € F,

t t
/ LadulpecydW, = 1,4/ budW,, (2.1.5)

which can be verified by the approximation argument with simple processes.

Next, we consider the stopped process I.n,(¢) defined for an F-stopping time 7 (see Chapter
1). The following proposition gives a representation for Iia,(¢):

Proposition 2.8

For any {¢;} € £? and F-stopping T,

tAT t
¢des = / ¢51{s§7}dW57 0<t< T7 a.s.
0 0

Proof. Tt suffices to show the proposition in the case that 7 is [0, t]-valued for some fixed ¢t € [0, 7.

First assume that 7 is represented as 7 =) " | t;14,, where 0 < t; < --- <t, =t and 4; €
Fi; such that {A;} is disjoint. From {s > 7} = UL, {s > t;} N A;, the fact that s+ 14,1 {55,105
is adapted and the linearity of the stochastic integrals we obtain

t n t
/0 Lssrp@sdWs = > /0 14, 1551y OsdWs.
=1

Applying (2.1.5) to the right-hand side in the equality just above, we find

t n t t
/ 1{S>T}¢>SdW3221Ai/ qbdeS:/ bsdWs.
0 i=1 ti T

For a general [0, t]-valued stopping time 7, we consider an approximation of 7 with

on

Tn = Z(Z + 127"t o -ni<r < (i 1)2- 1} -
i=0
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Since 7, — 7 a.s. and s — fos ¢ dW,, is continuous almost surely, the sequence of the random
variables [ ¢sdW converges to [ ¢sdW; almost surely.
On the other hand, by the dominated convergence theorem, as n — oo,
2 t
= E/ 1{T<8§Tn}¢zd8 — 0.
0

t t
E‘/O 1{5<T}¢des_/0 1{3§Tn}¢SdWS

Therefore, fg 1{S§Tnk}¢3dW5 — fg l{s<ry¢sdWs a.s. for some subsequence ny ,” co. Thus the
proposition follows. O

It6 integrals for general integrands

We shall define the stochastic integrals for the class

T
LE = {{¢t}0<t<T : F-adapted, / prdt < oo a.s.}
0

that is larger than £2. To this end, we introduce local martingales.

Definition 2.9: W
say that {M;};>0 is an F-local martingale if there exists an increasing sequence {7,}n>1 of
stopping times such that lim,,_,o 7, = 0o and that {M]"};>0 is an F-martingale.

Denote by M, the collection of all F-local martingales M = {M;}o<;<7 with almost surely

continuous paths and My = 0. For {¢;} € L2, we consider the random variable

Tn :inf{s €[0,T] :/ ¢3duzn}.
0

Here inf() = oo by convention. Then, since {7, < t} = {f[;t $2ds > n} and fot d2ds is JFy-
measurable by Proposition 1.21, each 7, is a stopping time.
Now, define the process {¢§n)} by
¢§n) = Otlp<ry-

Then {¢§”)} € L£?. By definition, we obtain

t t
/Od)gn)dws:/o 1{ngn}¢£”+1)dWs'

Moreover, by Proposition 2.8,

t tATh
/ oM dw, = / PPV AW,
0 0

Therefore, on the event {t < 7,} = {fg $%ds < n} we have fg pMdW, = fot (bgnﬂ)dWs. Also,

since . .
U {/0 ¢§ds<n}:{/0 ¢3du<+oo},

n>0

we can consistently define {.J(¢);} by
¢
J(¢) := / dMAW,, 0<t <7, AT.
0

Then {J(¢):} € Mioc and J(¢); = [y sdW; for any {¢¢} € L2. We write J(8); = [ ¢sdWs,
0 <t <T,and call it the Ito integral or stochastic integral of {¢y} € LL .
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Multidimensional cases
We shall define the It6 integrals for multidimensional Brownian motions. Let W, = (W}, ..., W/™),
t > 0, be an m-dimensional F-Brownian motion.

Definition 2.10
Let 0; = (6f,...,0/), 0 <t < T, be an R™-valued process such that {6} }o<;<7 € L2 for each
i=1,...,m. Then, we define the It6 integral of {6;} with respect to {W;} by

t m t
/ O] dW, =) / gL AW,
0 =170

Similarly, for R?™-valued process o; = (01’), 0 < t < T, such that {o¥ }o<i<r € L2
i,j, we define the It6 integral of {o;} with respect to {W;} by

i . for each

T

. m t . .
/%m' Z/“mgwy/ﬁmg
j=1"0

Pathwise construction

Assume here that m = 1, and let (¢¢)¢>0 be a continuous adapted process. For each n € N, we
define the sequence {T”}"OO of the stopping times by

70 =0
T = inf{t > 77" ¢y — ¢rn| > 27"}, i € NU {0},

Further, for every n € N, we define the process (Y;")¢>0 by
Y; —ZWIW”— n )t en(We — Win), te [, i), keNU{0},

with convention Zg:1 = 0. Then the process (Y;") converges to the corresponding It6 integral
almost surely.

For T € (0,00), we have

t
W—/%
0

Proof. Note that Y;" can be written as Y;* = fg ¢ydWs where ¢ = ¢rn for t € [, 77!, 1). Then,
by definition, |¢} — ¢¢| < 27". Thus, using Doob’s maximal inequality, we see

t
— / DsdW
0

This together with Cauchy-Schwartz inequality yields

t
EZ sup —/0 b5 Z]E sup

— 0<t<T T 0<t<T

lim sup
n—00 0<t<T

s| =0, a.s.

2

E sup

T
< 4IE/ |7 — ¢ |*ds < 4T27%",
0<t<T 0

—K%

%)
s| < Z 2ﬁ2_n < 00
n=1
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whence
oo

Z sup

S 0<t<T

< o0 a.s.

t
Y;n_/ ¢des
0

Thus the theorem follows. O

2.2 It6 Formula
Recall that if the function f(t,z(t)) is smooth, then the chain rule

At o(t) _of Of (o o)
S St + o (ta(t)

holds. By the fundamental theorem in calculus, this can be written in the integral form

f(t,z(t)) :f(O,x(O))—I-/O g{:(s,x(s))dst/o %(s,az(s))dw(s).

In this section, we shall derive its stochastic version, i.e., a chain rule for f(¢, X;) when X; is a
stochastic process.

In what follows, we fix an m-dimensional F-Brownian motion W; = (WL, ... W), 0 <t <
T.

Itd processes

Definition 2.12

A d-dimensional process X; = (X}, ... ,Xtd), 0 <t <T,iscalled an Itd process if each component
is written as

t mo ot
X} :X5+/ K;de/ HIdWi, 0<t<T, i=1,....d, (2.2.1)
0 — Jo
7j=1
where X{ is Fo-measurable, { K/} and {H,’} are adapted with fOT |K}|dt < oo, fOT(HZj)th < 00,
as,t=1,...,d,7=1,...,m.

e Propositions 1.17 and 1.21 means that the processes fot Kids, i = 1,...,d, are adapted
and so is {X;}.

It should be noted that the representation of an It6 process is uniquely determined. To see
this, assume m = d = 1 for simplicity and that {X;} has representations

t t t t
Xt:X0+/ sts+/ HSdWS:X0+/ K;ds+/ H.dW,.
0 0 0 0

Then,
t t
Ay = / (Ks — K.)ds = / (Hs — H))dW,, 0<t<T
0 0

is a local martingale, whence, by Lemma 2.13 below, we necessarily have A; = 0 a.e. This yields
K; = K, dt x P-a.e., and so Hy = H|, dt x P-a.e.

If the Itd process Y; = fot bsds, 0 <t < T, is a local martingale, then by = 0, dt x P-a.e.
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Proof*. Let {7,}52, be a sequence of the stopping times such that 7, /400 and {Y," }o<i<r
is a martingale. Then since

t
e
0

where B&n) = bul{y<r,}, the martingale property implies
t ~
E/ bMdu=0, 0<s<t<T.
S
Therefore,

A= {A e B([0,T]) : E/Aégﬂdu = o}

forms a o-algebra that contains {(s,¢] : 0 < s < ¢ < T}. This means that A = o((s,t] : 0 < s <
t <T)=B([0,T]). Consequently, we have

E/ bMdu =0, AeB(0,T]),
A

whence l;gn) =0, dt x P-a.e. Letting n — oo in this equality, we obtain the lemma. ]

Chain rule

The following theorem gives a chain rule for It6 processes:

Theorem 2.14: Itd6 formula

Let Xy = (X},...,X),0<t<T, be an Itd process with representation
X;:X5+/ K;ds+2/ HY7dW?, i=1,...,d.
0 — Jo

Suppose that f € CL2([0, T]xR%). Then {f(t, X;)}o<t<7 is an It process and represented
as

f(t, X)) = £(0, Xo) +ZZ/ O f (5, Xo)HI AW

=1 j=1

/{8st +Za S5, XKL+ - ZZ 2 2, (s, X5) H”“ij}d

Zj 1 k=1

It is useful to state the Ito6 formula in the case of m = d = 1.

Corollary 2.15

Assume m = d = 1. Let {X;} be an It6 process with representation

t t
Xt:Xo—i—/ sts—i—/ HdW,. (2.2.2)
0 0
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Suppose that f € C12([0,T] x R). Then we have
t
f(t’ Xt) = f(onO) +/ axf(SaXs)Hdes
0

t
+ / {asf(s,Xs) + On (5, Xo) Ko + ;aﬁzﬂs,xs)H?} ds.
0

o The representation (2.2.2) of an Itd process is often written as the differential form
dXy = Kidt + HdW,.

Notice that this is only a formal expression and a simplified way of representing the integral
form (2.2.2). Further, for any adapted process {o;} such that

T
| o+ Py < oo, as,
0

t t t
/ osd X :/ O‘sstS—l-/ osHydWs.
0 0 0

With this definition, we can write

we define

O'tht = O’t(tht + thWt)
Multidimensional cases are treated in a similar way.

Writing down the It6 formula in one dimension with the differential form, we have
df (t, X¢) = O f(t, X¢)dt + Op f (¢, X¢)d Xy + %C‘%f(t, Xi)(Hy)dt. (2.2.3)
Now suppose that f(t,z(t)) is smooth. Then the Taylor expansion up to 2nd terms gives
ft+ At z(t+ At) — f(t,z(t)) = O f(t, x(t)) At + O f (¢, x(t))2' (t) At
SO (a0 (A? + 82, F(1, (1) At (A + 0%, 1 (1, (1)) (1) (A0 + of (A1)?).
Formally, this can be written as
df (t,z(t)) = Ouf (t, x(t))dt 4+ Oy f (¢, x(t))dx(t) + %a,if(t, x(t))dtdt
+ 0% f(t, x(t))dtdx(t) + %&%xf(t, x(t))dx(t)dx(t).
Comparing each term in the equality just above with one in (2.2.3), we obtain

dtdt = 0,
dtdX, = Kdtdt + H,dW,dt = 0,
dXdX; = K2dtdt + 2K HydtdW; + H2dW . dW; = HZdt,

from which the It6’s rule:
dtdt =0, dtdW; =0, dWdW, =dt
is derived. In multidimensional cases, similarly we have

dtdW; =0, dWEdW] = 6;;dt
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where 0;; is the Kronecker delta. Consequently, the chain rule of f(¢, X;) can be derived by
expanding it up to 2nd terms as follows:

(1, X0) = Duf (6 X0)dt + Do f (6, X)X, + 507 10, X0) v
+ O f(t, Xy)dtd Xy + %aﬁx ft, Xy)dX,dX,
and then by applying the It&’s rule to the expansion.
Proof of Theorem 2.14. We will show the claim in the case where
m=d=1, fdonotdependont, f'(z)and f’(z)arebounded, {H,} = {H"} e >

For the general case we refer to the references given in the last part of these notes.
First, assume that {K;} = {K}} and {H,;} are simple processes. Taylor’s theorem gives

f(@) = f(zo) + f'(x0)(x — o) + %f’l(xo)(l’ —20)% 4 (x — x0)?r(x, x0), (2.2.4)

where 7(z,z¢) is a bounded function such that limg_,,, 7(x,z9) = 0. We may assume that K;
and H; have a common partition 0 =tg < ] < --- <ty < ty41 = t without loss of generality.
Then we use the representation

N
F(X0) = f(Xo)+ ) _Afi

k=0

with Afy == f(X¢,,,) — f(Xy,). Furthermore, we divide A fy, as follows:

27TL
Afp = (f(Xgn) = f(Xgn ),
j=1
where s7" =t +j27 "(tg+1 — tr). Since K; and H; are constant on [tg,tx4+1), we have

Xs;" — ngn,l = Ktk (tk—I—l — tk) + Htk(W m — Wem )

j—1

Applying (2.2.4) to f(Xgn) — f(Xsm ), we obtain
Afy, = Z F1(Xom V(K27 (b1 — ty) + Hyy (Wan — Wn ) (2.2.5)
+ Z Lpx sm V(K 27" (thn — t) + Hyy, (W — Wi )2

+ Z Ktk 75k-~-1 - tk) + Htk (W mo— Ws?il))2r(Xs§”7Xs;11)'

By the boundedness of f/(z), the first term of the right-hand side in (2.2.5) converges to

tpi1 , to+1 ,
Ktk/ f (X5>dS+Htk/ f(Xs)dWs

tg ty

in L2 as m — oo.
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Next, the second term of the right-hand side in (2.2.5) is written as I; + Iy + I3 with

I _ 2 72 " -
Il = 5 -2 m(tk-i-l _tk) Ktkzlf (Xs;n71)2 m,

2m
Ip = 2" (tyr — te) Ko He, ) f"(Xop )W — W ),
=1
7Ht2k Zf// 85" _ngnﬂ)z'

Since f”(x) is bounded, as m — oo, the random variable Z?:I f”(Xsyglﬂ_m converges to
t m t
JiF 1" (Xs)ds almost surely, and 2521 f"(Xgm Y (Wem —Wm ) converges to [, " f"(Xs)dW,
in L2, from which I + I converges to 0 in L?. To see a limiting behavior of I3, observe
2

tkt+1
E Zf” i = Wep )2 / F1(X,)ds
2
< 2E Zf” o = Wym )2 —27")
m 2
2 trt1
+2E Z f(Xgn )27 / F(Xs)ds
123

By the boundedness of f”(z) and the argument in the proof of Theorem 1.42, there exist positive
constants C and Cs such that the right-hand side in the inequality just above is at most

2m
CLE | Y (Wan = W )> =27)?| < Cp27"
j=1
Therefore, I3 converges to (1/2)H ftt’““ f"(Xs)ds in L? as m — oo.

Moreover, the 3rd term of the rlght hand side in (2.2.5) is at most

27”
2 2 2 2
2 sl;p \T(Xs;",Xsyng Ki (teyr —tg)” + Hj, (Ws;n — WS;'il)
j=1
The term ZEZI(WS? ~Wir |)? converges to ty1—ty in L?, and sup; |r(Xsm, Xor )| is a bounded
random variable that converges to 0 almost surely. Hence the 3rd term of the right-hand side

in (2.2.5) converges to 0 almost surely along with some subsequence.
Consequently, taking an a.s. convergent subsequence, we obtain

trt1 1 i+
A= [ reRds s [ P saw. g [ x2S,

tr tk 173

tet+1

from which the It6 formula follows by summing up the both side in the equality just above from
k =0 to n.
In general cases where {K;} and {H;} are not necessarily simple, choose approximating

simple processes {Kt(n)} and {Ht(n)} such that
T T
/ |K, — KM|ds — 0, as., E/ |H, — H™2ds — 0,
0 0

apply the derived It6 formula for simple process, and take limits. We are done. ]
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Example 2.16
Let m = 1. Recall that in Example 2.5 we compute fOT WidW, directly from the definition of
the Ito integrals. Here we shall compute it using It6 formula. Applying Corollary 2.15 with
f(z) = 2%/2, we have
1 1
df(Wt) = f,(Wt)Cth + if//(Wt)dt = Wtth + §dt,

whence

T
1 T
WidW, = W2 — —.
/0 T T Ty

We obtain the following the product formula by Theorem 2.14 with f(z,y) = zy.

Proposition 2.17: Product formula

For one dimensional Ité processes {X;} and {Y;}, we have

d(X:Yy) = XedY; + Yid Xy + dX,dY;.

Example 2.18

Let us compute fot sdWs. Use the product formula with X; =t and Y; = W; and dtdW; = 0 to
see
d(tWt) = tdW; + Wydt.

¢ ¢
/ sdWy = tW; —/ Wds.
0 0
Example 2.19

Let {W;} be a scalar Brownian motion. Suppose that an R-valued process {X;} satisfies the
stochastic differential equation

Thus,

dX, = bX,dt + odW,, (2.2.6)

where b € R and o > 0.
Applying the product formula for e~% and X;, we observe

d(e7X;) = —be P Xydt + e P (bXdt + odWy) = ge AW
Hence, the solution of (2.2.6) is given by
t
X, = e Xy + 0/ 6b(t_s)dW8,
0
which is called an Ornstein-Uhlenbeck process.

2.3 Girsanov—Maruyama Theorem

In this section, we will see that a Brownian motion with drift bt + W; turns out to be a Brownian
motion under a probability measure different from P.
We start with two examples of changing drifts.
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Example 2.20

Let X be a standard Gaussian random variable on (2, F,P), i.e.,

—x2/2

,uX(A):IP’(XGA):/e dx, AeB(R).

A V2T

Then, for any a € R, the random variable Y := X + a of course follows a normal distribution
with mean a and variance 1 under P. Namely,

e_(m_a)2/2
py(A) =P € A) = / dx, AeB(R).

A \ 27

Since the probability measures px and py are equivalent and

—22/2+(x—a)?/2—(x—a)?/2
€ —x T—a
jix(A) = /A N de = /A T2 (),

we have
dpx (x> _ 6—12/24—(93—(1)2/2 _ e—ax+a2/2.
dpy

Therefore, the probability measure Q on (2, F) defined by

@ _ 0¥ +a?/2 _ —aX—a?/2

dP
satisfies, for A € B(R),
QY € 4) = Ellgrene™ /2 = [ e g (o)

A
efx2/2

= d'u—X:L‘ T) = = T
—/Adw“d“yU e (A) /Amd'

Thus, Y ~ N(0, 1) under Q.
Example 2.21

Consider the symmetric random walk S,, = > X; starting from 0. Then {S,} is a martingale
with respect to the filtration {G,} given by G,, = o(X; : i < n). Let {0,} be a process such that
0y, is G,—1-measurable and satisfies |6,,| < 1 for each n. Then

n
L, = H(l + 91X2>, Ly:=1
=1

is a positive martingale.
Define the probability measure Q on (2,Gx) by dQ/dP = Ly, and consider the process

Sn="5,-> 0i, Sp=0.

=1
Then the Bayes formula ) )
E@[Sn—i-l’gn] = Lrle[Ln+ISn+1|gn]

and E[(1 + 0p1Xnt1)(Xnt1 — 0n41)|Gn] = 0 lead to Eg[Sy11|Gn] = Sn, whence {S,})_, is a
Q-martingale.

Now we consider the change of drifts of Brownian motions. To this end, we show some
preliminary results.
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Let {M;}o<i<r be a nonnegative local martingale. Then {M;} is a supermartingale.
Moreover if E[M7] = E[My] then {M;} is a martingale.

Proof. Let {7,}°°, be a sequence of stopping times such that 7, /oo and M; is a martingale.
By Fatou’s lemma, we have
E[M;] = E[ lim Mnr, | < liminf E[Mnr, ] = E[My] < oo,
n—oo n—oo
whence M; € L' for any t. Then Fatou’s lemma for the conditional expectations yields, for
s <t,
E[M|Fs] < liminf E[Ma-|Fs] = liminf Mgp,, = M,
n—o0 n—oo

from which {M,} is a supermartingale. In particular, E[Myp] < E[M;] < E[M,] < E[M,] for
s < t. Thus, if E[My] = E[My], then Z := My — E[M|F;] satisfies Z > 0 a.s. and E[Z] = 0.

This means Z =0 a.s. ]
Now, let {W;}o<i<T be a d-dimensional F-Brownian motion, and 8, = (6},...,0%),0 <t < T,
a d-dimensional process such that {#i} € £2 i =1,...,d. Then consider the process
t 1 t
Zy = exp (—/0 07 aw, — 2/0 03ds> , 0<t<T, (2.3.1)

which is a local martingale (take 7, = inf{¢t > 0 : fg Zs|0s|?ds > n} as a localizing sequence).
By the previous lemma, {Z;} is a nonnegative supermartingale. Moreover, under the condition
E[Z7] = 1, it is a martingale, and we can define the probability measure Q on (£, Fr) by
dQ/dP = Zyp.

Theorem 2.23: Girsanov—Maruyama Theorem

Let {Z;}o<t<T be given by (2.3.1). Assume E[Z7] = 1. Then the process
t
XtZ:Wt—i-/est, OStST,
0

is a d-dimensional F-Brownian motion under Q.

Proof. We will prove the theorem under the boundedness of {6;}. We refer to [26, Chapter 3]
for a proof for general cases.

It is clear that Xy = 0. Thus it suffices to show that for every s < ¢t and bounded F;-
measurable random variable Y the increments X; — X is independent of Y and follows N (0, (t —

s)I3). To this end, let « € R? and 8 € R. Then,
EQ[eiaT(Xt—Xs)-i-iﬁY] — EP[ZTeiaT(Xt—Xs)-i-iﬁY] — EP[ZteiaT(Xt_XS)JriBY]

—Ep [Zsefj(za—eu)Tqu+fj (ia—@u/Q)TOHdu—HBY}

9

_ e—\a|2(t—s)/2EP |:Zs€f5t (i) TdWou— 3 [ ua—eu\2du+wY]

where ¢ = v/—1 denotes the imaginary unit.
Now, by the It6 formula, the process

t 1 t
My = exp [/ (ia—@u)Tqu—z/ ]ia—HMIQdu] , 0<t<T,
0 0
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satisfies

t
M, =1+ / M, (i — 0,)TdW,,
0

and so is a local martingale under P. This and the boundedness of {6;} mean that it is indeed

)TdW,—3 [7 |ioz—9u|2du|fs]

a martingale under P. Thus, Ep [efst (ia—0u = 1. Consequently,

EQ[eiaT(Xt—XS)-&-iBY} _ €_|a‘2(t_s)/2EP [ZseiﬁY} _ e—\a|2(t—s)/2EQ[€iﬁY]’

from which the theorem follows. O

We give a sufficient condition for which {Z;} in (2.3.1) satisfies E[Z7] = 1, without a proof,
which is known as the Novikov’s condition.

Theorem 2.24: Novikov

Let 0; = (0},...,0%), 0 <t < T, be a d-dimensional process such that each component
belongs to £2 . Suppose that

loc*
1o,
E |exp | = |6]7dt ) | < 0.
2 Jo

Then {Z;}o<i<7 given by (2.3.1) is a martingale.

2.4 Martingale Representation Theorem

As seen in Section 2.1, for {X;} € L2 the process {I(X);} of Itd integrals is L?-martingale.
In this section, conversely, we will show that any L?-martingale is represented as a process of
It6 integrals. In doing so, we will see that any random variable in L? is represented as an Itd
integral.

Let {W;}o<i<T be a d-dimensional Brownian motion. Recall that for any C!-function f the
fundamental theorem of calculus tells us that f(t) = f(0) + fg f'(s)ds. In stochastic analysis,
however, It6 formula tells us that the analogous result f(W}) = f(0) + fg fr(WhHaw} does not
hold in general.

Throughout this section, we assume that F = {F; }o<¢<7 is given by the augmented natural
filtration generated by {W,}, i.e., assume that

Fe=o(FVUN), 0<t<T.
The following is the martingale representation theorem:

Theorem 2.25: Martingale representation theorem

Let {M;}o<i<r be an F-martingale with Mz € L. Then there exists a unique R%-valued
process {¢; }o<t<r With each component belonging to £? such that

t
M; = My +/ pldw,, as, 0<t<T.
0

e The uniqueness here means that two processes coincides with each other up to null sets
with respect to the measure dt x P. Namely, if

t t
M, = M, +/ prdw, = My +/ YIdwy, as., 0<t<T,
0 0
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for {¢i}, {vi} € L2, i=1,...,d, then ¢}(w) = 1}(w) holds for almost all (t,w) € [0,T] x Q
for any 1.

Theorem 2.25 is a corollary of the following result:

Theorem 2.26: It6 representation theorem

Let X be an Fp-measurable random variable in L2. Then, there exists a unique R%valued
process {¢;} with each component belonging to £2 such that

T
X_E[X]+/ of dWy, aus. (2.4.1)
0

Here, the uniqueness is understood as in above.

Proof. The uniqueness follows from the It6 isometry. We prove the existence. First we prove
that it suffices to show the representation (2.4.1) holds for X = f(Wy,,...,W;,) with bounded
Borel functions f on (Rd)” and 0 <t < ---<t, <T. To this end, consider

X = {X € L*(Fr) : the representation (2.4.1) holds for some {¢,} € £*}.

Notice that X is a closed subspace in L?(Fr). Suppose that X contains all random variables
of the form X = 14(Wy,,...,W;,) where A € B(RY)") and 0 < t; < -+ < t, < T. Then, for
Y € X1, A and t;’s as above,

EY14(Wyy,..., W, )] =0

or

E[Y t14(Wy,, ..., Wi )] = E[Y " 14(W,,, ..., W.)].

This means that two probability measures defined by Y™ and Y~ as their Radon-Nikodym
derivatives coincide with each other on the m-system C := {(Wy,,..., W) € A: 0=ty <t1 <
<ty =T, A€ (RH" n > 1}. This together with ¢(C) = Fr and Lemma A.44 yields
YT =Y~ as., whence X+ = {0}.

Next we show that the martingale representation holds for X = f(W4,,...,W;, ) with f and
t;’s as above. Define the function vy, : [tp_1,tx] x (RH)* = R, k = 1,...,n, inductively by

Un<t,.1‘1, . ,xn) = E[f(xl, ey p—15,Tp—1 + th,t)], tnfl § t S tn,
and fork=n—-1,n—-2,...,1,
vt 1, . xk) = Blog (B, 21, - g, 2 + Wiy )], temr St <ty

Then by Chapter 2, the function (tx_1,tx) x R4 3 (t, ) = vi(t, z1, ..., 21) is C and satisfies
1
Orvy + §Amkvk =0,

where A, is the Laplacian with respect to the variable x. Thus It6 formula yields

Uk‘(tv Wt17 veey Wtk) - /Uk‘(tkflv Wt17 ceey Wtk_la Wtk_l)
t
+ Dzkvk’(tk—la Wtk,p R Wtk,la Ws>TdWs> 1 <t < tk7

tk—1
where D,, is the gradient with respect to the variable xj, from which we obtain

ti
Okt Wiy oo o s Wiy) = vkt (b1, Wiy oo, Wy ) + pldw,

te—1
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with ¢s = Dy vk (te—1, Wiy -+ s Wey_s Ws), 8 € [tg_1,tk]. Notice that ¢ € L2 since f is
bounded. Consequently,

f(thv .- '7th) = Un(tn7Wt17 .. ~7th)

tn
= Unfl(tnfly tha ce >th71) + gb;—dWS
th—1
tn T
= Un—2(tn—2a Wt17 s thfz) + ¢s dWs.
th—2

Repeating this argument, we deduce
tn

F(Wey, .o, We,)) = 01(0,0) + pldwy,
0

as required. O

We state a more general martingale representation theorem. For a proof we refer to the
references on stochastic analysis.

Theorem 2.27

For every local F-martingale {M;}, there exists a unique R%valued process {¢;} with each

component belonging to Elzoc such that

t
M, = M +/ pldW;, as., 0<t<T.
0

2.5 Stochastic Integrals for Continuous Local Martingales

This section is devoted to a brief introduction to stochastic integration theory for general con-
tinuous local martingales. As an application, we will prove Lévy’s theorem, providing a sufficient
condition for which a given continuous local martingale is a Brownian motion. Let (2, F,P) be
a (complete) probability space equipped with a filtration F = {F;}o<t<7 satisfying the usual
conditions. Recall from §2.1 that M. is the set of all continuous F-local martingale starting
from zero.

We shall start with the following theorem:

Theorem 2.28

Let M = {M:}o<i<r € Mio.. Then there exists a unique continuous, adapted, and
monotonically nondecreasing process (M) = {(M);}o<i<7 such that (M)y = 0, M? —
<M> € Ml067 and

n—1
sup <M>t - Z(Mti+1At - Mti/\t)2 — 07 (251)
0<t<T i—0

in probability as max;(t;+1 — t;) — 0, where 0 =tg <t; < --- <t, =T.

\.

Proof. We will prove the existence of (M) as in the statement in the case where M is given by

M, = fg ¢sdWy for some one dimensional F-Brownian motion W and bounded adapted process

{¢t}o<t<r. For a proof of the general existence we refer to e.g. [56] and [26, Chapter 1].
Define (M) by

t
<M>t:/¢§ds, 0<t<T.
0
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Then (M) is continuous, adapted, and monotonically nondecreasing with (M), = 0. By Ito
formula, we have

dM}? = 2M;pidW; + ¢2dt,
whence M? — (M) € M. Further, for any {t;}" , with 0=ty <t; <--- <t, =T,

n—1 n—1 tir1 At tit1AE
Z(Mmmt — My pe)? = Z [2/ (Ms — My pe)psdWs + / ¢zd8}
t

i=0 i=0 Nt t; \t
t
- 2/ K™ dW, + (M)y,
0

where
n—1

Kgn) — Z(MS - Mti/\t)]‘(tj/\t,tiﬁ-l/\t](s)‘
=0

The continuity of M yields that Kén) — 0, a.s., as A := max;(t;+1 —t;) — 0, for any s. Further,
]Kgn)\ < 2maxp<t<7 |M¢| and by Doob’s maximal inequality (Theorem 1.34)

T
E max |M;|* < 4EM? = 4E/ |ps|?dt.
0<t<T 0

Thus the dominated convergence theorem and the boundedness of ¢ lead to

T T
E/ |K™M g |2ds < CIE/ |IKM2ds — 0, as A —0.
0 0

Again by Doob’s maximal inequality, for any ¢ > 0,

1
P < sup > 5) < —QE
0<t<T €

as A — 0, whence (M) satisfies (2.5.1).
Next we will prove the uniqueness. Let A = {A;}o<i<7 satisfy (2.5.1). Then, for any € > 0,

2 2
ds — 0,

t T 1 T
/ KM ¢y dw, / KM ¢dW,| = 5E / \K§">¢s
0 0 € 0

n—1

€

P| sup [(M);— Ayl >e| <P sup [(M);—> (M, 0 — Myne)?| > 3
0<t<T 0<t<T P

n—1 c

+P ( sup |A; — Z(met — My ne)?| > 2)
0<t<T s
— 0,
as A — 0. This means supy<;<r [(M); — A¢| =0, a.s. O

o (M) is called the quadratic variation of M. Recall that in the case where M is a Brownian
motion, the fact that (M), = ¢ is derived in §1.3.

Theorem 2.29

Let M,N € Mj,. Then there exists a unique continuous adapted process (M, N) =
{{M, N)t}o<t<r with finite total variation such that (M, N)o =0, MN — (M, N) € M.,

and
n—1
Sup <M7 N>t - Z(Mti+1/\t - Mti/\t)(Nti+1/\t - Nti/\t) — 07
0<t<T par
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in probability as max;(tj+1 —t;) — 0, where 0 =tg <t; < --- <t, =T.

Proof. The process

(M,N) := - ((M + N) — (M - N))

ol

satisfies the required properties. Indeed,
1 1
MN = (M, N) = 3 (M + N)? = (M 4 N)) = 3 (M = N)? = (M = N)) € M.
Proofs of the other statements are left to the reader. O

o The process (M, N) is called the quadratic covariation or quadratic cross variation of M
and N.

e Let M and N be given by M; = fg fsdWs and N; = fot gsdWy for some f,g € L2 , where

loc>
{W}} is a one-dimensional F-Brownian motion. Then, the product Ité formula yields

t
<M>N>t:/0 fsgsd3~

Thus we can write

AM;N; = MydNy + NidM; + d(M, N),.

Now introduce the class
t

MY = {M eEMsy: (M), = / asds for some nonnegative and adapted process {at}} .
0

Let M € MY. We shall first define the It integral with respect to M. To this end, define the
class £2(M) of the integrands by

T
LE2(M) = {¢ = {¢: }o<i<T : adapted, IE/O || 2dt(M); < oo} :

As in the case of Brownian motions, for any simple process ¢ of the form
n
¢ = olyoy(t) + Z Dilg,,,0(),
i=0
the Ito integral fOT ¢¢dM; is defined by

T n
/ GrdM; = pi(My,,, — My,).
0 i=0

The following result is an analog to Proposition 2.2:

Proposition 2.30

Let M € Mg. For every simple process ¢, we have

T
/ Grd My
0

A proof of this proposition is left to the reader.
The class of simple processes is also dense in £2(M) in the following sense:

2

T
E :E/o |¢t|2d<M>t~
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Let M € MY. For any ¢ € L?(M), there exists a sequence ((b(”))j’lo:l of simple processes
such that

n—o0

T
lim IE/ ¢y — ¢\ [2d(M), = 0.
0

Proof*. Since M € MY, there exists a nonnegative and adapted process {a;} such that (M), =

fg asds and EfOT ardt < 0.

First we will prove the lemma in the case where |¢;] < K on [0,7] x Q for some constant
K > 0. Since ¢ € £2, by Lemma 2.3, there exists a sequence (¢(”)) of simple processes such
that

n—oo

T

lim E/ 6 — 6™ |2dt = 0.
0

This means that there exists a subsequence (")) such that

lim ¢\") = ¢, dt x dP-a.e.

Jj—00

We can take (bgnj ) so that ]qﬁini )] < K as in the proof of Lemma 2.3. Thus, by the dominated
convergence theorem,

T .
lim E/ 60 — " Paydt = 0.
0

j—oo
To prove the lemma for general ¢ € £2(M), consider the truncated process qng) = el ip, <N}
and follow the arguments as in the proof of Lemma 2.3. O

Definition 2.32

Let {¢:} € £L2(M), and let (¢(™) be a sequence of simple processes as in Lemma 2.31. Then we
define the Itd integral fOT drdMy of {p:} by

T T
/ didM, = lim / &™MdM,  in 12,
0 n—oo 0

As in Theorem 2.7, there exists a continuous modification J; of f(f ¢sdMyg := fOT qbsl[o,t] (s)dMs.

Thus we shall call {J;} as the process of stochastic integral of ¢; and write J; = fg PsdMs by
abuse of notation.

Definition 2.33
Let ¢ € L2(M). The process fg psdMs, 0 <t < T, is a unique element in My such that for any

sequence (qb("))%o:l of simple processes satisfying

T
lim IE/ s — o 2d(M) s =0,
0

n—oo
t t 2
/ bsd M — / oMdM,| | =o0.
0 0

Next, we shall extend the definition of It integral to the case where M belongs to the class

we have

lim E | sup
n—oo 0<t<T

loc

t
MO = {M € Mipe : (M) = / asds for some nonnegative and adapted process {as}} .
0
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The procedure for doing this is completely parallel to the Brownian case. Let M € MZOOC.
Consider the space £2 (M) of the integrands defined by

loc

T
Lt (M) = {4) = {¢+}o<t<T : adapted, /0 d2d(M); < oo, a.s.} )

Then, for any ¢ € L2 (M), the process

loc
o) =t <y, 0<tST,
is in £2(M), where
Tn:inf{OStST:/0t¢§d<M>SZn}.

The It6 integral fg ¢sdMy is now defined as

t t
/ psd M, = / oMdM,, 0<t <7, AT.
0 0

Problem 2.34
Let M € M?OC and ¢ be a left-continuous and adapted process. Show that the Itd integral
fot ¢sdM is well-defined and satisfies

t n—1
/0 dsdM, = Jim go 01, (M, — My,)

in probability, where {t;} is any sequence such that 0 = ¢ty < t; < -+- < t, =t and A =
max; (ti+1 — ti).

e In the case where M is in Mj,. but not in M?OC, the It6 integral fot ¢sdMj is well-defined

and is in My, if ¢ is F-progressively measurable with fOT ¢2d{M); < oo, a.s. We refer to
e.g. [26], [19], [56] for details.

e In particular, if ¢ is continuous and adapted, then by Proposition 1.19, it is progressively
measurable and satisfies

t n—1
/0 ¢psdMs = ggloz d)ti (Mt¢+1 - Mti)
=0
in probability, where {t;} is any sequence such that 0 = ¢ty < ¢t; < --- < t, = t and
A= maxi(ti+1 — ti).

We say that a one-dimensional process X = {X;}o<i<7 is a semimartingale if it is represented
as

Xy =Xo+ /t bsds + My, 0<t<T, (2.5.2)
where ’
e Xy is Fo-measurable.
o M € M.
o {b;} is an adapted process with fOT |be|dt < o0, a.s.

Let X be a semimartingale represented as in (2.5.2). For every continuous and adapted process
¢, the It6 integral fg ¢sdX s with respect to X is defined by

t t t
/ hsd X :/ qbsbsds+/ bsdM,, 0<t<T.
0 0 0
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Definition 2.35
Let X and Y be semimartingales. The quadratic variation (X) = {(X)+}o<i<r of X is defined
by

t
<X>t:Xt2—2/ X dXs, 0<t<T.
0

The quadratic covariation (X,Y) = {(X,Y):}o<t<r of X and Y is defined by

t t
(X,Y)t:Xth—/ XSdYS—/ VidXs, 0<t<T.
0 0

Theorem 2.36

Let X and Y be semimartingales. Then,

n—1

(X,Y) = XoYo + iiLnOZ(XtM — X4,)(Yi,,, — Yi,), in prob.,
=0

where the limit is taken with respect to any sequence {t;}I" , with 0 =ty < t; < --- <
tn, =t and A = max;(ti+1 — t;).

\.

Proof. Using X;Y; = XoYy + Z?:_ol (Xt01 Yt — X4, Yy,) we observe

n—1 n—1
XtY;f - Z Xti(Y;fi.H - Yvh) - Z Y;U (Xti+1 - Xf7)
=0 =0
n—1
— XOYE) + Z (Xti+1}/%i+1 - th}/tz - Xti (iftiJrl - }/;4) - }/tz (Xti+1 - th))
=0
n—1
= XOYO + Z(Xti+1 - Xti)(Y;le - }/%1)
=0
From this and Problem 2.34 the theorem follows. O

By this theorem, we can confirm that the quadratic covariation (M, N) of M, N € M,
coincides with the one in Definition 2.35.
Here is a generalized It6 formula for semimartingales.

Theorem 2.37

Let {X;} be a semimartingale of the form
t ¢
X, = X0+/ bsds—l—/ osdMs.
0 0
Let f € CY2([0,7] x RY). Then

1
df (t, X¢) = O f(t, Xp)dt + Ou f (t, X;)dX; + =02

9 xzf(t? Xt)gtzd<M>t

e A generalized It6 rule is given by

(dMy)? = d(M);, dtdM; = 0.
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« Applying Theorem 2.37 with f(z) = 22, we find

t
(X): = X2 +/ o2d(M)s,.
0
Thus formally
(dXt)2 == d<X>t == O't2d<M>t,
and df (t, X) is described by

#@&%%U@&MHﬂJW&M&+Q%JW&MM%

The multidimensional Ito6 formula is as follows:

Theorem 2.38

Let X = (X',..., X% a d-dimensional process such that X? is a semimartingale for each
i. Let f € C12. Then,

d d
1 ) .
df (t, X¢) = O f (t, Xy)dt + E Ox, f(t, Xp)dX] + B E agixjf(t,Xt)d<Xz’Xﬂ>t.
i=1 i,j=1

e We call d-dimensional process with each component being semimartingale a d-dimensional
semimartingale.

o When X is represented as dX} = bidt + > ;- oifd M}, then formally

m
dXjdx] =" oifol dMfaMf = Z ok adtd(M*, MY,
k=1 k=1

Moreover, we can prove that

<Xz Xj>t—X0Xj+ Z/ zkaj€d<Mk: M€>
k=1

To emphasize the remarks above, we shall state the product Itd6 formula as a corollary of
Theorem 2.37.

Corollary 2.39

Let M € /\/ll ve- Let X and Y be semimartingales with representation

t t
Xt = XO —|—/ b;ds +/ Udesa
0 0
t t
Y=Yy + ﬂm+/%M@
0 0

Then,
¢
(X,Y): = XoYo +/ 0sgsd(M)s.
0

Recall that by definition of the quadratic covariation, for semimartingales X and Y,
t t
XY = XYy —|—/ Ysd X, —1—/ XodYs + (X, Y),.
0 0
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The existence of the correction term (X,Y) makes the It6 calculus different from the ordinary
calculus. The Stratonovich integral provides a useful means of developing stochastic analysis as
in ordinary calculus.

Definition 2.40

Let X and Y be one-dimensional semimartingales. The Stratonovich integral fg Y,o0dXs of Y
with respect to X is defined as

¢ t
1
/ Ys0dX, := / YedXs + - (X, Y ).
0 0 2
e By definition, for semimartingales X and Y,
t t
XY= XYy + [ YoodX.+ [ X.oay.
0 0

o If X; and Y; are represented as

dXt = btdt + O'tht,
dY; = fidt + gid My

for some M € ./\/l?oc, respectively, then

¢ ¢ 1 [t
/ Y, 0dX, = / Yi(bsds 4+ osdMs) + 2/ 0sgs{M)s.
0 0 0

The following chain rule holds for the Stratonovich integral under more smoothness condition
than that in the It6 formula:

Proposition 2.41

Let X = (X',..., X% be a d-dimensional semimartingale, and f € C3(R?). Then

d
df (Xe) =) 0, f(Xy) 0 dX].
=1

Proof. For simplicity we shall assume that d = 1 and X; is represented as dX; = bidt + odM;
with (M); = a;dt. Theorem 2.37 yields

4 (X0) = F (X)X + 5 f (X)X,
= f/(Xt)dXt + %f”(Xt)O‘tQatdt,
as well as

&(X) = (XX + 5 f (X)X,

= 77060 (b 57" (XoFar ) e+ £ (Xords

Thus, by definition of the Stratonovich integral, we have
1 1
fl(Xt) e} dXt = f/(Xt)dXt + idf/(Xt)dXt = f/(Xt)dXt + if//(Xt)U?atdt

= df (Xy),

as required. O
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Proposition 2.42

Let X and Y be one-dimensional semimartingales. Then,

n—1

t
/ Y, 0dX, = lim
0

1 1 .
=0

where the limit is taken with respect to any sequence {t;}!" , with 0 =ty < t; < --- <
t, =t and A = max;(ti+1 — t;).

Proof. From this and (Y3, +Y4,)/2 = (Vi —V3,)/2+ Yy, we find

n—1 n—1

n—1

1 1 1
Z (2Yti+1 + 2Ytz) (Xt¢+1 - Xti) = Z Yti(XtiH - Xti) + 9 Z(Ytiﬂ - Y;fz‘)(XtiH - Xti)
1=0 1=0 )

t
1
—>/ YodXs + §<X,Y>t
0

in probability as A — 0. Thus the proposition follows. O
The notion of the backward Ité integral will be used in the analysis of the reverse-time
diffusions (see Section 3.8).

Definition 2.43
Let X = {X;}o<t<r and Y = {Y; }o<i<7 be continuous processes. If there exists a limit of

n—1
Z Ytz’+1 (Xt¢+1 - Xti)
=0

in probability as A — 0, where the limit is taken with respect to any sequence {¢;}!" , with
0=ty <ty <-<t,=tand A =max;(t;41 —t;), then we write fg Y, dX; for this limit and
call it the backward Ito integral.

Proposition 2.44

Let X and Y be one-dimensional semimartingales. Then,

b ¢
/ stXt:/ Yed X + (Y, X):.
0 0

Proof. Use the relation Yy, (X¢ , — Xy,) = Y5, (Xeyy, — X)) + Ve, — Y5,) (X, — Xy,) and

apply the results from Problem 2.34 and Theorem 2.36. 0

We close this section by showing Lévy’s theorem as announced in the beginning.

Theorem 2.45: Lévy’s characterization of Brownian motions

Let M = (M?',--- M%) be such that M*® € M, for each i, and (M?, M7); = §;;t, where
0i; is the Kronecker’s delta. Then, M is a d-dimensional F-Brownian motion.

Proof. We will show this theorem in the case where d = 1 and M = M!' € MY . For a proof of

loc*
general cases we refer to, e.g., [56] and [26]. Let {7,}°; be a sequence of stopping times such
that {Miar, Yo<t<r is a martingale. Since M? — (M) € M., we find

E[M},,] = El(M)inr,] = E[t Am] < t.
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Applying Fatou’s lemma, we have
E[M? =E [ lim M2, } <liminfE[M?, ] <t,
n—00 n n—00 n

whence M € M§.
By It6 formula and (M), =t,

2
de* Mt = jge M qng, — %eifMt dt

for ¢ € R%, where i = /—1 is the imaginary unit. Since |¢®M¢| = 1, the complex valued process
fot eMs M, is a martingale. Thus, for any A € F, and t > s,

E [eiﬂMt—MshA} = P(A) — é;/tIE [eiﬂMr—Ms)lA] dr.

Solving this ODE, we obtain
i&(My—M _2 4 _2 -
E [e’g( ¢ S)IA} =P(Ae =) =R e T, .
Since A € Fy is arbitrary, we deduce

E |:ei§(Mt—Ms) ]:'S:| = e—%(t—s)7 t> s,

from which the theorem follows. O
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CHAPTER 3

Stochastic Differential Equations

3.1 Introduction

Ordinary differential equations with white noise

We are concerned with ordinary differential equations (ODEs) with random noises. For example,
such ODEs can be of the form

4,

a = b(t,Xt) —|—0’<t,Xt)§t, (311)

where {&} is a stochastic process providing random disturbance to the system process {X;}.
In science and engineering, a natural candidate for the disturbance processes is a Gaussian
white noise, i.e., it is natural to assume that & is a Gaussian process with mean zero and
covariance E[§&] = 6(t — s), t,s € R, where 0(+) is the delta function. Unfortunately, this
natural formulation for nonlinear ODEs (3.1.1) comes up against an obstacle since the delta
function is not a usual function but a distribution rigorously. Indeed, {&; }+cr is not a stochastic
process in the usual sense but a random distribution (see It6 [21]).

Changing the approach to (3.1.1), we use the fact that & is given by the time derivative, in
the sense of the distribution, of a one-dimensional Brownian motion W; (see again [21]). Then,
replacing & with dW;/dt in (3.1.1), we get

dXt th
— =b(t, X t, X¢)——
dt (7 t)+0(a t) dta
whence, by a formal integration,
t ¢
Xi=Xo+ / b(s, Xs)ds + / o(s, Xg)dWs. (3.1.2)
0 0

The integral equation (3.1.2) is equivalent to (3.1.1) formally, as well as can be defined rigorously
since the term fot o(s, Xs)dWs is understood as the It integral. Then, we write

dX; = b(t,Xt)dt —|—0’(t,Xt)th (313)

for (3.1.2). This is a modern approach to stochastic differential equations (SDEs), which is
originated by Itd [49] (see also Ito6 [20]) and has achieved remarkable successes.
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In this chapter, we present some basic results on SDEs. We refer to [36], [56], [54], [26] for
more detailed accounts. Before presenting examples of SDEs, we give a formal characterization
of the coefficients b and ¢ in (3.1.3). By (3.1.2), we have

t+At t+At
Xirnr = X +/ b(s, Xs)ds +/ o(s, Xs)dWs.
t t

Under the assumption that {o(t, X;)} € L£? (recall from Chapter 2), it follows that at least
formally,

. 1
b(t,x) = A%T{lo EE[Xt—&—At — Xi| Xy = ], -

. 1
o(t,z)* = Alifilo EV[XH—At — Xy Xy = z].

The functions b and o are called the drift and diffusion coeflicients, respectively.

Black—Scholes model for stock prices

Let us consider a stock with price S; at time ¢ > 0. Then the return rate R;;4a¢ of this stock
between t and t + At is given by Ry ¢yat = (St4at — St)/S¢. Using the normalization I; ;4 A of
Rypyne, e, Tgrne = (Rt,t+At - E[Rt,tJrAt])/\/ V(Rt,t+At), we have

Riyne = E[Reynd] + \/ V(R +ae) It i+t
2

Now, assume that the expected return rate b = E[R;ya¢]/At per time and the variance o° =
V(Rtt+¢)/At of the return rate per time are constant with respect to t. Then,

St+at — St

S = bAt + oV At[t,t-‘rAt'
t

Thus,

. 1
Alir\I‘lO EE[SH-At — S¢| S = s] = bs,

. 1
A11131’{‘10 EV[St—i—At — St‘St = S] = 0'282.

So, assuming that {S;} is described by an SDE and then using (3.1.4), we obtain

dSt = St(bdt + O'th). (315)
This SDE is called the Black—Scholes model. As remarked in the above, this equation should be
interpreted as the following integral form:

t t
St:Soer/ Srdr—ko/ S dW,.
0 0

Now suppose temporarily that there exists a solution S; to the equation (3.1.5). Then,
applying Itdé formula for log(S;), formally we have

Thus the solution S; of the Black—Scholes model is explicitly given by

Sy = Soexp((b — 0%/2)t + o Wy).
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Figure 3.1.1: A sample path of Black—Scholes model in the case of b = 0.5 and o = 0.2.

Predator-prey model

Consider a biological system consisting of two species where one is a predator and the other is a
prey, whose populations at time ¢ are denoted by X} and X7, respectively. We assume that in a
small time interval [¢,t + At], the probability of the predator being given a single birth without
death and the population of the prey remaining unchanged is

P(AX}! = 1,AX? = 0| X} = x1, X? = 23) = biz1 At + o(At).
Similarly, we assume
P(AX]} = 0,AX? = 1| X} = x1, X? = x3) = baxo At + o(At),
PAX}! = —1,AX? = 0| X} = 21, X} = ) = diz1 At + o(At),
P(AX}! = 0,AX? = —1| X} = 21, X} = 22) = doxo At + o(At).
In view of the predator-prey relation, we further assume that bs, d; are positive constants and

that
b1 = c1z2, do = caq,

with some positive constants ci, co. Moreover, the probabilities of multiple births or deaths are
assumed to be o(At). Then, it is straightforward to see

1

AhtI{‘IO AtE[AXﬂXtI =21, X7 = o] = (c129 — dy) 1,
Aht]{‘lo AitE[AXﬂth = xl,Xf = x9] = (by — cox1)x2,
Alitr\r‘lo éV[AX,}yX,} =21, X2 = 19] = (c120 + dy)21,
Al;ltI{lo éV[AXtQ]th =21, X} = 23] = (by + cow1) T2,
Allitr\rllo AitCOV[Ath, AXZ|X} =21, X}? = 29] = 0.
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By a multidimensional analog of (3.1.4), we derive the SDE

dX} = (1 X} — dy) X} dt + /(a1 X7 + dy) XL dW,
dX2 = (by — co X)) X2t + 1/ (ba + ca X)) X2dW}

for the predator-prey system, where (W}, W?) is a 2-dimensional Brownian motion.

pradator -
pray

98

96

04

9z
4]

Figure 3.1.2: A sample path of the predator-prey model in the case of dy = 0.01, by = 0.05,
c1 = cg = 0.005, and X} = X2 = 100. Generated by the Euler-Maruyama method (see Section
3.4).

3.2 Existence and Uniqueness

In what follows, (2, F,P) is a complete probability space equipped with filtration F satisfying
the usual conditions, and {W,} is an m-dimensional F-Brownian motion on (2, F,P). We fix a
time horizon T € (0, c0).

Definition 3.1

Let b: [0,7] x R — R? and o : [0,T] x R — R¥™ be Borel measurable, and let ¢ be an
Fo-measurable random variable. We say that an Re-valued process {X;}o<i<7 is a solution of
the stochastic differential equation (SDE)

dX; =b(t, Xy)dt + o(t, Xy)dW,
with initial condition Xy = £ if the following conditions are satisfied:

(i) {X:} is a.s. continuous and F-adapted.
(ii) fOT b(s, Xs)|ds + fOT lo(s, Xs)|?ds < o0, a.s.

(i) {X:} is represented as

t t
Xt =&+ / b(s, Xs)ds —i—/ o(s,Xs)dWs, as., 0<t<T.
0 0

The following is the fundamental existence and uniqueness result for SDEs:
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Theorem 3.2

Suppose that the functions b, o and the random variable £ in Definition 3.1 satisfy

(i) Lipschitz continuity: there exists Ky > 0 such that

|b(t7 l‘) - b(tv y)| + |O‘(t,ZL‘) - U(t>y>’ < K0|l‘ - y|> (t,l‘), (t’y) € [O’T} X Rd>

(ii) Linearly growth condition: there exists K7 > 0 such that
lb(t,z)| + |o(t,z)| < Ki(1+ |z]), (t,z) € [0,T] x RY.
(iii) ¢ € L2
Then, the stochastic differential equation
dX; = b(t, X¢)dt + o(t, X¢)dWy (3.2.1)
with initial condition X = £ has a solution {X;},c(o 7] satisfying E [supg<;<p | X¢[?] < oc.

Moreover, the existence of the solution is unique in the sense of the indistinguishability,
i.e., for any other solution {Y;} we have X; =Y}, 0 <t < T, as.

We prove Theorem 3.2 with arguments similar to those in the existence proof for ordinary
differential equations. Recall that Gronwall lemma plays an important role in that case.

Lemma 3.3: Gronwall lemma

Suppose that a nonnegative, bounded and Borel function v : [0,7] — R satisfies
t
v(t) SC—i—A/ v(s)ds, 0<t<T
0

for some positive constants C, A. Then,

o(t) <Cet, 0<t<T.

Proof. By an iterative application of the condition on v, we obtain

t s
v(t) < C + CAt + A* / / v(r)dr
0 Jo

A2t2 A t S1 Sn,
<C+CAt+ ¢ 5 + Cn' + A”“/ / / V(Sn41)dSny1dsy - - - dsy
. 0 Jo 0

for n > 1. The last term is at most supg<;<p v(£)(At)"*1/(n 4 1)! and goes to zero as n — co.
Thus the lemma follows. O

Proof of Theorem 3.2. First we show the uniqueness. Let {X;} and {Y;} be two solutions, and
put a; = b(t, X;) — b(t,Y2), & = o(t,X;) — o(t,Y;). Then, from Emaxo<;<r |X; — V3|?] < o0
and the Lipschitz continuity, we have {y;} € £2. This together with the inequality |z + y|? <
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2(Jz[* + [y[?) yields
2
< 2R

2
+2E

t 2

E| X, — Y;|? s dW
0

t t t
=K / asds +/ YsdW / asds
0 0 0

¢ t
< QtE/ a5]2ds+2E/ Ivs|?ds
0 0

t
2(1 + t)Kg/ E| X, — Y,|*ds.
0

Hence the function v(t) := E|X;—Y;|? satisfies v(t) < 2(1+T) K3 fo s)ds. Gronwall lemma now
implies that v(¢) = 0, which means that X; and Y; are modifications of each other. Moreover,
since these two are continuous, by Proposition 1.19, X; and Y; are indistinguishable.

Next we prove the existence. Put Y;(O) = Xy, and then define Yt(k), k=1,2,..., recursively
by

t t
Y;(k—i_l) = Xo+ / b(87 }/;(k))ds + / U(Sa Ys(k))dWS (322)
0 0

Then by Xo € L? and the linearly growth condition for o, we find {o(s, v )} € L2 From
this and Doob’s maximal inequality it follows that E[maxo<;<7 |Yt( )\ ] < co. Applying this

argument recursively, we deduce that E[maxo<;<7 |Yt(k) ?] < oo for every k > 0. Then, as in the
case of the uniqueness proof, for k > 1,

E max [YF+D —yv0) 12 < (24 8T)K IE/ Y ®) — vy k=D 2gs, (3.2.3)

0<s<t

Here, we can use Doob’s maximal inequality to estimate Emaxg<s<; | fos vudWs‘Q. Hence, by
repeating the estimation (3.2.3) recursively, we obtain

Kka
E max |Y,*™) - y,¥ 2 < K, =3 k>0,
0<t<T k!

where
Ky =E max |Yt(1) - }/;(0)]2 < 00
0<t<T

and K3 = (2 + 8T)KZ. Chebyshev’s inequality then leads to

AKsT)F
P ( max |Y,"") —y®| > 07k < 10, WD)
0<t<T k!

The series for the sequence in the right-hand side of the inequality just above converges, whence
by Borel-Cantelli lemma, there exists g € Fr with P(Qy) = 1 such that

k+1) v (k) < ok >
O%EE%W (W)=Y, (w)] <277 k>np(w), we,

for some ng(w) defined for each w € Qp. From this 372 (w) MAX0<t<T |Y )(w) — Yt(k) (w)] <

oo and so Y;( )( ) converges uniformly on [0,77]. Therefore, there exists a limiting function
Xi(w) such that supg<;<r |Y;(k) (w) = X¢(w)| — 0 (see, e.g., [53, Theorem 13.4]). Since a uni-
formly converging limit of continuous functions is also continuous, we deduce that {X;}o<i<r
is adapted and a.s. continuous. Further, by Fatou’s lemma, E[maxo<i<r |X:|?] < co. Hence
in particular, {X;} satisfies the conditions (i) and (ii) in Definition 3.1. Moreover, since
fOT |a (t Y(k)) — o(t, Xt)|2dt — 0, a.s. and there exists some subsequence k, oo such that
fo s, YF)dW, — fo s, X,)dW, a.s. On the other hand, we have Y™ — X, as. and
fo (5,YFn)ds — fo (s, Xs)ds, a.s. Thus, letting k¥ = k,, n — oo in (3.2.2), we deduce that
{X}} satisfies the condition (iii) in Definition 3.1. O
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3.3 Explicit Solutions
We describe classes of SDEs having explicit solutions.

Linear cases

First assume that m = 1, i.e., consider the case of a scalar Brownian motion. It follows from
Example 2.19 and Theorem 3.2 that the unique solution of the SDE

dXt = bXtdt + O'th

is given by

¢
X=Xy + U/ =3) g,
0
Then let us consider the more general SDE
dX; = [a(t) + b(t) X¢]dt + o (t)dWy, (3.3.1)

where a,b,0 : [0,7] — R are bounded and Borel measurable. As in Example 2.19, using the
product It6 formula, we observe

4 (e B X,) = = U ()t + o (1)dI07)

Thus, the unique solution of (3.3.1) is given by

t
X = elo bls)ds x4 / els T (o(s)ds + o (s)dWs).
0

Problem 3.4
Here consider general cases m > 1 and the scalar SDE

dX; = [a(t) + b(t) X ]dt + [Xy(t) + o (£)]TdWs, (3.3.2)

where a,b : [0,7] — R and 7,0 : [0,7] — R™ are bounded and Borel measurable. Show that
the unique solution of (3.3.2) is

X =7 [XO n /0 t Z7Y(a(s) — (s)To(s))ds + /0 t Zs_la(s)TdWs] ,

Z = exp Uot (b(s) - ;7(5)12> ds + /Ot'y(s)TdWS] |
Problem 3.5

Consider the d-dimensional SDE

where

dX; = (a(t) + b(t) Xy)dt + o (t)dWs, (3.3.3)
where a : [0,T] — R, b : [0,7] — R™? and o : [0,7] — R¥™ are bounded and Borel

measurable. Assume that Xy has a d-variate normal distribution with mean vector p and
covariance matrix p. Then, show that {X;}:>0 is a Gaussian process with the representation

X, = ®(t) <Xo + /Ot ™! (s)a(s)ds + /Ot ‘P_l(S)U(S)dWs) )
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and that the mean vector p(t) = E[X;] and the covariance matrix p(s,t) = E[(Xs —m(s))(X; —
m(t))T], s,t > 0, are given respectively by

ult) = o0 [+ [ t & (s)a(s)is |

pls,t) = B(s) [p+ A <1>—1<r>a<r><<1>—1<r>a<r>>Tdr} ().

Here, a process is said to be Gaussian if any finite dimensional distribution is jointly normal,
and ®(¢) is the unique solution of the matrix ODE

Problem 3.6
Solve 2-dimensional SDE

0 -1 0
dX, = (1 . ) Xdt + <02> AW,
where {W;}+>0 is one-dimensional.

Reducible cases

Here assume m = 1. Consider the one-dimensional SDE
1
dXt = 50’(Xt)O'I(Xt)dt + U(Xt)th, (334)

where o(-) > 0. To obtain the solution, we use the function

T
g(%)z/0 @dé, (3.3.5)

defined for x in a possible state space of {X;}. Then, since
(6 (@) =0o(g™ (@), (g7)"(x) =alg™ (@) (g7 (2)),

the process X; := g L(W; + g(Xy)) satisfies (¢71)(W; + 9(Xo)) = o(X;) and (¢~ 1)"(W; +
9(X0)) = o(Xt)o'(X¢). Thus, by Ito formula, we find that X is a solution to (3.3.4).

Problem 3.7
Solve

1
dX; = §a2Xtdt +ay/1 4+ XZdW,.

Problem 3.8: S
lve

1 2/ “1/a
dX, = Sa(a— )X} 290t 4 o X}V AW

Next consider the SDE of the form

X, = (aU(Xt) + ;a(xga'(xt)) dt + o(X,)dIW;, (3.3.6)

As in the previous case, we observe the process X; := g~ (at + W; + g(Xp)) satisfies (3.3.6),
where g is given by (3.3.5).
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Problem 3.9
Solve

1
dX, = <2Xt + m> dt + Mth.

Problem 3.10
Solve
dXy = —(a+ X)) (1 - XP)dt + B(1 — X7)dW,.

Generalizing these results, we have the following. The proof is left to the reader.

Proposition 3.11

Suppose that b is Lipschitz continuous on R and o is of class C?(R) with bounded first
and second derivatives. Then the unique solution {X;}+>o of the one-dimensional SDE

dXt = |:b(Xt) + ;O'(Xt)O'/(Xt):| dt + O'(Xt)th (337)

is represented as X; = u(W;,Y;), where u : R? — R is the solution of the ODE
pu(x,y) = o(u(z,y)), u(0,y) =y,
and the process {Y;}+>0 is the solution of the ODE
4, = f(W, Yo)dt, Yo = X

with

) =ewp (= [ utz )iz ) ute. )

3.4 Numerical Solutions

When explicit solutions of SDEs are unavailable, we need to approximate the equations to
generate the sample paths in computer simulations or to compute the expectation of quantities
involving the solutions. Here we present the Euler-Maruyama method, which is a most popular
one for the time discretization, and can be seen as a stochastic version of the Euler method in
ODE:s.

Consider the SDE (3.2.1) with the drift coefficient b and the diffusion coefficient o. We
impose the following conditions on b and o:

Assumption 3.12

There exists a positive constant Cjy such that

’b(t7$> - b(‘S?y)‘ + |O'(t,$) - U<$7y)| < CO(|t - S|1/2 + |Z1§‘ - y|)7 tv 5 € {O>T]a T,y € Rd'

Assumption 3.12 means the conditions in Theorem 3.2. Thus, under Assumption 3.12, there
exists a unique solution {X;} of (3.2.1).
First, set ty, = kT/n, k =0,...,n. We start with the representation

th th
Xy, =X, —l—/ b(s, Xs)ds —I—/ o(s, Xs)dWs.
te—1 te—1

Since {X;} has continuous sample paths, the approximation X ~ Xy, _,, s € [tx_1,t], is
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reasonable for sufficiently large n. Applying this approximation, we have
tE tg
Xy, ~ Xy, +/ b(tp—1, Xe, ,)ds +/ o(tp—1, X, )dWs,
tp—1 tk—1
which is equivalent to

th ~ thfl + b(tk_]-?thfl)(tk - tk’—l) + O—(tk_:l?th—l)(Wtk - Wtkﬂ)'

The random variable Wy, — W, , follows the normal distribution with mean vector 0 and
covariance matrix (17'/N)I4, which can be generated by pseudo random numbers. Therefore, the
sequence {Y}}}_, defined by

Yir1r = Yi + b(te, Yi) (b1 — tr) + o (b, Yo ) Wiy — W) (3.4.1)

with Yy = X is a candidate of an implementable numerical solution for (3.2.1).
Hereafter, we discuss a rate of convergence of {Y%} to {X;}.

Suppose that Assumption 3.12 hold. Let {X;}o<i<7 be as above. Then, there exists a
positive constant C' such that

E|X; — X, <C(t—s), 0<s<t<T.

Proof. Using the inequality (a + b)? < 2(a® + b?), we see

2

t
E|X; — X,|> <2E [ +2E / o(r, X, )dW,

t 2
/ b(r, X;)dr ] . (3.4.2)

By the linear growth condition, the 1st term of the right-hand side in (3.4.2) is at most

2

t
2E / b(r, X, )dr

0<r<T

t
<ot - s)/ E|b(r, X,)[2dr < C’ (1 +E

sup er2]> (t—s),

where C is a positive constant. A similar estimation works for the 2nd term of the right-hand
side in (3.4.2). ]

Roughly speaking, the approximation error for the Euler-Maruyama methods is O(n_l/ 2).

Theorem 3.14

Suppose that Assumption 3.12 hold. Let {X;}o<;<7 be as above and let {Y;}}_,, n € N,
be the sequences defined by (3.4.1). Then, there exists a positive constant C; such that
@

max E|X; — Vi[> <
k=0,1,....n n

.

Proof. By C we denote positive constants that do not depend on n and k =0,1,...,n and that
may vary from line to line.

First notice that Y} is F, -measurable and in L? for each k = 0,1,...,n. To confirm the
latter property, assume that Y, € L? for some k and observe

[Vir1]? < 3|Ye|? + 3|b(te, Yi) |2 (A1)? + 3|o(te, Yi) AW 1|2, (3.4.3)
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where At = T'/n and AWy = Wy, — Wy, From (3.4.3), the linearly growth conditions on
b,o, and E|Y;[?|AWyy1|? = E|Yi|*)E[AW,41|? it follows that E|Y;.1]? < OE|Y|? < .
Next, observe

tet+1 tkt1
th+1 - Yk+1 = th - Yk + / Abst + / AO’des,

ti tr
where
Abg :b(S,XS) —b(tk,Yk), Aoy :O'(S,XS) —O’(tk,Yk), s € [tk,tk+1).
Furthermore we have
Xt 1 — Yiga |

2
+

2

9 tr4+1
= | Xy, — Yil]" + / Ao dW,

tr4+1
/ Abgds
tr ti

let1 et T rtea
+2(Xy, — V)T / AcsdWs + 2 ( / Absds> / Ao dWs.
tk

Lk ti

trt+1
+2(Xy, — Yk)T/ Abgds

tg

By Cauchy-Schwartz inequality, Assumption 3.12, and Lemma 3.13,

2

trt1 tr+1
E / Abgds| < At/ E|Abg|?ds
tr tr
tei1
< CAt/ Els — tp + | Xs — X, |* + | X, — Yi|*)ds
tk

< O(AL)? + C(AY’E| Xy, — Y|

Using It6 isometry, similarly we have

trt1
/ AcydW

ti
trt1 T tet1 tet1 tht1

2FE </ Absds> / Aoy dW, < E / Abgds / AocydWy
tr tr ty tr

< O(A)? + CALE| Xy, — Yil*.

2

E < O(A)? 4+ CALE| Xy, — Yil?,

whence

2
+E

2

2

Using Young’s inequality ab < ca?/2 + b?/(2c) for a,b € R and ¢ > 0, we find
T tht1 1
OR(X,, — Vi) / Abyds < AtE| X, — Yil? + —FE

/tk+1 A
bsds
te At tr

< O(At)? 4 CALE| Xy, — Vil

As for the remaining term, we have

tet1 thet1
E(th - Yk)T/ AO’deS =K |:(th — Yk)TE |:/ AUSdWS

173 Lk

7| =0

EXy,,, — Yes1]> < (1 + CAYE[Xy, — Vi[> + C(AY?, k=0,....,n— L.

Collecting the estimates above, we deduce

From this the theorem easily follows. O
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Example 3.15

Let us examine the Euler-Maruyama approximation for the SDE
dX; = X (0.5dt +0.2dWy), 0<t<1,

with Xo = 1. The time grids are set to be t; =i/n, i = 0,1,...,n. We execute the simulation
M =10 times and compute the resulting mean squared error

M
1
L*-error = nax E (Xt(ik) — Y;Ek))2,
k=1

where {Xt(ik)} and {Y;Ek) } denotes the k-th sample paths of the true and approximate solutions,
respectively. See Figure 3.4.1 below.

Figure 3.4.1: Sample paths of the true and approximate solutions in the case of n = 2% (left)
and plotting L2-errors for n = 23,24 25 26 27 28 (right).

Problem 3.16
As in Example 3.15, evaluate the performance of the Euler-Maruyama method for the SDE in
Problem 3.7.

3.5 Fundamental Properties

We write {X;’x}tSSST for the solution of the SDE with initial condition X; = z, i.e.,
S S
Xbe = m—i—/ b(r, Xf"”)d’r’—k/ o(r, X5 dW,. (3.5.1)
¢ t

Notice that we can ensure the existence and uniqueness of this SDE by considering the SDE on
[0, T] with coefficients b(s, ) = b(s, z) 1y )(r) and 6(r,z) = o(r,z)1 7)(r), provided that b and
o satisfy the conditions (i) and (ii) imposed in Theorem 3.2.

In what follows, we often drop the superscripts ¢,z in (X4 and write E»*[Z] for E[Z] when
Z depends on (X5"). Using Ito formula, we observe

) 1
b(t, x) = AI}EI—I}O EEt’w[XtJrAt — Xt},

. 1
O'(t, .’I))O’T<t, .%') = Al%l’_r)lo EEt,x[(Xt—f—At — Xt)(Xt—l-At — Xt)T}.

(3.5.2)

Here, the expectations are taken to be component-wise. In general, the coefficients b(¢, z) and
o(t,x) of the SDE are called the drift term and the diffusion term, respectively.
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Problem 3.17: P
ove (3.5.2).

Markov property
We begin with Markov property.

Theorem 3.18

Suppose that b, o, and & satisfy the assumptions in Theorem 3.2. Then the unique solution
{Xt}o<t<r of the SDE (3.2.1) is an F-Markov process.

Proof. We will give a proof in the case where b and o satisfy Assumption 3.12. We refer to
standard textbooks on the stochastic analysis such as [36] for a proof of the general claim.
Fix t € [0,T] and s € [0,T — t]. Then {X,} satisfies.

S S
Xirs = Xy —|—/ b(r, Xr)dr—i—/ o(r, X, )dW,.
¢ t
Let tp, = ks/n+1t, k =0,...,n, n € N, and {Y;, }}_, the Euler-Maruyama approximation of
{ X be<r<iss, Le,
Ytk = Y}/kfl + b(tk—lv Ytk—l)(tk - tk—l) + U(tk—hYtk,l)(Wtk - Wtk,l), k=1,...,n,

with Y;, = X;. Theorem 3.14 then yields X;;¢ = lim,,, Y}, a.s. possibly along subsequence.
Since Wy, — Wi,y = Wig/nt — Wi — (W(k—1)s/n++ — W), by induction, we observe that Y3, is
o(X¢, Wyt — Wi 1 0 < r < s)-measurable, whence so is limsup,,_,, Y%,. Therefore, by Theorem
1.9, Xits = Fiys( Xy, Wit — Wi)o<r<s) a.s. for some Borel function Fy ¢ on R? x C([0, s]; RY)
for 0 < s < T —t. Since (Wyq+ — Wi)o<r<s is independent of F;, using Lemma 1.45, we have,
for every bounded Borel function f,
]E[f(Xt‘l’S)LFt} = E[f(FtJrS(Xta (Wt+r - Wt)T§3)|ft] = E[f(Ft+s(x, (WtJrr - Wt)TSS)”:B:Xt
= E[f(Xi4s) | X4],

as required. O

By arguments similar to that In the proof of Theorem 3.18, we have the following result:

Corollary 3.19

Let b, o, and {X;} be as above. Then,

E[f (Xi+s)|Fi] = E[f (X35 la=x,,  aus.

for any t,s € [0, 7] with 0 < ¢+ s < T and any bounded Borel measurable function f.

Proof. Let f be a bounded Lipschitz continuous function. As in the proof the previous theorem,
there exists a sequence G, of B(R?) x C([0, s]; R?)-measurable functions such that

lim E|X[7 — Gu(x, (Wepe — Wio<r<s)> =0, x € RY,

n—o0

lim XK — Go(Xy, (Wit — Wi)o<r<s)|? = 0,

n—oo

t,X .
and X" = Xy, a.s. This means

lim E[f(Gn(x, (Wit — Wi)o<r<s)] = E[f(Xffs)}, r € RY,

n—o0
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and
lim E[f(Gn(Xe, (Wit — We)o<r<s)| Xe] = E[f (X750 X0]

n—o0

in L2, whence

lim E[f(Gn(l"a (Wr+t - Wt)OSTSS)”z:Xt = E[f(Xffs)”w:Xm

n—oo
and
lim E[f(Gn, (Xe, Wit — Wi)o<r<s)| Xi] = E[f(XffgtﬂXt]a a.s.,

k—o0

for some subsequence {n;}. Combining these observations and Theorem 3.18, we obtain
E[f(Xero)|F) = E[f (X1 Xe] = BIF (XL o=, (3.5.3)

Using Lemma below, we can show that (3.5.3) holds true for any bounded Borel measurable
function f. O

Lemma 3.20

Let X,Y be R%valued random variables, and G a sub o-algebra. Suppose that
E[f(X)|0] = E[f(Y)[g], as. (3.5.4)

for any bounded Lipschitz continuous function f. Then (3.5.4) holds for any bounded
Borel function f.

Proof*. Step (i). Let A C R? be closed. Then
gn(2) == (1 —ny(z, A)F, zeRY

where y(z, A) = inf,c 4 |x—yl, is bounded and Lipschitz continuous. Indeed, for e > 0 take z € A
such that [y — z| < y(y, A) +e. Then gn(2) — gn(y) < n(lz — 2| — |y — 2| + &) < n(lz -yl +¢),
from which we find |gn(z) — gn(y)| < nlzr —y|. Further, 14(z) < gp(x) < 141/m(z), where
AV =z y(z, A) < 1/n}. Thus,

E[14(X)|9] < E[gn(X)|G] = Elgn(Y)|F] < E[141/x(Y)|F].

Letting n — oo, we obtain E[14(X)|G] < E[14(Y)|G]. Changing the role of X and Y, we have
the converse inequality, whence the equality.

Step (ii). Let A € B(RY). We will use the fact that for each n there exists a closed set
F,, such that F,, C A and Leb(A \ F,,) < 1/2", where Leb denotes the Lebesgue measure on
RY (see, e.g., [50, Theorem 7.6] or [6, Theorem 1.1]). Then, we inductively define the sequence
{A,} of closed sets by A,+1 = A, UF,. By this construction, 14, is monotone nondecreasing
and converges to 14, Leb-a.e. Applying the monotone convergence theorem, we obtain (3.5.4)
for f =14.

Step (iii). Any bounded Borel function can be represented as the difference of bounded non-
negative Borel functions, and each part can be approximated by a monotonically nondecreasing
sequence of step functions. Thus the lemma follows. O

Next consider the homogeneous case, i.e., the SDE of the form
dX; = b(Xy)dt + o(Xy)dWe, Xo=x. (3.5.5)

Here, b : R — R and o : R — R¥™™ are assumed to be Lipschitz continuous. Then, by
Theorem 3.2, the SDE (3.5.5) has a unique solution {X;}¢>0. Then we have the following strong
Markov property for {X;}:
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Let b, 0, and {X;} be as above. Further, let § be a stopping time with § < oo, a.s. Then,
for any bounded Borel measurable function f on R?, we have

Elf (Xev0)[Fo] = E[f (Xt40)[ Xo],  as.

Proof. Fix t > 0. Let ty =0 +tk/n, k=0,...,n, n € N. Then consider the Euler-Maruyama
approximation {Y3}}_, of {Xs}e<s<o++, defined by

Vi1 =Yg +0(Vie) (b1 — te) + o (Vi) (Weyyy — Way), Yo = Xo.

Then, we see that Y, is o(Xg, (Wsyrs — Wh)o<s<t)-measurable and X;1p = lim, o Yy, as.
possibly along subsequence. Thus, there exists a Borel measurable map F; from R? x C([0, s]; R%)
into R? such that X;,9 = Fi(Xp, (Wsi1o — Wo)o<s<t) a.s. Since (Wi 9 — Wp)o<s<s is independent
of Fy by Theorem 1.46, we have

E[f(Xivo)Fo] = E[f (Fi(Xo, (Wsro — Wo)s<t)|Fol = E[f (Fi(y, Werg — Wa)s<t)lly=x,
= E[f(Xi10)| Xo],

whence the claim. O

e In the theory of Markov processes, a strong Markov process with continuous sample paths
is called a diffusion process.

Feynman-Kac formula
Let {X;} be the unique solution of the SDE (3.2.1) with nonrandom initial condition. With the
coefficients b and o, we consider the differential operator

d

(A f)(x Zb t, )0y, f(z) + Z Zom (t,2)oji(t, 2)03,, f(x), feCPRY).

i,=1k=1

We write (A:f)(t,z) = (At f(t,-))(z) when f also depends on the time variable t. Notice that
the term A, f appears in applying It6 formula to f(t, X;).
Now, suppose that the partial differential equation (PDE)
du+ A =0, on [0,T) x RY,

3.5.6
U(T, ) =g, on Rd ( )

has a solution u(t,z) of C1? class. Then by It6 formula,

9(Xr) = u(T, Xr)

= u(0, Xo) +/0 (Bu + A (t, X) dt+ZZ/ O u(t, X ) o (t, Xy ) dAWE.

=1 k=1

Since u satisfies the PDE (3.5.6), the “dt term” turns out to be zero. Moreover, if the term of
the stochastic integral is a martingale, which is the case of the integrand belongs to £2, then by

taking the expectation, we get
Elg(X7)] = u(0, Xo).

Let us generalize the argument above. Consider continuous functions g : R? — R, f :
[0, 7] x R = R, £:[0,T] x R = R such that for any ¢t € [0,T] and z € R?

lg(@)] + [ f(t,2)] < Co(1 + |z,

fra) > 0 (3.5.7)
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for some constant Cy > 0. Further, consider the PDE

du+ A+ f—lu=0, on [0,T)xR%
u(T,-) =g, on RY

Theorem 3.22: Feynman-Kac

Suppose that b, o, and ¢ satisfies the conditions in Theorem 3.2. Let {X;}o<i<7 be the
unique solution of (3.2.1). Suppose moreover that (3.5.7) holds and the PDE (3.5.8) has a
classical solution u(t, ) of C12-class. Further, assume that there exists a constant M > 0
such that

(3.5.8)

max |u(t,z)| < M1+ |z]?), zeR%L
0<t<T

Then,
T ;
u(t,z) = Ete |:g(XT)€_ ftT £(r, X, )dr +/ f(s, Xs)e™ I Z(T,Xr)drd8:| )
t

e This result and Corollary 3.19 imply

T
B |:g(XT)e_ ftT £(r, X, )dr _|_/ f(s,Xs)e_ft e(T,XT)deS
t

ft] = u(t, Xy).

o The condition (3.5.7) and the growth condition on u can be weakened. We refer to [26,
Chapter 5] for details on this point and for a sufficient condition for which the PDE (3.5.8)
has a classical solution.

Proof of Theorem 3.22. Consider the stopping times 7, = inf{s > ¢ : |X§x
Applying It6 formula to e~ /¢ E(T’X’E’I)d’"u(s, X0"), we find

>n}, n > 1

Tam, , Xtyx p - TNATn ) Xt,l' d t
e I (r,X") TU(T/\ TTL?XT:/\T,L) — u(t,a:) — / e~ [ e X") Tf(s,XSvl’)dS
t

+Y > O u(s, X0 oige (5, X 02 )dWE.

Since |X§x| < n for s <T A, the process 0,u(s, Xﬁ’m)aik(s,Xﬁ’r)l{sgm}, t < s <T, belongs
to £2. Therefore,

TAT g, XE0®)d t,x Thmn S o(r X5 d t
ult,z) = E [ I X >’“u<TAm,XT’m>+/ IR (s, X3 s
t

By (3.5.8), the growth condition on u, and maxg<s<r |Xs|* € L?, we can use the dominated
convergence theorem to obtain the required result by letting n — co. O

Transition density

Suppose that b, o, and & satisfies the conditions in Theorem 3.2. Let {X;}o<i<7 be the unique
solution of (3.2.1). By definition, the sample paths of X is almost surely continuous. In other
words, P(X € W) = 1, where W¢ = C([0,T]; R?) is a Banach space with sup norm. Thus, X
induces the measure

px(B):=P(X € B), B e BWY),

on (W, B(W%)), which is the law of the solution {X;} of the SDE as W?-valued random variable.
Let C be the totality of sets of the form

B={wecW: (wt),...,wty))€E}, 0<t;<---<t,<T, EeBR"Y), n>1.
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An element of C is called a cylinder set. Since the mapping We > w > (w(t1),...,w(ty))
is continuous, we have C C B(W?). We say the family s, 4, 0 <t < --- < t, < T,
n > 1, of probability measures defined by s, 4. (E) = P(X4y,...,Xys,) € E), E € R" the
finite dimensional distributions of {X;}. Thus, the finite dimensional distributions of {X;} are
described by the values of px on cylinder sets.

Proposition 3.23

The law of X is uniquely determined by its finite dimensional distributions.

Proof*. First note that there exists a countable base for the topology of W9, consisting of sets
of the form {w : maxo<i<r |w(t) — wo(t)] < 0}, wo € WY, § > 0. Observe

{w: Jnax, lw(t) —wo(t)| <0} = U {w P max. lw(t) — we(t)] <6 — 711}
<t< et <t<

=U N {w:w<q>—w0<q>\sa—i}60<c>,

n=1¢€Qn[0,7]

from which we have B(W9) C ¢(C). Therefore B(W?) = ¢(C).
Suppose that ux = v on C for some probability measure v on (W%, B(W4)). Then, since C
is a m-system, we can apply m-system lemma (see Lemma A.44) to deduce pux = v on o(C) =

B(W9). O

A nonnegative Borel function p(t, z;s,y), 0 <t < s < T, z,y € R? said to be the transition
probability density of { X} if it satisfies

P(X\* € A) = / p(t,z;s,y)dy, A e BRY.
A

Now suppose that {X;} has the transition density p(t, z;s,y). Then we will represent the finite
dimensional distribution of {X;} by p. To this end, choose 0 < t; < t3 < t3 < T and a bounded
Borel function f on R?. Then, by the Markov property (Corollary 3.19,

E[f<Xt3)|}—t2] = g(XtQ)a

where

g(w2) = E[f(X;2")] =
R4
Hence, by the definition of the conditional expectation,

f(x3)p(te, x2;ts, x3)dxs.

ELf (Xe;)1{x0eBo, X1, €B1,x1, e85} = Bl9(Xex) 1 {x0eB0, X1, €B1,x1, €85}

whence
E[g(Xt2)1{X0€Bo,Xt1 EBl,Xt2 GBQ}} = E[h(th ) 1{Xo€Bo,th EBl}] .

Here,
h(zy) = ]E[g(nghxl)l{XQEBg}] = / g(z2)p(t1, z1;t2, x2)dxs.

By

Consequently we obtain
E[f(Xt3)1{xoeBo,x:, €B1.XtyeBa}) = El(Xt1)1{x0eBo, i, €81} _/B /B h(x1)p(0, zo; t1, x1)dx fro(dxo)
0 1
=/ / / f(x3)p(ta, wa5t3, 23)p(t1, 21; L2, 22)p(0, x0; t1, 1) o (dwo)dx1 dradrs,
R4 B> JB1 JBy
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where pg denotes the distribution of Xy. Repeating this argument, we find that for 0 < ¢; <
-+ <ty < T the joint distribution of (Xo, X¢,,..., Xy, ) is given by

n
P(Xo € Bo, X¢;, € B1,..., X4, € Bp) = / / / Hp(ti_l,:ri_l;ti,:):z-)ug(dxg)dxl- dxy,
n B1 J B

04=1

for By, B1,...,B, € B(Rd)

Remark 3.24
A set of conditions sufficient for which {X;} has a transition density is, in addition to the
Lipschitz continuity of b and o,

(i) the uniform ellipticity: there exists a positive constant ¢ such that

lo(t,2)TE? > clé]?, ¢ eRY, (t,2) € [0,T] x RY

(ii) the boundedness: the functions b and o are bounded on [0,7] x R?.

In general, the transition probability density p of {X;} can be seen as the fundamental solution
of the corresponding PDE. Indeed, under suitable conditions,

ut.a)= [t Tpedy. te0.T) zeRe

turns out to be a classical solution of the PDE (3.5.6). We refer to [26, Chapter 5] for details.

3.6 Statistical Inference

In this section, we discuss estimation methods for the drift and diffusion coefficients in SDEs
with observed data. We refer to Prakasa Rao [39], Iacus [17] and the references therein for more
details.

Maximum Likelihood Estimation

Consider the following parametrized SDE:
dXt = b(Xt79)dt+U<Xt,9>th, X() = X, (361)

where {W; }4>0 is a one-dimensional Brownian motion and zg is a given constant. § € RP denotes
some parameters of this system, and 6 belongs to some parameter space © C RP. We assume
that (3.6.1) admits a unique solution and do not impose explicit conditions on the coefficients
b:Rx0O — Rando: RxO — (0,00). Moreover, we assume here that there exists the transition
density py(t,x;s,y) of {X:}.

Suppose that sample X; is observed at time ¢t; =4iA, i =1,...,n, where A = A, 7 =T/n.
Denote by 6 a true parameter of the system to be estimated. The mazimum likelihood estimation
(MLE) is an estimation method based on the hypothesis “most likely data are observed”. Namely,
MLE adopts parameters that maximize some likelihood function. In general, for the sample
Y1,...,Y,, the likelihood function is defined by the joint density of Y7,...,Y,, as a function of
6. For example, let Y be a random variable with density p(z,6y), and consider the estimation
problem of the parameter 6y from an IID sample Y7,...,Y,. Then, by the independence, the
joint density is given by the products of p’s. More precisely, the likelihood function L(#) here is
given by

n

L(0) = [ p(¥i.0).

i=1
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As an estimated parameter, we adopt a local maximizer of the logarithm of the likelihood
function, i.e., a solution 6 of the equation

0
2 log L(#) =0

is adopted as an estimator.
In case of SDEs, as seen in Section 3.3, the finite dimensional distribution can be described
by the transition density. Thus we adopt it as the likelihood function and a maximizer 6 of

0) = HPG((J - I)AvXj—l;jAan)
j=1

as an estimator of 6.

Example 3.25
Consider the following Ornstein-Uhlenbeck process

dXt = —bXtdt + O'th.

Recall from Example 2.19 that the unique solution with initial condition X; = x is given by
X =g 4 o /S e aw,.
t

Since X&* follows a Gaussian distribution with mean m(s — ¢,z) := ze =% and variance

v(s —t,z) = 0%(1 — e~ 2(5=1)) /(2b), the transition probability py with # = (b, ) is given by

exp (—(y —m(s —t, x))Q/(2v(s —t, x)))
2ru(s — t,x) .

po(t,=;8,y) =
Hence

log L(0) = > log po(tj—1, X;-1;t;, X;)
j=1

S

Therefore, the maximum likelihood estimator b for b is approximately given by
. 1 X1 X
b — 10 Zﬂl—Jl )
Z] 1

Note that this quantity can be defined only when Z?Zl X;j—1X; > 0. Under this condition, it is
straightforward to see that the maximum likelihood estimator & for ¢ is given by

2b ;
o= —_——— Z(X] — Xj_le_bA)Q.

Example 3.26

Consider the geometric Brownian motion

dXt = bXtdt + O'Xtth,
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Figure 3.6.1: The difference of the stock prices of Tokyu Corp. and Keikyu Corp. from 2016/1/4
to 2018/9/4 (blue line), and a sample path of the Ornstein-Uhlenbeck process with estimated
parameter b = 0.2111 and ¢ = 372.6866 (red line).

where b € R and o > 0. As seen in Section 3.1 in Chapter 3, we have
X" =xexp((b—0?/2)(s—t) +o(Ws—Wy)), s>t x>0,
whence
P(X;2A < y) =P((b—0?/2)A+oWa < logy — logz).

Thus the transition density pg is given by

pg(t,l’,t—i— Avy) =

= —

1 . 1 (logylogw(baQ/Z)A>2
————ex .
oyV2rA P 2

Hence,

"1 flogX; —log X; 1 — (b—02/2)A 2
log L(0) = — { J 1 —lo (UXj\/27rA)}.
° Z 2( VA ) °

Unfortunately, the transition probability density for diffusion processes are rarely available.
One of approximation methods for the likelihood functions is to apply the Euler-Maruyama

approximation
Xipn — X = b(Xy, 0)A + 0(Xy, 0)(Wipn — Wi)

to (3.6.1). The right-hand side in the equation just above follows a (conditional) Gaussian
distribution with mean b(X;, #)A and o (X, #)2. Thus, the transition density py is approximated

with
1 { 1(y—x—b(:€,9)A)2}
———————expy —= 5 .
V21 Ao?(z,0) 2 Ao?(z,0)
Now, we will present a consistency result for the pseudo-likelihood methods. To this end,
we restrict ourselves to the case where the SDEs are described by

ot + Ayt x) =

dXt = b(Xt, 9)dt + O'th, (362)

68



where 6 € O is as in above and ¢ > 0 is also a unknown parameter independent of . Then, the
maximization of L(#) is equivalent to the least-squares problem

n

Li(0) = ) (X — X1 = b(Xj-1,0)A)%.
=1

We denote by 0 its estimator, i.e.,

With this é, we adopt

. 1 ;
0'2 = n—A Z(X] — Xj,1 — b(Xjfl,H)A)Q
j=1

as an estimator for 2.

To prove the consistency of the estimators above, we assume that

/ exp {—2/ b(z)dz} dy — +oo, asx — Fo0o,
0 0= Jo

o 2 X
c:= /_ exp {02/0 b(z)dz} dx < oo.

Then, it is known that {X;};>0 is ergodic with invariant measure v defined by

dv 1 2 [*
e {02 /0 b(z)dz}

(3.6.3)

for # = 6y, i.e., for any Borel measurable function h on R that is integrable with respect to v,

lim % /O Xt = / T h@)w(ds), as.

T—o00 —o0
Moreover, we assume that the following conditions are satisfied:

Assumption 3.27

(i) There exists a unique solution {X;};>o of (3.6.2) satisfying sup,> E|X;|P < oo for
every p > 1.

(ii) There exist a positive constant Cj and ¢ such that for any € R and 6 € 0,

’b($,0)| < C()(l + ‘$|q)’

(iii) The function b(z,-) € C%(O) for any z € R and
|0p,b(x,0)| + |892i9jb(x,9)] < Ci(1+ |z|7), =z €eR,
for some constants C1,¢q > 0.
(iv) The function
/R b(0, 2) {b(@o,:p) - %b(e, :1;)} v(dx)

has a unique maximum at § = 6; in O.
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(v) The functions b and 0y,b, i = 1,...,p, are smooth in = and their derivatives are of
polynomial growth in 2 uniformly in § € ©.

(vi) The matrix

P = / Deb(60, 2) T Dyb(fo, x)v(d)
R

is positive definite.

Under the complicated conditions in Assumption 3.27, we can show the consistency of & and
0. More precisely, we have the following result:

Theorem 3.28

Suppose that (3.6.3) and Assumption 3.27 hold. Then,
(vVn(6 — 00), VT (0 — 6y)) — N(0, H)

in distribution, provided that n,T — oo, A, 7 — 0, and (A, 1)3n = o(1), where

2
(o5 O
ne (% 9)

For a proof we refer to Yoshida [48] (see also Section 3.4 in [39]).

Nonparametric estimation
Let D be a domain in R%. Here we consider a nonparametric estimation for the D-valued SDE

Namely, we consider the problem of estimating the functions b and o from observed data.
Accordingly, we assume that b and o are Lipschitz continuous so that (3.6.4) has a unique
solution {X;};>0. Moreover, assume that we observe X; at time ¢; = iA, ¢ = 1,...,n, where
A=A,r=T/n.

Put a(z) = o(x)o(x)T, x € D. By (3.5.2), the functions b and a can be represented as

E[X[", — @] = Ath(z) + o(At),

E[(X;7a, — 2)(X[0a — 2)T] = Ata(z) + o(At).

(3.6.5)

By (3.6.5), formally we have

bz) ~ %E[XHA 2lX, = 2,
() = (E[(Xera —2)(Xera — )T Xe = 7).
Thus, by kernel regression, the functions
b(z) = Yt K((an' — )/ Xiy1 = Xi)
A K((Xi —x)/h)

d(:L‘) _ Z?;ll K((Xz - I)/h)(XH_l — Xi)(Xi—H — Xl)T
A K(Xs —)/h)

are adopted as estimators for b(x) and a(z), respectively. Here, K is a nonnegative function on
R?, called a kernel, and a parameter h = hn, 7 > 0 determines the smoothness of the estimators.
For examples, the function K can be
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e the naive kernel: K(z) = 1y4<1};

o the quadratic kernel: K(z) = (1 — |z|?)y;

« the Gaussian kernel: K (z) = ¢~ 17°.

We refer to, e.g., Gyorfi et.al [14] for the theory of nonparametric estimation of the conditional

expectations.
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Figure 3.6.2: The stock prices of Tokyu Corp. from 2016/1/4 to 2018/9/4 (blue line), and a
sample path of the SDE estimated by the kernel regression (red line). The quadratic kernel

K(x) = (1 — |2?)+ with h = 0.8 is used.

Problem 3.29

Perform the kernel-based estimation above using simulated paths from a geometric Brownian
motion as the sample data. Observe how different the original model and the estimated one are.

Now let us see the theoretical side. To guarantee the consistency of the estimators, we impose
the following conditions on the coefficients of the SDE to be estimated:

Assumption 3.30

(i) There exists a positive constant Cj such that

[b(z) = b(y)| + |o(z) — o (y)| < Colz -y,

x,y € D.

(ii) For every open and bounded set A C D,

min a;;(z) > 0
z€A

for some i € {1,...,d}, where A is the closure of A.

(iii) There exists a function ¢ : R\ {0} — R of the class C? such that

b(@)T Do) + ~tr(a(z)D2p(x)) <0,

5 z € R%\ {0},

and that the function 7 — min,—, ©(x) is strictly increasing and diverges to infinity
as r — oo.
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It is known that, under Assumption 3.30, there exists a o-finite measure v on (D, B(D))
such that

V(A) = /D P(X"" € A)v(dz), A e B(D). (3.6.6)

We restrict ourselves to the case where the kernel K is of the form K(z) = H?Zl p(z;) for
r = (21,...,29)" € R Moreover, we make the following conditions on p:

Assumption 3.31

i) The function p is nonnegative, bounded, continuous, symmetric function on R with
p
Jzp(s)ds =1, [ p*(s)ds < oo, and [, s*p(s)ds < co.

(i) There exists a nonnegative function H on R? x (0,00) such that
[K () — K(§)] < H(E, )|z — ¢

for x, ¢ € R? satisfying |z — £| < € and that

lim [ H({e)dE < oo, / H(&,e)v(dE) < oo
D

e—0 Rd

for any € > 0.

Further, we introduce the quantity

Lor(T,z) =AY Kp(Xian —x), z€D,
=1

and impose the following conditions on this and the other parameters:

Assumption 3.32

When n,T — oo, we have A, 7 — 0, h, 7 — 0, and
Log(T,2) =0, (Anrlog(1/Anr)) P hy% =0, as.,

for any z € D.

Under the assumptions above, we have the following consistency results:

Theorem 3.33

Suppose that Assumptions 3.30-3.32 hold. Then, for any x € D, we have
bpr(x) = b(x), anr(z) = a(z), as.,

as n, T — oo.

For a proof of this theorem we refer to Bandi and Moloche [2], where the asymptotic normality
of the estimators are also obtained under additional conditions.

3.7 Weak Solutions

Here we introduce the notion of weak solutions of SDEs, which differ from solutions of SDEs
appeared in previous sections in that a filtered probability space and a Brownian motion are
parts of the solution.
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Let b:[0,7] x R = R% and o : [0,T] x R? — R¥*™ be Borel measurable.

Definition 3.34
A 6-tuple (Q, F,F,P, W, X) is said to be a weak solution of (3.1.3) if

(i) (©,F,P) is a complete probability space with filtration F = {F; }o<¢<7 satisfying the usual
conditions;

(ii) W = {Wi}o<i<r is an m-dimensional F-Brownian motion and X = {X;}o<i<7 is a d-
dimensional process defined on (2, F,P);

(iii) X is a solution of (3.1.3) in the sense of Definition 3.1, where W is the given Brownian
motion.

Solution of SDEs where a filtered probability space (€2, F,F) and a Brownian motion W are
fixed a priori, i.e., solutions introduced in Section 3.2, are actually called strong solutions for
SDEs. By definition, a strong solution of (3.1.3) is a weak solution of (3.1.3). The notion of
weak solutions is often natural in application since in many cases of modeling we cannot specify
a probability space and Brownian motion a priori, and is even useful in theory since we can
show the existence of solutions under weaker conditions on the drift term b(t, ).

We say that the weak solution of (3.1.3) is unique in the sense of probability law if any two
weak solutions (2, F,F,P, W, X) and (Q,]},fF,I@, W,f() of (3.1.3) with

P(Xo € A) =P(Xo € A), A€ B(RY),

we have

P(X €)=P(X T), T eBWY).

Thus, by Proposition 3.23, the uniqueness in this sense holds if two solutions have the same
finite dimensional distributions.

Example 3.35

Consider the one-dimensional SDE
dXt = sgn(Xt)th, XO = 0, (371)

where sgn(xz) = 1 for x > 0 and = —1 for < 0. Let us see that this SDE has a weak solution
but does not admit a strong solution. Let {X;} be a one dimensional Brownian motion on a
given (2, F,P). Then,

t
W, ;:/ sgn(Xs)dXs
0

is a martingale with respect to F = {F;}, the augmented natural filtration generated by {X;}.
Since {W;} is an It process,

t t
/ sgn(X,)dW, = / sgn(X,)%dX,s = X;.
0 0
Thus {X;} and {W;} satisfy (3.7.1). Observe dW,;dW,; = dt and so by It6’s formula,

2 t
E[e€0M | E] =1 - & / E[e€Va=Wo)| 7, du,

s

for 0 < s <t < T and £ € R, where i denotes the imaginary unit. Solving this equation, we
obtain
E[eif(Wtfws)‘fs] _ 6752@75)/2

)

whence {W;} is a {F;}-Brownian motion. Therefore (Q, F,F,P, W, X) is a weak solution of
(3.7.1).
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On the other hand, suppose that {X;} satisfies (3.7.1) on a given filtered space (2, F,F,P) and
for a given F-Brownian motion {W;}. This means in particular that

0(Xs:0<s<t)Co(c(Ws:0<s<t)UN) (3.7.2)
where N denotes the P-null sets from F. Then, the above arguments shows that {X;} is

necessarily a Brownian motion and

t
W, = / sgn(Xs)dXs.
0
Applying Tanaka’s formula (see, e.g., [36, Chapter 4]) for the right-hand side, we have
1
Wy =Xy —lim —Leb(0 < s<t:|X4|<e), 0<t<T, P-as.,
e\ 2¢

where Leb denotes the Lebesgue measure on [0,7]. This leads to
o(Ws:0<s<t)Co(o(|Xs] : 0<s<t)UN) Co(0(Xs:0<s<t)UN),

contradicting to (3.7.2).

Using Girsanov’s theorem (see Section 2.3), we can obtain the existence and uniqueness of
weak solutions for SDEs with measurable drift. Namely, we can remove the continuity condition
for the drift coefficients in the framework of weak solutions.

Suppose that o is an R¥%-valued function on [0, 7] x R? satisfying the following condition:
the inverse o~ 1 (¢, z) exists for all (¢,z) € [0,T] x R% ¢~! is bounded on [0, T] x R%; the Lipschitz
continuity condition imposed in Theorem 3.2 holds. Further, let {W;} be a d-dimensional
F = {F:}-Brownian motion on a given (€2, F,P). Then there exists a unique strong solution
{Xt}OStST Of the SDE

dXt = O'(t, Xt)th, XO = f

for a given £ € L*(Q, Fo,P). Let b: [0,T] x R — R? be bounded and Borel measurable. Then,
by Girsanov’s theorem (Theorem 2.23),

t
B, =W, — / (07 'b)(s, Xs)ds, 0<t<T,
0

is a d-dimensional Brownian motion under the probability measure Q on (2, F) defined by

d T Lt
% = exp {/0 (0~ 'b) (¢, X¢)dW; — 2/0 (0 0) (¢, Xo)|Pdt | -

Since {W;} and {B;} are Ito-processes under both P and Q, we have
t t t
/ 0(Xs)dBs = / o(Xs)dWs —/ b(s,Xs)ds, 0<t<T, Pand Q-as.
0 0 0

Thus, (2, F,F,Q,{B:},{X:}) is a weak solution of (3.1.3).

Theorem 3.36

Let b: [0,T] x R* — R? be bounded and Borel measurable, and o : [0, 7] x R? — R*4
satisfies the following condition: the inverse o~!(¢,z) exists for all (t,z) € [0,T] x R%
o1 is bounded on [0, 7] x R%; the Lipschitz continuity condition imposed in Theorem 3.2
holds. Then (3.1.3) admits a weak solution that is unique in the sense of probability law.
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Proof*. The existence is proved by the argument above. To show the uniqueness, let (Q, F,F, P, W, X)
be a weak solution (3.1.3) with initial distribution

po(A) :=P(Xo € A), A< B(R?),
Define the probability measures Q on (2, F) by

T T
oo |- [ e xgaw. - [l e xopal

Then,
¢
B, =W, +/ (07'0)(s, Xs)ds, 0<t<T,
0

is an F-Brownian motion under Q. The process {X;} is a unique strong solution of
dXt = U(t, Xt)dBt

under Q, whence o(X;: 0 < s <t) C G := o(Xo,{Bs}s<t, ), where N denotes the collections
of Q-null sets. Thus, {(c71b)(¢, X;)} is a {G; }-progressively measurable and so is {W;}. Since the
integral fot (071b) (s, X5)dWy is an L2-limit of some G;-measurable random variables. Therefore,
X = F(Xo,{Bi}o<i<r) and dQ/dP = G(Xo,{Bs}o<s<r) a.s. for some measurable function F
and G on (R? x C([0,T];R?), B(RY) x B(W?)), respectively. This means that for I' € B(W¢9)

P(X eT)=Eq {1{F(Xo,{Bt}0§t§T)€F}G(X()?{BS}OSSST)} = /{F F}G(x,ﬁ)uo(dm)uw(d€)7
S

where upy denotes the Wiener measure. It is clear that F' and G do not depend on a particular
choice of weak solution, whence the uniqueness in the sense of probability law follows. O

3.8 Time Reversal
Consider a solution {X;} of the SDE

dX; = b(t, Xy)dt + o(t, X¢)dWy, (3.8.1)
and the process X; := X7_;. Our aim here is to find a reverse-time SDE

dX; = b(t, Xy)dt +5(t, X1)dW;

for X;. More precisely, we aim to prove that {X;} is a weak solution of the SDE above for
appropriate b and . Of course we want to give explicit representations for these functions.

In this section, we assume that {W;}o<i<7 is a d-dimensional F-Brownian motion. Let £ be
an R%valued Fy-measurable random variable such that

El¢? < oo.

Let F = {F;}o<t<r be the augmented natural filtration generated by X, i.e., F; = 0(c(Xs;s <
HHUN),0<t<T.

Assumption 3.37

The functions b and o satisfy the following:
(i) The inverse matrix o~ (¢, z) exists for any t € [0,T] and = € R?.

(ii) There exists a positive constant C such that for ¢ = b', 0%, (e )9, i,j =1,...,d,
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€ [0,T), x,y € RY,

lo(t, x) — o(t,y)| < Clz -yl
]bi(t,x)] < C(1+ |z]).

(iii) o € CY2([0,T] x RY).

Under Assumption 3.37, by Theorem 3.2 there exists a unique strong solution X = {X; }o<¢<7
of (3.8.1) with Xy = ¢&.

Assumption 3.38

The distribution of £ has a continuous density pg. Moreover, There exists a transition
density p(t,z;s,y) of X that is everywhere positive such that the following hold:

(i) for any y € R? the function (t,z) ~ p(t, z; T,y) is in CT2([0,T) x RY);

(ii) for any ¢ < T and x € R9 the functions Op(t,z;T,y), Oup(t,z;T,y),
Qfﬂjp(t, z;T,y), 4,7 =1,...,d, are all continuous in y on R%

Under Assumption 3.38, the density p(¢,z) of X; exists and is given by
pto)= [ o0yt om)dy, 0<t<T, aeRr
Rd

Put a = (aij)lgmgd = oo . We further make the following assumption:

Assumption 3.39

For any t < T the function p(t,-) is C'(RY) and satisfies

T
/ /Rd8y1-,<a”(t,y>p<t,y)>\dydt<oo, ij=1,....d
0

Introduce another drift function b = (l;l, -+, b%) defined by
d

bi(t,z) = bi(t,x) — O, (a ”tw )p(t,z)) .

] 1

Further, define b(t,z) = (51 (t,z),--- ,Bd(t,w)) and 7 (t,x) = (6 (t,x))1<ij<a by

IS

7t i 1 ij
b'(t,x) = —b (T—t,x>+]ﬂ_m;azj (a¥(T — t,2)p(T — t,z)),

o(t,x) =0o(T —t,x)
fori=1,...,d and (t,z) € [0,T] x R%. Notice that by Assumption 3.39,

/E’ a”p (r, X,) !dr—// a”p ra:|dmdr<oo
0 Rd

T
/|b(7“,X,.)]d7“<oo7 a.s.
0

This means

Here is a main result in this section.
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Theorem 3.40

Supposeihat Aisumptions 3.37-3.39 hold. Then there exists a d-dimensional F-Brownian
motion W = {W}}o<i<7 such that

t t
X, = Xo+ / B(s, X.)ds + / (s, X )dWs.
0 0
Moreover, the process {X;} is represented as
T T -
XT:Xt+/ b(S,XS)dS+/ J(S,XS) dBS,
t t
where B; = (B}, ..., B?) is given by

4 , t 1 d g
BZ:WH—/ — Oz, (09 (8, Xs)p(s,Xs))ds, i=1,...,d
t t 0 p(stS)j; ‘]( ( ) ( ))

and is a d-dimensional Brownian motion such that By — By is independent of o (X,;u > t)
for any t > s.

Remark 3.41
Actually, the assumptions imposed in Theorem 3.40 can be slightly weakened. More general
analysis can be found in Haussmann and Pardoux [16].

The rest of this section is devoted to a proof of Theorem 3.40. From now on, we suppose
Assumptions 3.37-3.39 always hold. For simplicity we shall assume that T'=1 and d = 1. Thus
we suppress the superscript that used for d-dimensional vectors and d x d-matrices. E.g., we
write b(t,z) for bl (¢, x).

We start by proving the Markovian property of X.

Proposition 3.42

The process {X¢}o<t<1 is Markov.

Proof. Let t > s. As a generalization of the Markov property of {X;}, we actually have
E[G(X.ya-s)F1-s] = E[G(X.y1_g)|X1-s] =t g(X1-5)

for any bounded Borel measurable function G on W<. See, e.g. [36, Chapter 7]. Thus, for any
bounded Borel function f on R,

Elf(X1-)G(X.va-s)] = E[f (X1-0)9(X1-5)] = E[E[f(X1-¢)[X1-s]g(X1-5)]
=E [E[f(X1-0)[X1-s]G(Xva-s)] -

This leads to
E[f(X)1a] = EE[f(X)IX]1a], A€ o(Xuiu>1—s),

whence the proposition follows. ]

The following is a key result:
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Lemma 3.43

Let f € C°(R). For t > s we have

BIf(X0) ~ S(X)X.) = [ BIE )X Jar

where

Lo = 2)f (@) + 57, 0) 1" (2).

Proof. Let t > s be fixed. Observe
(X)) = f(Xs) = =(f(Xi-s) = [(X1-1))
1-s 1-s
- [ | e [ e xaw,
1 1

—t —t

where L, f(z) = b(r,z)f'(z) + (1/2)0%(r,z) f"(x). Let ¢ € C(R) be arbitrary. Consider the
function V(r,y) := E[¢p(X]?,)] defined for 0 <r <1 —s and y € R. By Assumption 3.38, the
function V is represented as

Vo = [ omtot s 30

and in CH2([0,1 — s) x R). Since X is F-Markov,
Ve =V, Xp) = E[o(X1-5) | F7]

and so {V; }o<r<i—s is an F-martingale.
Choose € > 0sothat 1 —¢t <1 — s —e. It6 formula yields

l—s—¢

Oy + L)V (r, X,)dr + / (0,Vo)(r, X, )dW,.
1

—t

1-—s5—¢
‘/l—s—a - Vl—t + /
1—t

Applying Lemma 2.13, we get (0, + L£,)V(r, X,) = 0, a.e., whence
Ve =Vi +/ (0. Vo) u, Xy)dW,, 0<r<1l-s-—c.
1—t

The product It6 formula gives
df (X)) Vy = Vo Lo f (X )dr + (o f")(r, X,)dW,) + £(X,)dV, + (8. Va2 f)) (r, X, )dr-.

Since f € C°(R), the It6 integral in the equality just above is a martingale. Thus,

l—s—e

Elf(X1—s—e)Vi—s—e] = E[f(X1-¢)Vi_¢] + /1 E [V.L, f(Xy) + 0.V ) (r, X,)] dr.

—t

The integration-by-parts formula yields
E [(0:Vo>f')(r, X;) / V(r,2)0:((0°pf")(r, ))dz
= [ Vira) @ulo®n)s + o%s") (ra)d

= —E[(Vp~'0:(o?p)f)(r, X)) = E[(Vo? ") (r, X,)],
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whence
l1—s—¢

E[f(X1s—o)Vi-s_e] = E[f (X1_0)Vi_i] — /1 L EVL (X)) dn

Letting e — 0 and using the martingale property of V', we obtain

1—s

Bl (o0l =& | (10600 - [ TG ) sxisa)

1—t
Since ¢ is arbitrary, the lemma follows. O

Proof of Theorem 3.40. Step (i). Define the process {M;} by

t
Mt:Xt—XO—/b(r,Xr)dn 0<t<1.
0

For N > 1, take fy,gn € C2°(R) such that fy(z) = x and gy (z) = 22 for |x| < N. Consider
the stopping time 7y = inf{t > 0;|X;| > N}. By Proposition 3.42 and Lemma 3.43, for t > s
and ¢ = fn, 9N,

E [o(X)) — o(X.)| F] - / E [L,0(X,)| o] dr

_E[X - X.|X.] - /tE (Z,0(X,)| X.] dr =o0.

whence {p(X4)} is a continuous ﬁ—marting&le. Since fn(Xinry) = Xinry and L fy(X,) =
b(r, X,) for r < 7, the process {M;} is an F-local martingale.
Similarly, with the function gx, by Proposition 3.42 and Lemma 3.43, we see that

t
M= XX _/ (25(s, X)X + 7%(s, X)) ds
0

is an F-local martingale.
By the definition of the quadratic variation (Definition 2.35),

_ t o . . t
Mt+2/ b(s,XS)Xsds:Xf—Xﬁ—/ 72(s, X 5)ds
0 0
t t
:2/ XSdXS+(M>t—/ 7% (s, X, )ds
0 0

t t t
= 2/ b(s, X)X 4ds + 2/ XsdMg + (M) — / 7% (s, X, )ds.
0 0 0

From this,
t t
(M), —/ 7%(s, Xs)ds = My — 2/ X dM,.
0 0

The right-hand side in the equality just above is a local martingale. So by the uniqueness of
(M) (Theorem 2.28),

(M}t:/o 72(s, X )ds.

By Assumption 3.37, the process
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is in My, and satisfies

W= [ @ Fo) aon, = [ (676, %0) ot Xods = .

So we can apply Lévy’s theorem (Theorem 2.45) to deduce that W is an F-Brownian motion.
With this W, we have the representation

t t
X, - X, _/ B(s, X )ds = M, :/ (s, X o) dWWs.
0 0

Step (ii). Define the process B = {B;} by By = W;i_; — Wy. It is straightforward to see
that B is a Brownian motion. Let t > s. It follows from B; — By = —(W1_s — W1_) and
Fi1_t D o(X,;r > t) that By — By is independent of o(X,;r > t).

For a fixed t > 0, take an arbitrary partition {¢;}} , of [l —¢,1] such that 1 —t =1ty < --- <
t, = 1. Using the result from Problem 2.34, we find

1 n—1

/ o X,)dX, = lim S o (1, X0) Koy — X))
1—¢ A%OZ‘ZO
n—1
= — i T =t X ) (X — X—s
Algloi OU (1 —ti Xi—g, ) (Xaot, — X1—t,,4)

in probability, where A = max;(t;+1 —t;). Put s; =1 —t,—;. Then 0 =59 < --- < s, =1—1
and A = max;(s;+1 — $;). The observation just above means that the limit

exists in probability, whence by Definition 2.43

1 t —
/ 7 r, X,)dX, = —/ ol X,) dX,.
1—t 0

Since we have assumed that o is positive and a C'2-function, we see
1 -1 1, Lo -1
do " (t, Xy) = <6t0 + 000" + ot 0:,0 > (t, Xp)dt 4+ (0z0~ " (t, Xy))o (t, X¢)dWy

and so

Ao, X)), X)) = (0,071 (t, X1)) o2 (¢, Xy)dt = —Dp0(t, Xy)dt.
Therefore by Proposition 2.44,

¢ ¢ ¢
/ Uﬁl(r, XT)WXT = / ofl(r, X, )dX, + (Uﬁl(-,X.),Xﬁ =W —l—/ (oflb — Ogo)(r, X;)dr.
0 0 0

So,

_ R T R A T T
B = /1 5L, X)) (dX — B(r, X, )dr) = /O oL, X,) X, /0 (o=1B)(r, X, )dr

=W +/0 (p~10u(op))(r, X, )dr.

In particular, B is an F-semimartingale. Again by Proposition 2.44,

1 1 1 1
/t o(r, X,) B, = /t o(r, X, )dBy+ (o (- X ), B}y = /t o (1, X)W+ /t (p=20,(0%p))(r, X, )dr-
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From this we obtain
1 1 1 1 -
X, = Xﬁ—/ b(r, Xr)dr—i—/ o(r, X,)dW, = Xt—i—/ (b—p_lam(azp))(r, Xr)dr—i—/ o(r,X,) dBy,
t t t t

as wanted. O
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CHAPTER 4

Applications |

In this chapter, we present several applications of the SDE theory developed in the previous
chapters. We begin with state-space models for animal movement, in which biologging data are
analyzed by combining a continuous-time SDE for the latent state with a discrete-time observa-
tion model and the Kalman filter. Next, we treat option pricing in It6 market models, where the
no-arbitrage price of a European contingent claim is characterized as the discounted expectation
under an equivalent martingale measure, leading to the celebrated Black—Scholes formula. We
then turn to two SDE-based methods in machine learning, namely Langevin Monte Carlo and
denoising diffusion probabilistic models (DDPMs); both methods are formulated as generative
models, where the goal is to generate new samples from an unknown target distribution g,
given a set of training data Xo(l), e ,XSN) drawn independently from g, and they exploit the
connection between SDEs and probability distributions.

4.1 State-Space Models for Animal Movement

In modern movement ecology, biologging devices such as GPS or Argos satellite tags record an
animal’s locations over time, producing trajectory data fundamental to the study of habitat use,
migration, and behavior; we refer to Patterson et al. [37] for an overview. A characteristic feature
of such data is that observations are obtained at irregular and sparse time points t1 < to < --- <
tx, either because of the duty cycle of the device or because positional fixes are missing when
satellites are unavailable. Moreover, each location estimate carries a non-negligible measurement
error. These features make state-space models that combine a continuous-time SDE for the latent
movement process with discrete noisy observations a natural framework.

Continuous-time state, discrete-time observations

Let {X:}o<t<r be an R™-valued solution of the SDE
dXt = b(t,Xt)dt+U(t, Xt)th, (411)

representing the animal’s latent state, e.g., its position and velocity. A biologging device pro-
duces noisy observations
Yk:h(tk,th)—f-Ek, k=1,...,K, (4.1.2)

at deterministic time points 0 <t} <ty < --- < tg < 7T that are typically irregular and sparse,
where {€;} are independent noise variables and h : [0, 7] x R™ — R™ is the observation function.
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The objective of filtering is to compute the conditional distributions

L(Xy | V1,.... V%), k=1,... K.

The continuous-time correlated random walk

A widely used model is the continuous-time correlated random walk (CTCRW) of Johnson et
al. [23], in which the state X; = (Z;, V;) € R?? consists of position Z; € R? and velocity V; € RY,
satisfying
dZy = Vidt, dVy = —pVidt + odBy, (4.1.3)
with constants § > 0 and o > 0 and a d-dimensional Brownian motion {B;}. The velocity
is thus an Ornstein—Uhlenbeck process and the position is its integral, so that the path of Z
is continuously differentiable. The parameter S controls the autocorrelation of the heading,
while o governs the magnitude of the random fluctuations. The observations are typically noisy
positions:
Y. = Ztk + €, €~ N(O, Rk), (4.1.4)

with a known measurement-error covariance Rj € R%*? that may depend on the fix quality at
time t.

Closed-form transition density for the CTCRW

The two spatial axes of (4.1.3) are independent and identically distributed, so we focus on a
single axis (Z,V) € R2. The velocity equation is the Ornstein-Uhlenbeck SDE, whose explicit
solution (see Example 2.19) is, for A :=s—t > 0,

Ve =e P2V + U/ e Al—vqpB,.
t

Integrating the position equation dZ = V dt from t to s and applying the stochastic Fubini
theorem gives

1— —BA s
Zy=Zi+ ——Vi+ U/ (1—ePEw)dB,.
B B Ji

Hence, conditional on (Z;, V4), the random vector (Zs, Vs) is Gaussian with

IE(‘Z/) — a(A) (%) , C0V<‘Z/{:> —Q(A), (4.1.5)

where, with the abbreviations F; = e #2 and Ey = e 2P2,

(1 (1-Ey)/B 02 (2BA—4(1 - Ey) + (1 - Ey) B(1— Ey)?
2(A) = <o E, > QB =55 < B(1— Ey)? 8201 - E2>) |
(4.1.6)
This expresses the transition density of the CTCRW state in closed form, which is what makes
the Kalman filter recursion below computationally tractable for irregularly sampled data.

Linear-Gaussian models and the Kalman filter

The CTCRW model (4.1.3)—-(4.1.4) fits into the more general linear-Gaussian state-space model

dX; = AX,dt + LdB,,

(4.1.7)
Yk :Hth + €k, €k NN(O,Rk),
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where A € R™*", L € R"™P, H € R™*" and Xy ~ N(XO, Py). A direct integration of the linear
SDE shows that, for any s >t > 0, the conditional distribution of X given X; is Gaussian with
mean and covariance

s—t
A X, Qs —1t) := / e LLTeA  du. (4.1.8)
0

Combined with the linear-Gaussian observation in (4.1.7), this implies that £(Xy, |Y1,...,Ys)
is Gaussian for every k and can be computed recursively by the Kalman filter [24]. Writing
Xklj and Py; for the conditional mean and covariance of Xy given Y1,...,Y;, and setting
Ay :=tp —tg_1 (to := 0), the recursion is

Xijpo1 = e X1t
Py = €AAkPk—1|k—1€ATAk + Q(Ag),
Ky = Pyp—yHT (HPye—1 H' + Ry) ™, (4.1.9)
Xige = Xy + Ke(Ye — HX 1),
Py = (I = KxH) Pyjp—1,
initialized with Xo\o = Xj and Pyjo = Po. The matrix Ky is called the Kalman gain. The

irregular observation times enter the recursion only through A in the prediction step, so the
algorithm handles unevenly sampled data without modification.

Remark 4.1

The Kalman filter [24] originally arose in discrete-time linear systems theory. Its continuous-
observation analogue, where the observations themselves form a continuous SDE of the form
dZ; = G(t) Xdt + D(t)dV;, is the Kalman-Bucy filter [25], derived using the innovation process
Ny =2, — f(f G(s)X,ds and 1td’s formula; we refer to Oksendal [36, Chapter 6] for a textbook
presentation. In biologging applications, observations are sampled discretely, so the recursion
(4.1.9) is what is implemented in practice.

Maximum likelihood estimation

In view of the discussion of Section 3.6, it is natural to estimate the model parameters 6§ =
(8,0,...) by maximum likelihood. For the linear-Gaussian state-space model (4.1.7), the joint

density of the observations Y7, ..., Yx admits the prediction-error decomposition
K
po(Y1,.. ., Yi) = [[pe(Vi I Y2, .., Vi), (4.1.10)
k=1

where each factor on the right-hand side is the conditional density of Y}, given (Y1,...,Yx_1). By
the linear-Gaussian structure of the model, this conditional density is itself Gaussian: setting

s .= np{f)

.
pe—11 "+ B,

we have

1 €
(27)™/2(det S\9)1/2

po(ye | Y1, .., Yi1) = Xp<—%(yk—HX(9) ) (S (e —H KXY )), yr € R™,

klk—1 klk—1

(4.1.11)

@ and covariance P\ are produced by the prediction step

klk—1 klk—1
of (4.1.9) as measurable functions of (Y7,...,Y;_1). Letting y,ge) =Y, — HXIE?;_I denote the
innovation at step k, the negative log-likelihood is

where the predicted mean X

K
[m log(2) + log det S\ + (u,§9>)T(s,§9>)—1y,§9>] . (41.12)
k=1

N | =

—logpe(Y1,...,Yk) =
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CTCRW MLE: § = 5.759day"!, § = 122.56 km - day—3?

(a) Trajectory: observations and smoothed mean (b) East coordinate over time
01 100 ~ obs ¥
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Figure 4.1.1: Harbor seal Argos data of Johnson et al. [23] (first 60 days, 396 fixes), reconstructed
with the CTCRW model (4.1.3)—(4.1.4) and the Kalman filter-smoother of (4.1.9) at the MLE
(3,6) ~ (5.76 day™",122.6km - day>/?). (a) Observations coloured by per-axis measurement
standard deviation, together with the smoothed mean trajectory. (b) East coordinate over time;
the shaded band is a +1.96 posterior standard deviation around the smoothed mean.

The maximum likelihood estimator § = argming{—logps(Y1,...,Yx)} is then obtained by
numerical minimization of (4.1.12), where each evaluation of the objective requires one forward
pass of the Kalman filter. A reparametrization of positive parameters such as 8 = e” and o = €7
is convenient for unconstrained optimization.

Example: harbor seal Argos data

We illustrate the model on the harbor seal Argos data set of Johnson et al. [23], available in the R
package crawl [22]. The data consist of 1,114 Argos fixes obtained from a single seal off the coast
of Alaska, each annotated with one of the six location classes {3,2,1,0, A, B} in decreasing order
of nominal accuracy. We project the longitude/latitude pairs to local Cartesian coordinates (in
km) by an equirectangular projection centred at the first fix, and restrict to the first 60 days
of the deployment (K = 396 fixes). The per-axis measurement standard deviation R,le/ % is set,
depending on the class of the k-th fix, to 0.25, 0.5, 1.5, 4, 6, 12km for classes 3,2,1,0, A4, B,
respectively.

Maximizing the log-likelihood (4.1.12) over 6 = (3, ) by Nelder-Mead, with the closed-form
transition (4.1.6) substituted into the prediction step of (4.1.9), yields

B~ 5.76day ", &~ 122.6km - day ¥/2.

The Kalman filter (4.1.9) at these MLE values, followed by an RTS backward pass yielding
the smoothed mean E[X;, |Y1,...,Yk| and its covariance, gives the reconstruction shown in
Figure 4.1.1. Panel (a) displays the planar trajectory: the observations are coloured by the
measurement standard deviation, and the red curve is the smoothed mean of the position com-
ponent. Panel (b) shows the east coordinate over time; the shaded band is the 95% pointwise
credible interval for the smoothed mean, which widens during periods with sparse or low-quality
observations.
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Remark 4.2

Real biologging data often violate the linear-Gaussian assumptions: Argos location errors are
heavy-tailed, animals may alternate between distinct behavioral modes such as resting and
travelling, and habitat boundaries induce nonlinear constraints. Standard remedies include
the extended and unscented Kalman filters, particle filters, and Markov-modulated state-space
models; see [37] for an overview.

4.2 Option Pricing in I1t6 Market Models

A central application of stochastic calculus is the pricing of financial derivatives. We follow the
standard continuous-time approach of mathematical finance, in which the absence of arbitrage
in an Itd6 market is characterized by an equivalent martingale measure (EMM) and the price
of a European contingent claim is given by its discounted expectation under such a measure.
Combined with the Girsanov—Maruyama theorem (Theorem 2.23) and the martingale represen-
tation theorem (Theorem 2.25), this leads to explicit pricing and hedging formulas, including
the celebrated Black-Scholes formula. We refer to Shreve [42] for further details.

Throughout this section, we fix a finite time horizon 7" > 0 and a d-dimensional Brownian
motion {W;}o<i<r on (2, F,P), and let F = {F; }o<i<7 be the augmented natural filtration of
w.

The market model

The market consists of one riskless bond and d risky assets. The bond has constant interest rate
r > 0, so its price B, is given by

B, =¢€", ie., dB;=rBdt, By=1.
The price S} of the i-th asset satisfies the It6 SDE
dS; = S (ui(t)dt + o;(t)TdWy), S§>0, i=1,....d, (4.2.1)

where p(t) = (u1(t),...,uq(t))" is the drift vector and o(t) € R is the volatility matrix
with i-th row o;(t)T. The functions p : [0,7] — R? and o : [0,T] — R?*? are assumed to be
bounded and measurable, and o(t) is invertible with o(¢)~! bounded uniformly in ¢ € [0,7].
The discounted asset prices S} := S} /By satisfy, by Itd’s formula,

dS; = Si((us(t) — r)dt + o;(t)TdWy). (4.2.2)

Self-financing strategies and the equivalent martingale measure

A self-financing trading strategy is a pair (¢,v) of F-adapted processes, where ¢ = (¢',...,¢%)T
denotes the number of shares held in each asset and ¥ the number of bond units, such that the
resulting wealth process

Vi = ¢ St + By

satisfies
dV; = ¢l dSy + UdB;. (4.2.3)

The condition (4.2.3) expresses that there is no exogenous money flow: all changes in wealth
come from price movements of the underlying instruments. Applying It6’s formula to V; := V; /By
and using (4.2.3), we get

dV; = ¢] dS;. (4.2.4)

To eliminate the drift in (4.2.2), define the market price of risk
o(t) :=a(t) ' (u(t) —r1), 1:=(1,....,1)T € RY, (4.2.5)
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which is bounded under our assumptions. By Theorem 2.24 (Novikov), the process

t t
7 :—exp(—/ ejdws—;/ |05\2ds), 0<t<T,
0 0

is an F-martingale with E[Z7] = 1, and the probability measure Q on (92, Fr) defined by
dQ/dP = Zr is equivalent to P. Throughout this section, L?(Q) and £2(Q) denote the analogues
of L? and £? with P replaced by Q. By the Girsanov-Maruyama theorem (Theorem 2.23), the
process

t
W, =W, —|—/ Osds, 0<t<T, (426)
0

is a d-dimensional Brownian motion under Q. Substituting (4.2.6) into (4.2.2) yields
dS¢ = Sio;(t)TdWy, (4.2.7)

showing that {S;} is a (local) martingale under Q. We call Q an equivalent martingale measure

The pricing arguments below rely on a martingale representation property under Q with
respect to the new Brownian motion W. This is more subtle than the situation under P in
Theorem 2.25: the filtration F is the augmented natural filtration of W by assumption, and
the relation (4.2.6) involves the F-progressive process 6, so W cannot in general be recovered
from W alone, and a priori F is strictly larger than the augmented natural filtration of W.
Nevertheless, every Q-martingale on F admits an W-stochastic-integral representation, as the
following proposition shows; the key tool is Itd’s formula applied to the change-of-measure
density Z.

Proposition 4.3: Martingale representation under Q

Let {M;}o<i<7 be an F-adapted Q-martingale with My € L?(Q). Then there exists a
unique ¢ = (¢, ...,6N)T € £2(Q) such that

t
M, = My + / pIdW,, 0<t<T, as. (4.2.8)
0

\

Proof. Set Ny := MyZ;, where Z is the density process defined above. By the abstract Bayes
formula, for 0 < s <t < T,

EP[MtZt ‘ fs] = Zs EQ[Mt ‘ fs} = MSZS7

so N is a P-martingale with Ny € L?(P). Since F is the augmented natural filtration of W, the
martingale representation theorem (Theorem 2.25) under P yields a unique v € £2(P) with

Ny = Ng + /Ot Yl dW, = No + /Ot Y1 (AW — 0ds). (4.2.9)
Next, by It6’s formula applied to Zt_l7 and using dZ; = —Z;0; dW,
Az = thej AW, (4.2.10)
Applying It6’s product formula to M; = N; - th_1 and combining (4.2.9)—(4.2.10) gives
dM, = th¢3 (dW, — 0,dt) + M, 0] AW, + th@ 0, dt = (12 + Mtet)TdVVt,

the dt terms cancelling identically. Setting ¢ := 11/Z; + M0, and integrating yields (4.2.8).
Uniqueness follows from the Itd isometry under Q applied to W, and the integrability ¢ € £2(Q)
from v € £2(PP), the boundedness of @, the equivalence of P and Q, and M € L?(Q). O
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Remark 4.4

Under the standing assumptions, Q is in fact the unique probability measure on (2, Fr) equiv-
alent to P such that {S;} is an F-martingale. Indeed, if @' is another such measure with
density Z7. := dQ'/dP > 0, the It0 representation theorem (Theorem 2.26) provides 7’ such that
Zi =1+ fg Z'(n.)TdW,. The condition that each S?Z’ be a P-martingale forces 7, = —6; for
dt x dP-a.e. (t,w),so Z'=Z and Q' = Q.

Arbitrage and the no-arbitrage principle

To make precise the statement that the wealth of a replicating portfolio defines the price of
a claim, we must rule out trading strategies that generate riskless profits. Following standard
practice [42], we restrict attention to self-financing strategies (¢,%) for which the discounted
wealth process V; = V;/B; is bounded below by some constant uniformly in ¢ € [0,T7]; such
strategies are called admissible.

Definition 4.5: Arbitrage

An admissible self-financing strategy (¢, ) is called an arbitrage if its wealth process V satisfies
Vo=0, Vyr>O0a.s., P(VT > 0) > 0.

The market is said to be arbitrage-free if no such strategy exists.

Intuitively, an arbitrage is a strategy that requires no initial capital, never loses money,
and yields a strictly positive payoff with positive probability. Its existence is incompatible with
rational pricing, so we postulate that the market admits no arbitrage. The next proposition
shows that the EMM constructed above already rules this out.

Proposition 4.6

Suppose there exists a probability measure Q ~ P on (2, Fr) such that the discounted
prices {S{},i = 1,...,d, are F-(local) martingales under Q. Then the market is arbitrage-
free.

Proof. Let (¢,v) be an admissible self-financing strategy with Vj = 0 and Vp > 0 a.s. By
(4.2.4), the discounted wealth V, = fot quTdS’S is a Q-local martingale, and being bounded below
it is a Q-supermartingale. Hence

Eq[Vr] < Vo =0.

Combined with V > 0, this forces Vo = 0 Q-a.s., and the equivalence Q ~ P then gives Vi = 0
P-a.s. as well. Therefore (¢, ) is not an arbitrage. O

In view of Proposition 4.6 and the construction of Q in (4.2.6), our It6 market is arbitrage-
free.

A real number 7 is called a no-arbitrage price of a claim H at time 0 if the augmented market
obtained by adjoining H as a tradeable instrument with initial price 7 remains arbitrage-free.
For a replicable claim H = Vp associated with an admissible self-financing strategy (¢,1), an
elementary long/short argument against the replicating portfolio shows that the unique no-
arbitrage price equals the initial wealth V. The same reasoning at any intermediate time gives
the time-t no-arbitrage price as my = V4.

Risk-neutral pricing of contingent claims

A European contingent claim maturing at T is an Fp-measurable random variable H representing
the payoff at maturity. Standard examples are the Furopean call H = (Sjlﬂ — K)* and put
H = (K — SL)" with strike K > 0. We impose the integrability condition H/By € L?(Q). The
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claim H is said to be replicable if there exists an admissible self-financing strategy (¢, ) with
terminal wealth Vr = H a.s.

Theorem 4.7: Risk-neutral pricing

Under the standing assumptions, every European claim H with H/Br € L*(Q) is repli-
cable, and the unique no-arbitrage price at time ¢ € [0, 7] is given by

m = e "I VEG[H | F). (4.2.11)

Proof. Set H := = H/Br € L*(Q) and V; := Eg[H | Fi]. Then {V;}o<i<r is an F-adapted Q-
martingale with Vp = H € L?(Q), so Proposition 4.3 produces a unique & = (£',...,6H)T
L£2(Q) such that

/gTdW 0<t<T,

and in particular Vp = H. Setting
¢ = diag(SL, ..., SH o)) ', = Vi— ¢] S, (4.2.12)

which is well-defined since o is invertible and S! > 0, we obtain by (4.2.7) that ¢]dS; =
{t dW, = d‘/}, SO (qb ) is self-financing with discounted wealth V. The terminal wealth is
therefore Vi = BpVy = H, proving replication. The pricing formula (4.2.11) follows from

=V, = BV, = e"Eg [e_”TH | Ft]. Uniqueness of the price is a consequence of Remark 4.4:
any other replicating strategy would yield the same discounted wealth V as a Q-martingale
ending at H, hence the same price. ]

The Black—Scholes formula

We specialize to d = 1 with constant coefficients 7, p, o > 0. By (4.2.7), dS; = 65,dW,, whence
multiplying by By gives dS; = Si(rdt + odW;) and

Sy =S exp((r —o?/2)t + aWt) (4.2.13)

For a European call H = (Sp — K)* with strike K > 0, the pricing formula (4.2.11) at t = 0
becomes

dz.

() —22/2
mo=e¢ "TEg[(Sr — K)t]| =T / (Spelr=e®/AT+oVT= _ gy +E —

The integrand is positive precisely when z > —ds, where
log(So/K 2/2)T
gy i 0K+ T IT T (4.2.14)
oVT
Splitting the integral and completing the square in 0Tz — 22/2 = —(z — ov/T)?/2 + 0>T/2,

%) dz 9] efz2/2
T =S / e_(z_”ﬁ)Z/Q—Ke_rT/ dz
0 0 —ds V2T —dy V2T

oo —w?/2
e
= So/ dw — Ke "T®(dy) = So®(d1) — Ke " ®(dy),
o (d2) (d1) (d2)

where ® denotes the standard normal cumulative distribution function. We thus arrive at the
Black—-Scholes formula

mo = So®(dy) — Ke "1 ®(dy) (4.2.15)
with dy,ds as in (4.2.14).
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Remark 4.8
By the same calculation, the price of the call at time ¢ < T with current asset price S; and
remaining time-to-maturity 7 :=1T — ¢ is

Ty = St‘b(dl(T, St)) — KG_TT(b(dQ(T, St)),

where dy 2(7, s) are obtained from (4.2.14) by replacing 7" with 7 and Sy with s. The price of
the European put follows from put—call parity P, = Cy — Sy + Ke™"", since (S — K)* — (K —
St)t = Sp — K. The replicating strategy of Theorem 4.7 yields the celebrated delta hedge
¢ = Osmy = ®(dy (7, S¢)) for the call.

4.3 Langevin Monte Carlo

Let u be a Borel probability measure on R? with density p(dz) = Z eV g, where Z =
fRd e~ V) dy < co. For each z € R%, consider the SDE

1
AX{ = — 5 VV(X])dt + AW,

Xy =z,

(4.3.1)

where {W; }+>0 is a d-dimensional F-Brownian motion. We impose the following condition on V.

Assumption 4.9

There exists A > 0 such that the function V defined by
: Al d
V(@)= V() - Sl @R

is in CZ(RY).

Under Assumption 4.9, the function VV is bounded and Lipschitz continuous. So by Theo-
rem 3.2 there exists a unique solution {XF};>q of (4.3.1) for any = € R%.

The basic idea of Langevin Monte Carlo is as follows. As we shall prove below, the distri-
bution of X} converges to u as t — 0o, regardless of the initial point . Therefore, by choosing
a sufficiently large 7' > 0 and simulating X7 (e.g., by the Euler-Maruyama method in Sec-
tion 3.4), we obtain an approximate sample from p. Note that VV (z) = —Vlog(Z te=V(®),
and so (4.3.1) can be written as dX7¥ = (1/2)Vlog p(X¥)dt + dW;, where p = Z eV is the
density of p.

Remark 4.10
The SDE (4.3.1) is often called the (overdamped) Langevin equation in the physics literature.

We now prove the convergence. First, we show that p is a stationary distribution of the
process {X[}. Consider the Ornstein-Uhlenbeck process {X;}+>0 governed by

dX; = —%Xtdt + dWy,

Xo ~ ﬂ?
where fi(dz) = (M (2m))¥? exp(—\|z|?/2) dz. Tt is straightforward to verify that i is a station-

ary distribution of the Ornstein—Uhlenbeck process X (see Section 3.3). Moreover, X has the
following reversibility property.

90



For any nonnegative Borel measurable function G on W? and T > 0,

E[G({Xi}o<i<1)] = BI[G({ X1_t}o<t<r)]-

Proof. The transition density of X satisfies p(0,z;t,y)p(z) = p(0,y;t, x)p(y), where p denotes
the density of fi. From this symmetry and the Markov property, for any 0 < t; < --- <t, <T
and Ay, ..., A, € B(R?),

P(Xo € Ag, Xy, € Ay,..., Xy, € Ay)
= P(th c AQ,th,f”Hl € Al, . ,XO -~ An)

Since the distributions of X and Xp_. as Wévalued random variables agree on all finite-
dimensional distributions, the result follows. ]

Theorem 4.12

Under Assumption 4.9, the measure y is a stationary distribution of the SDE (4.3.1), i.e
u(A) = [ PXE € Aputao)

for any t > 0 and A € B(R?).

Proof. By the Girsanov—Maruyama theorem (Theorem 2.23), the process
1 [t~
By :=W; — 2/ VV(X¥)ds, 0<t<T,
0

is a d-dimensional F-Brownian motion under Q defined by

dQ Ty _ . 1 (T1 2

— = SVV(XHTAW, - = [ |5 dt| .

dP eXp[/O ZVV( ) t 2/0 5

Under Q, the process X* satisfies dX} = —(\/2)X}dt + dBy, i.e., it is an Ornstein-Uhlenbeck
process. By It6’s formula,

VV(X7)

T
o= o [~y Te - V) - [ e,
where c(z) = (1/8)|VV (x)> + (\/4)zTVV (z) — (1/4)AV (z). Applying Lemma 4.11, we obtain

P(X7 € A)p(dx)

5 —

Rd
LA\ 1 T
=7 (27r> E[l{XTEA}eXp< 2(V(XT )+ V(Xo)) /0 >]
=7 (27r> E[ (Xoca} XD (—(V(Xo )+ V(X)) /0 c(X )]
= p(4),
where the second equality uses the reversibility of X (Lemma 4.11). O

Next, we prove the exponential convergence of the distribution of X to p. For simplicity
we impose the following additional assumption.
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Assumption 4.13

The function V is convex on R<.

Assumptions 4.9 and 4.13 together imply
—(y—2)"(VV(y) = VV(z)) < =Nz —y|?, z,y R (4.3.2)

Theorem 4.14

Suppose that Assumptions 4.9 and 4.13 hold. Then, for any Lipschitz continuous function
f on R? with Lipschitz constant K,

B - [ foutan)| < RN, 120,

where C > 0 is a constant depending on xg, A, and V.

\.

Proof. Let {X:}+>0 be a solution of the SDE dX; = —(1/2)VV (X})dt + dW; with Xo ~ u. By
Theorem 4.12, X; ~ p for all + > 0. Since X*® and X are driven by the same Brownian motion
w,

d(XP —X,) = —%(VV(X;”O) _ V(X))

By It6’s formula and (4.3.2),

d i ~N €T ~N i N €T ~N
%’Xto —Xi? = —(X7° = X)N(VV(XP°) — VV (X)) < =AXT° — X%,

whence | X0 — X;|? < e *|zg — Xo|?. Since f is Lipschitz with constant K,

EUCGE - [ fautan)| = B0 ~ EL (X)) < KELXE - X4

< Kei/\t/Q]EkC() — Y0|

By the boundedness of V, we have e V(®) < e /2 for some ¢’ > 0, whence E|zg—Xo| < oo.
Setting C' = E|zg — Xo| completes the proof. O

Remark 4.15

The convergence rate e is closely related to the log-Sobolev inequality for the measure p.
The strong convexity Assumption 4.13 is known as the Bakry—Emery criterion and guarantees
the log-Sobolev inequality with constant A. Without the convexity assumption, the convergence
still holds under mild conditions, but the rate may be sub-exponential.

—\t/2

An implementation example: 2D Gaussian mixture

We illustrate Langevin Monte Carlo on a target u(dz) o e V@ dz on R? with

V(z) = —log(30(x; p1, I2) + 5(a; po, I2)) |

an equally weighted Gaussian mixture with modes 1 = (—2.5, —1.0)T and ps = (2.5,1.0)T and
identity covariance, where ¢(-; i1, 3) denotes the density of N(u,Y). The Langevin SDE (4.3.1)
is discretized by the Euler-Maruyama scheme of Section 3.4,

h
Xn+1 = Xn - §VV(Xn> + \/E£n+17 (433)
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where &,4+1’s are i.i.d. with law N (0, I3), with step size h = 0.02. Note that the gradient
VV(z) = wi(z)(z — p1) + wa(z)(z — p2)

is a convex combination of the two centered displacements, with weights

wi(x) = d(x; i, I2) /(95 pa, I2) + p(;5 a2, I2))

given by Bayes’ rule.

Figure 4.3.1 shows the empirical distribution of N = 500 parallel chains initialized from
the wide isotropic Gaussian Xy ~ N(0, 1613), after n € {0, 20,200,4000} iterations of (4.3.3);
the contours of p are overlaid for reference. The chains migrate toward the two modes within
a small number of iterations, and the empirical distribution at n = 4000 closely matches the
target. Panel (e) plots the trace of the first coordinate of a single chain; the chain is seen to visit
both modes, indicating effective mixing. Panel (f) compares the histogram of the first coordinate
at n = 4000 with the analytical marginal density of p.

Langevin MC on 2D Gaussian mixture (modes at p1, M2; h=10.02, N=500 chains)
(a) (b) (c) (d)

n=20(t=0.4) n=200 (t=4.0) n=4000 (t=80.0)

L

el
o

-4+ —4 1
-5 0 5 =5 0 5
X1 x(1) )
(e) Trace of X{! for a single chain (f) Marginal of X! vs\ target
41 wm 0.20 1
22 Iy
: AR Wiy
T H’( a’ B LMC samples (n=4000)
§ 01 _§ 0.10 1 —— target marginal
\
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time t=nh first coordinate

Figure 4.3.1: Langevin Monte Carlo on a 2D Gaussian-mixture target. (a)—(d) Snapshots of
N = 500 parallel chains (4.3.3) at iterations n = 0, 20, 200, 4000, with contours of x in grey. (e)
Trace of the first coordinate of a single chain over 4000 iterations. (f) Histogram of the first
coordinate at m = 4000 versus the analytical marginal density of p.

Remark 4.16

The mixture potential V' above does not satisfy the strong convexity Assumption 4.13: between
the two modes the Hessian of V has a negative eigenvalue. Theorem 4.14 therefore does not
directly apply, yet the chain still converges to pu, in line with the preceding remark on weaker
assumptions. For potentials with widely separated modes, however, the mixing time can be
exponentially long in the mode separation, motivating tempered or non-reversible variants of
the algorithm.
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4.4 Denoising Diffusion Probabilistic Models

Denoising diffusion probabilistic models (DDPMs) are a class of generative models that have
achieved state-of-the-art results in image generation. The key idea is to gradually add noise to
the data until it becomes approximately Gaussian, and then learn to reverse this noising process
in order to generate new samples. The theoretical foundation of DDPMs relies on the time
reversal theory developed in Section 3.8. We refer to Ho et al. (2020) and Song et al. (2021) for
the original works.

Forward process
Let ;1 denote the (unknown) data distribution on R? and {8; };>0 a given positive-valued function

(called the noise schedule). The forward process is the solution of the SDE

1
dXt = —§,BtXtdt -+ \/Eth, XO ~ W. (441)

This is a time-inhomogeneous Ornstein—Uhlenbeck process. Its transition density from time 0
to time ¢t is given by

p(0, 23t y) = —— ! 2y—m<t>x\2), (14.2)

(2ro(t)2)a2 P (‘2a<t>
where

m(t) = exp (-i /Otﬁ(s)ds) o2 =1—m2 (4.4.3)

Since m(t) — 0 and o(t)? — 1 as t — oo, the distribution of X; converges to N(0, I,).
The density of X; is given by

plo) = [ | p(0.ait,y) ulde).

Reverse-time SDE

By Theorem 3.40 applied to the forward SDE (4.4.1), the time-reversed process X; = Xp_;
satisfies the SDE

__ 1 . I __
dXt = <_2BTtXt — BT,tV longt(Xt)> dt + \ 5T7t th, (444)

where {W;} is a Brownian motion with respect to the natural filtration of X, and Vlog p; is
the score function of the distribution of X;. Starting from Xy = X7 ~ N(0, [4) and simulating
the reverse-time SDE (4.4.4) up to time T, we obtain X7 = Xg ~ p.

Remark 4.17
In terms of the backward Itd integral (Definition 2.43), the forward process {X;} itself satisfies

1 —
dX; = <—25tXt - Btngpt(Xt)) dt+ /B, dBy,

where B is the backward Brownian motion appearing in Theorem 3.40. Equation (4.4.4) is the
forward It6 SDE obtained by reversing the time direction.
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Score matching

In practice, the score function V log p; is unknown and must be learned from the training data.
Let {bg}gco be a parametric family of functions on [0, T] x R? (typically implemented by a neural
network such as U-Net or Transformer). The learning objective is

T
min 1(0) = E / A1)V log py(X1) — b(t, X, [, (4.4.5)
€ 0

where A : [0, 7] — (0,00) is a given weight function.
Direct evaluation of L(6) requires the unknown score function Vlogp;. To circumvent this,
we use the following identity. Since the transition density p(0, x;t,y) is explicitly given by (4.4.2),

Ebg(t, X:) TV log pi(Xy)] = /Rd bo(t,y) Vpi(y) dy

—/ / bo(t,y) " Vyp(0, 25, y) dy p(dz)
R2 JRE
= E[bQ(t? Xt)Tvy logp(oa XOa ta Xt)]

Using this, we can show that minimizing L(0) is equivalent to minimizing
T
0(0) =E / ) bo(t, X2) — ¥, log p(0, Xo: £, X) dt, (4.4.6)
0

which only involves the known transition density p(0,x;t,y) and can be estimated from the
training data by Monte Carlo sampling.

Remark 4.18

By (4.4.2) and (4.4.3), V,logp(0,z;t,y) = —o(t)"2(y — m(t)x). Thus, the objective (4.4.6) is
computed in closed form once the forward process is simulated.

Sampling algorithm

The overall procedure of DDPMs is summarized as follows:

1) Training: Simulate the forward SDE (4.4.1) using the training data X (1) (V) as
() g g g 0 » ) 0

initial values. Choose an appropriate noise schedule {Bt} and time horizon T so that
X7 =~ N(0,1I;). Solve the minimization problem ming L(f) to obtain an estimated score
function by« (t,y) ~ Vlogpi(y).

(ii) Generation: Draw Xo ~ N(0,I;) and discretize the reverse-time SDE

. 1 - - _
dXy = (-25TtXt — Br—tbg« (T — ¢, Xt)> dt + +/ Br—t AWy (4.4.7)

on a uniform grid 0 = tg < t; < --- < tpy = T, with step A := tx11 — tx. While a naive
Euler-Maruyama discretization (Section 3.4) is consistent in the limit A — 0, the standard
DDPM sampler of Ho et al. uses a more accurate exponential integrator: on each step,
the linear OU part dX = —% BX dt + /B dW is integrated exactly while the score term is
held constant. Concretely, with 8 := f7_, frozen on [ty,t;11], the variation-of-constants
formula applied to (4.4.7) yields the update

Xipoy =€ P22Xy —2(1 — e P2 b (T — 1y, Xy ) + V1 — e BAE, (4.4.8)

where & ~ N(0,1;) are i.i.d. At first order in SA this reduces to the Euler-Maruyama
scheme; in general, however, the linear factors e #2/2 and v/1 — e=#2 in (4.4.8) match the
exact statistics of the linear OU equation for any step size, which is what makes (4.4.8)
stable under coarse discretizations. Iterating to k = M produces a sample X7 ~ X ~ p.
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An implementation example: handwritten hiragana characters

We illustrate the procedure on the ETL handwritten character dataset, restricted to hiragana
(including dakuten and handakuten variants), which consists of N = 16,800 grayscale images
of single characters. A representative subset of the training data is shown in Figure 4.4.1. We
use the original DDPM architecture with a U-Net backbone for the score network by, trained
by stochastic gradient descent on the loss (4.4.6). After training, samples are generated by
the exponential-integrator update (4.4.8) starting from Xo ~ N (0, I;). Figure 4.4.2 shows the
evolution of these generated samples across training epochs: in the early stages the network has
yet to learn the score function and the samples remain noisy, while at later epochs they become
recognizably hiragana-like.
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Figure 4.4.1: A subset of the ETL hiragana training data (N = 16,800 samples).
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Figure 4.4.2: Samples generated by the exponential-integrator scheme (4.4.8) applied to the
reverse-time SDE (4.4.4) at four stages of training. As the score network converges, the generated
samples progressively resemble the training data of Figure 4.4.1.
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Remark 4.19

In practice, an ODE-based sampling method called the probability flow ODE is often pre-
ferred over the SDE-based method for its deterministic and faster generation. Furthermore,
the Schrodinger bridge problem studied in Section 5.3 provides an optimal transport perspec-
tive on diffusion-based generative models.
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CHAPTER b

Stochastic Controls

The term stochastic controls generally refers to the optimization problems defined for stochastic
dynamical systems with control inputs. Here we present a basic approach to stochastic controls
in the framework of SDEs, followed by a discussion of numerical methods for the resulting
Hamilton—-Jacobi-Bellman (HJB) equations. We refer to @ksendal [36], Fleming and Rishel
[11], Bensoussan [5], Fleming and Soner [12], Pham [38], Yong and Zhou [47], and to the lecture
notes Touzi [43] and van Handel [44] for more quick overviews and for more detailed accounts.
A rigorous convergence analysis of the numerical methods presented at the end of this chapter,
based on the Barles—Souganidis framework, is deferred to Chapter 7 where the theory of viscosity
solutions is developed.

Throughout this chapter, T € (0,00) is a fixed constant representing a time maturity, and
we assume that {W;}o<;<7 is an m-dimensional Brownian motion unless stated otherwise.

5.1 Optimization Problems

We consider the stochastic dynamical systems with control input through the SDEs with exoge-
nous variables. Namely, we consider the controlled stochastic differential equations, described in
the form

dXs = b(s, Xs,as)ds + o(s, Xs, ag)dWs. (5.1.1)

We call {a;} a control process. Suppose that our objective is to optimize a performance of
the controlled SDEs with suitable criterion over control processes. This leads to the following
optimization problem: .
min E [/ f(s, Xs,a5)ds + g(X7) | . (5.1.2)
{at}o<e<r 0
The function g evaluates the terminal value of the SDE and f indicates a running cost. The
problem (5.1.2) is generally called a stochastic control problem.
Before discussing the stochastic control problems rigorously, we shall present a few examples.

Example 5.1: Merton Problem [31], [32]
Let S; be the price of a stock at time ¢, and B; the price of a riskless bond at time ¢. Suppose
that we are in a position to invest our wealth into these two assets by dynamically changing the
fraction of the wealth to the stock. Denote by X; our wealth at time t. If we have ¢; shares of
the stock at time ¢, then the resulting fraction a; to the stock is
o — it

t Xt ’
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whence ¢, = o X;/S;. The remaining fraction 1 — o is invested into the riskless bond, and so
the number of shares invested into the riskless bond at time ¢ is (1 — o) Xy/B;. Thus, assuming
there is neither income nor consumption in the period [t,¢ + At], we obtain

l79,¢ 1—o)X
Xeoai— X0 = X0 (5 — s+ L2 g By,
St Bt
This leads to the SDE IX s IB
t t t
— = — 1-— — .
X, o s, +( o) B, (5.1.3)

for the wealth process. In the simplest case, the price dynamics of the two assets are assumed
to be described respectively by

dS; = Sy(bdt + ocdW,),
dBt = TBtdt,

where m = 1, and b, 0, r are constants with ¢ > 0 and r > 0. Then (5.1.3) turns out to be
dX; = Xy[r + (b — r)oy)dt + Xy dW,. (5.1.4)
The investor’s problem here is to maximize the expected utility of the wealth
E[U(X7)] (5.1.5)

over all portfolio proportion processes {ay;}. Here U : (0,00) — R satisfies U’ > 0 and U” < 0,
which is called a wtility function.

Example 5.2: Aircraft trajectory planning [30]

Consider an aircraft’s motion in the 2-dimensional horizontal plane. We assume that the local
navigation frame is described by the 2-dimensional Euclidean plane where x-axis points the east
and y-axis points the north. Then, the state X; of the aircraft is described by a vector in R2.
We further assume that the current heading of the aircraft is determined by the control variable
ap € A =10,27). With these assumptions, the dynamic of X; can be described by

dX; = (Cf’s(o‘t)> vedt + dY;.
sin(ay)

where v, is the aircraft’s cruise speed, assumed to be constant, and Y; = Y;(x) describes the
wind disturbance at the position z. A simple model for the wind disturbance is

dYi(x) = y(t,z)dt + o(t, z)dW.

Here y(t,z) describes a mean behavior of the wind, which is a deterministic vector field, and
o(t,z) is a magnitude of random fluctuations at (¢,x), both of which are estimated by weather
charts. Further, W; is a 2-dimensional Brownian motion. Thus, the controlled process X; is
given by
| [cos(a)
dX; = [(sin(o@) Ve + y(t, Xt>:| dt + U(t, Xt)th

The objective of the trajectory planning here is to control the movement of the airplane so as
to enter a given area Sy at the terminal time 7" while avoiding a forbidden area Sj. Then the
problem is

T
?m;E [d(XT,Sg)Jr/\ / e”d(Xt’Sl)dt} ,
(e %73 0

where A,y > 0 and d(z, S1) denotes a distance between a point = € R? and a set S C R2.
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We turn to the rigorous formulation. In what follows, we fix an Fy-measurable random
variable X € L? and a closed subset A of R%. We assume that the evaluation functions ¢ on
R? and f on [0,T] x R? x A are Borel measurable. Denote by A the collection of all processes
a = {ot }o<t<7 such that

(i) ais A-valued and F-adapted;
(ii) the SDE (5.1.1) has a unique solution {X§*}o<¢<7 with initial condition X§ = Xo;

(iii) The criterion is finite, i.e.,

E UOT f(s, X2, as)ds + g(X%)}

is finite.

We call elements in A control processes. Then, given a subset A C A, our stochastic control
problem is describe by

inf E

T
/ fQVXfﬁaﬁthX?ﬂ- (5.1.6)
acA 0

o We say that (5.1.6) is a finite time horizon problem.

e The stochastic control problem

iﬁEU‘ﬂ%QﬂMHﬂ@my
acA 0

where 7% is the first exit time of {X Y Y from a given set S C R?, is called an indefinite

time horizon problem, and the one
oo
inij/ e_’\sf(s,Xg,ozs)ds,
acA 0

where A > 0, is called an infinite time horizon problem. The both problems have many
important applications. However, we omit to deal with them for simplicity of the presen-
tation.

o Suppose that { X} }o<¢<7 is a unique solution of
dX; =b(t, X, a(t, X]))dt + o(t, X[, a(t, X]))dW;

for some Borel function a and that of := a(t, X;), 0 < ¢t < T, is in A. Then, by the
uniqueness, X" = X;. We call such a* a Markov control.

o Of course oy := a(t, maxp<s<¢ X)), 0 < ¢ < T, is not a Markov control. Thus, in general,
the controlled SDEs (5.1.1) differ from those considered in Chapter 3 in that the former
depends on possibly non-Markovian processes.

To discuss the existence and uniqueness of (5.1.1), we assume here that b : [0, T]xR?x A — RY
and o : [0,T] x R? x A — R¥™ continuous functions and that there exists a positive constant
Cy such that for (t,z,y,a) € [0,7] x R x R? x A,

|b(t, z,a) —b(t,y,a)| + |o(t,z,a) —o(t,y,a)| < Colz —yl, (5.1.7)
and that -
E/ (1b(2,0, ) 2 + 0 (2,0, a0)|?) dt < o (5.1.8)
0

for a given A-valued and adapted process a.
We can apply the same argument as in the proof of Theorem 3.2 to obtain the following:
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Suppose that the conditions (5.1.7) and (5.1.8) hold. Then, there exists a unique solution
{X?}o<t<r of (5.1.1) with initial condition X§ = Xp.

Actually, Theorem 5.3 is a corollary of the following result:

Theorem 5.4

Let t € [0,7]. Consider the equation
Xs=¢ +/ b(s, Xs)ds +/ (s, Xs)dWs, t<s<T, (5.1.9)
¢ t

where &, b: Q x [t,T] x R and & : Q x [t, T] x R¥>*™ satisfy
(i) ¢ is an R%-valued and Fi;-measurable random variable with E[£|? < oo.
(ii) b(s,z) and &(s,z) are adapted for each (s,z) € [t,T] x R%.
(iii) There exists a positive constant C; such that

b(s,2) = b(s,y)| < Cile —yl, se[t,T], z,yeR™
(iv) The processes {b(s,0)} and {5(s,0)} are in L2, i.e.,

T
E/t ([5(s, )% + (s, 0)[?) dt < oc.

Then, there exists a unique solution { X }¢<s<p of (5.1.9) satisfying E sup, ;<7 | Xs|* < oo.

« As in Chapter 3, we write {X:%*},<,<p for the unique solution of (5.1.1) with initial
oy t7£7a _ -
condition X" = ¢.

5.2 Verification Theorem

Consider the following nonlinear second order PDE, called the Hamilton-Jacobi-Bellman (HJB)
equation:

OV (t,x) + inf H*(t,z, DV (t, ), D*V(t,x)) =0, (t,z)€[0,T)xRY,

a€ (5.2.1)

V(T,z) = g(z), xR

A central tool for solving stochastic control problems is the HJB equation, which character-
izes the value function of the stochastic control problems. Once a candidate value function is
identified, one needs to verify that it indeed represents the optimal cost. The purpose of this
section is to provide a rigorous formulation of this verification step. The verification theorem
establishes sufficient conditions under which a suitably smooth solution of the HJB equation
coincides with the value function and yields an optimal control.

Theorem 5.5: Verification theorem

Suppose that there exists a C'2-function V on [0,7] x R? that is a solution of (5.2.1).
Suppose moreover that the following are satisfied:
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(i) For every o € A,

T
E [ sup |V(t,X,§“)|+/ If(t,Xfﬂat)!dt] < o0.
0<t<T 0

(ii) There exists a Borel function a* on [0, 7] x R? such that

inf HYt,x, DV (t,x), D*V (t,x)) = H* &) (¢, 2, DV (t,2), D*V (t,z)), (t,z) € [0, T]xR%
ac

(iii) There exists a unique solution {X; }o<;<7 of the SDE

dX} = b(t, X}, a* (t, X}))dt + o(t, X}, a*(t, X}))dW;, X = Xo.

(iv) The process af := a*(t, X;), 0 <t < T, belongs to A.

Then o is optimal for the problem (5.1.6).

Proof. For a € A and n € N define the stopping time T by
¢ =inf{t € [0,T]: | X| >n} AT.

Then, using It6 formula and (5.2.1), we have
T
E U (s, X%, as)ds + V(TS,X%)} > E[V(0, Xo)].
0
Then, by the dominated convergence theorem,

E [ / U (s X2 a)ds ¢ g(X%>] > B[V(0, X)),

whence

e[ U (s, X2 0)ds ¢ o) 2 BV 0,30

On the other hand, by the uniqueness, X = X;, 0 <t < T, a.s. Thus, using the conditions
in Theorem 5.5 and the localizing argument as in above,

T
B | [ X ad)ds +o0XF)| =BV, Xo)]
0
T
< infE [ | rtsxzais + x|
acA 0
Since a* € A, we deduce that a* is optimal.
o It is straightforward to see that V' coincides with the value function
T
v(t,z) ;= inf E [/ f(s, X5 ag)ds +g(X§fE’°‘)} ., (t,z) €[0,T] x RY,
acA t
where { X5} ,< <7 is a unique solution of
dX55* = b(s, X7 ag)ds + o (s, X5 ag)dW,

t,x,a

with initial condition X, = z. That is, we have

o(t,z) = V(t,a), (La) € [0,T] x RY,
provided that v is well-defined and the conditions in Theorem 5.5 hold.
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Example 5.6: Linear regulator problem
Consider the controlled SDE

dX® = (b(H) X2 + c(t)ay) dt + o(t)dW,, (5.2.2)

where b : [0,T] — R4 ¢:[0,T] — R4 and o : [0,7] — R¥™, all of which are continuous.
The problem is to minimize

e [oenmrxg+ [ {xoTPOXE + @0 ai

over all R%-valued process o = {at}o<t<r With each component belonging to £2. Here, R € S¢
and the functions P : [0, 7] — S, @ : [0, 7] — S¥ are assumed to be continuous and nonnegative
definite. Further, Q(t) is assumed to be positive definite for any ¢ € [0, T]. By Theorem 5.3 (and
Theorem 5.4 or by a direct estimation), there exists a unique solution { X7 }}o<;<7 of (5.2.2) for
any o = {a }o<¢<r as in above and initial condition Xy € L? such that Esupy;<r | X < oc.
Thus the criterion is always finite. So we take A to be the set of all R%-valued processes o such
that each component is in £2. Then A C A.

Theorem 5.5 suggests that if the HJB equation has an explicit solution then the solution gives
a candidate of an optimal solution. In our case,

H(t,z, Dv(t,z), D*v(t, z))

= (b(t)x + c(t)a) "DV (t,z) + %tr(o(t)a(t)TD2V(t, z)) 4+ 2" P(t)z + a' Q(t)a.
Therefore, the infimum of H%’s is attained by
a*(t,x) = —%Q(t)_lDV(t,a:)Tc(t).

In view of the linear-quadratic structure of the problem, we look for a solution V' of the HJB
equation by assuming V (t,x) = 21 F(t)x 4+ G(t) for some deterministic functions F : [0, T] — S%
and G : [0,7] — R. Substituting this form into the HJB equation, we see

U |F'(t) — F(t)e(t)Q(t) te(t)TF(t) + P(t) + b(t) T F(t) + F(t)b(t)] T
+G'(t) +tr(o(t)o(t) T F(t)) =0

for (t,x) € [0,T) x R, where L(t) = dL(t)/dt. This leads to the ODEs

F'(t) — F(t)e()Q(t) te(t)TF(t) + P(t) + b(t)TF(t) + F(t)b(t) =0, F(T)=R, (5.2.3)
G'(t) + tr(o(t)o(t)TF(t) =0, G(T) = 0.

It is known that there exists a solution of the matriz Riccati differential equation (5.2.3) (see
Theorem 5.2 in [11]). With this F, the function G is explicitly determined and so V(¢,z) =
x"F(t)x + G(t) is a solution of the HJB equation. Consequently, a*(¢,z) = —Q(t) " 'c(t)T F(t)x.
Problem 5.7

In Example 5.6, complete the remaining arguments to be done and obtain an optimal control
using Theorem 5.5.

Problem 5.8
Try to find an optimal control for a more general problem than that in Example 5.6.

Before turning to next example, we observe that the following theorem holds:
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Theorem 5.9

Let {bt}o<t<7r and {ot}o<t<r be R-valued and R™-valued adapted processes such that

T T
/ |bt|dt—|—/ lo¢|2dt < 00, aus.,
0 0

respectively. Then there exists a unique solution {Z;}o<¢<7 of the SDE

dZ, = Zy(bydt + of dW,),  Zo = 1. (5.2.4)

t 1 t
yt:/ <b5—2|03|2> ds+/ oldW,, 0<t<T.
0 0

Then, with It6 formula, it is straightforward to see that Z; := e¥t, 0 <t <T,is a solution of
(5.2.4). Let Z}, 0 <t < T, be another solution. Then, It formula yields dZje~** = 0. Thus
Zy=7,0<t<T. O

Proof. Put

Example 5.10: Merton problem

Recall the investment problem in Example 5.1. By Theorem 5.9 there exists a unique solution
{X}o<t<r of (5.1.4) for any R-valued adapted process a € L2 , given by

loc?
t 1 t

X; = Xgexp [/ <r+ (b—r)as — 20204?) ds—i—a/ adeS] , 0<t<T.
0 0

Here we take U(x) = 2%, > 0, for some ¢ € (0, 1), and then define A by the set of all R-valued
processes a € L3 such that E supg<,<p U(X§") < co. Moreover, we assume that X is a positive
constant. o

To solve the control problem, we consider

t 1 t
Y, = q/ <r + (b—r)as — 20%43) ds + qa/ asdWs, 0<t<T.
0 0

as a state variable. Then the corresponding HJB equation is

Ov(t,y) +sup H(y, Dv(t,y), D*v(t,y)) =0, (t,y) € [0,T) x R,
a€R (5.2.5)
v(T,y) =€, yeR

where . )
502(12);0 + §q202a2fy.
We look for a solution of (5.2.5) of the form v(t,y) = w(t)e¥, where w is a positive deterministic

function. Substituting this form into (5.2.5), we observe

H(z,p,v) =q(r+ (b—r)a—

0=eY {w’(t) + qu(t) Sup {7” +(b—r)a- %(1 a q)g%ﬁ} }

— Y {w’(t) +qu(t) {’“ + M] } ’

where the supremum is attained by a* := (b—1)/(0%(1 — q)). Thus, v(t,y) = exp(qd(T —t) +y)
with 6 = r + (b —1)?/(20%(1 — q)) is a solution of (5.2.5), and the constant control o := a* is
a candidate of an optimal portfolio proportion. By the verification theorem, we can show that
a* is indeed optimal.
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Problem 5.11
In Example 5.10, check the conditions in Theorem 5.5 hold to confirm the optimality of a*.
Doob’s maximal inequality will help you.

e As we have seen so far, the verification theorem gives a way of constructing an optimal
control. In particular, Theorem 5.5 gives sufficient conditions for which optimal control
exists.

e To apply Theorem 5.5 for applications, we need to obtain an explicit solution of the HJB
equation, which is rarely available, however. Even more, a classical solution may not exist.

As for the existence of optimal Markovian controls, we have the following result:

Theorem 5.12

Suppose that A is compact, b,0,g are all bounded continuous functions, and f = 0.
Suppose moreover that the set

{(o(t,z,a)o(t,z,a)T,b(t,z,a)) : a € A}

is convex for all (¢,xz) € [0,7] x R?.  Then, there exist a filtered probability space
(Q*, F* F*,P*), a process a* € A, and a Borel function a* on [0,7] x R? such that
o is optimal for the stochastic control problem (5.1.6) defined on this filtered probability
space, where A = A is defined by the set of all A-valued adapted processes, and that

of =a*(t, X)), as., 0<t<T.

For a proof of this theorem, we refer to Haussmann [15].
We close this section by giving an example of HJB equations having no classical solutions.

Example 5.13
Consider the case where the controlled SDE {X*} is given by

dXta = Oétth,
with a nonrandom initial condition, and then the optimal control problem

sup E[g(X7)]
acA

where A is the set of all R-valued processes in £2, and

{sina: (x >0),

9(@) = x (x <0).

Suppose that there exists a C12([0,T] x R)-solution V' of the corresponding HJB equation

1
WV (t,x) + 5 sup[a’D?*V (t,z)] =0, (t,z) €[0,T) x R,
a€R

V(T,z) =g(x), x€R.

Then, D2V (t,x) < —28,V (t,x)/a? for a # 0, and so letting a — oo we have D?V(t,x) < 0 for
every (t,x) € [0,T) x R. Hence, V (t,-) is concave on R and V(¢,-) = g, which is a contradiction.
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5.3 Problems with Terminal Time Constraints

This section is devoted to a special class of control problems described by the following:

Problem (S). Given two Borel probability measures jg, p1 on R% and a positive constant o,
minimize .
E / |ug|*dt
0

over all R%-valued control processes {u;} such that the corresponding controlled diffusions

t

X; = Xo +/ usds + oW;
0

satisfy P(Xo € dz) = po(dx) and P(X; € dy) = pi1(dy), where {W;} is a d-dimensional Brownian
motion.

We shall adopt a weak formulation of the control problems above, i.e., the minimization are
taken over all possible probability measures, Brownian motions and control processes. We will
present a rigorous formulation below.

When there is no terminal time constraint P(X; € dy) = pi(dy) and pp is a Gaussian
distribution, then the problem (S) is a special case of the linear regulator problem (see Example
5.6). Our problem here is to find a controlled diffusion dX; = w;dt + odW; that starts from
the initial distribution pg and arrives at a predetermined final distribution pq, with minimum
“energy” Efol |ug |2 dt.

Background

In the two papers [40] and [41], Erwin Schrédinger considered the following thought experiment:
for N-independent Brownian particles X, ..., XV) suppose that at time ¢ = 0, this cloud
approximately follows po(dz) and at time ¢t = 1 the observed distribution of the cloud follows
p1(dy). Then, what is a cloud evolution that most likely occurs?

The law of large numbers tells us that the above transition is a rare event. To be precise, if
the initial distribution of each particle X ) follows po then by the strong law of large number,

the empirical measure (1/N)>_,_; . ¢ of this cloud at terminal time converges to
1

/ p(0, 33 1, ) (d)dy # pa (dy),

almost surely as N — oo, where p is the transition density of a Brownian motion. To determine
a reasonable cloud transition probability among these unlikely possibilities, Schrodinger used
a particle migration model with space discretization, exactly computed the distribution of the
random variable of the particle migrations under the initial and terminal time constrains, and
then adopted the mazimum entropy principle. Then, after taking the continuous limit, he
derived a system of partial differential equations for the optimal transition probability, the so
called Schriodinger system or Schrodinger’s functional equation (see (5.3.5) below). We refer to
an English translation [8] of [40] for an exposition of the Schrodinger’s original approach.

Follmer [13] discovers the Schrodinger’s problem is nothing but the one of large deviation.
By Sanov’s theorem (see, e.g., [10]) for the large deviation principles on empirical measures, the
problem of computing

N
1 1
N log P N Jz:; 5Xt(j) follows py, t=0,1
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is nearly equivalent to the minimization problem of the relative entropy

Eq [log %] , (@< P),

+00, (otherwise).

H(Q|P) := {

over all Borel probability measures Q on W? such that the initial and terminal marginals are
given by pg and pq, respectively, where P is the a priori law of Brownian particles. An optimal
measure () that solves this minimization problem is called the Schridinger’s bridge between g
and p1.

Assume here that Q = W? and X is the coordinate process: X;(w) = w(t). Under P, the
process X is represented as X; = Xg + Wy, where Xg follows g and W is a Brownian motion
that is independent of Xjy. Roughly speaking, by the martingale representation theorem, every
() above can be represented as

d ! 1t
d—g = exp [/0 ul AWy — 2/0 ]ut|2dt]

for some process {u:} adapted to the canonical filtration. By Girsanov’s theorem, the process
W, == W, — fo usds is a Brownian motion under (), whence X is represented as a controlled
diffusion given by

t
Xt:X0+/ U5d8+Wt
0

under ). Assuming the square integrability for {u;} formally, we obtain

1 1
H(QIP) = 3Eq [ lufd:

Consequently, finding a Schrédinger’s bridge is roughly equivalent to solving the problem (S)
with o = 1. For this reason, we will call (S) the Schrodinger’s bridge problem. We refer to, e.g.,
[7] and [28] for surveys of Schrodinger’s bridges.

Connections with optimal transport

Let Qo1 be the law of (Xo, X7) under @, where @ is a Borel probability measure on 2 = we,
Then, one can prove that the problem

inf  H(Q|P),

QEP(po,u1)

where P(uo, 1) is the set of all Borel probability measure @ on Q such that QX = 4 and
QX! = 111, is equivalent to the static problem

inf H(R|Py), 5.3.1
REPs (po,p1) (FlFor) ( )

where P (0, 111) is the totality of all Borel probability measures R on R? x R? satisfying
R(A xRY) = 1g(A), R(R? x A) = pi(A), Aec BRY

(see Proposition 5.19 below).
Let us slightly generalize the situation to the case o > 0, i.e., X; = Xg+oW;,, 0 <t < 1. It
is straightforward to show the same results as above, where Py, is now given by

Py (Ax B) = /A/Bp(O,m; 1, y)po(dz)dy
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with the transition density

o—ly—al?/(202(s—1))

, 0<t<s<l1, zyecR% 5.3.2
Qno(s— a2’ =S E=L B (5:32)

p(t,x;s,y) =

Assume here that uo has a positive density po. In this case, for R(dzdy) = p(z,y)dzdy,

dR

p(x,y)
po(x) ’

whence the static problem (5.3.1) is roughly equivalent to the minimization problem

1 d
log (x,y) = 2f‘2|y —z]? + 3 log(270?) + log a.e.,

/ ly — z|*R(dxdy) + 202 / (log Pz, y)) p(x,y)dzdy + Cy,
R4 xRd R x R4 po(z)

over such R’s, where C, is a constant independent of R, satisfying C, — 0 as ¢ — 0. This
means that the problem (5.3.1) can be seen as an entropic regularization of the so-called Monge-
Kantorovich optimal mass transport problem

inf — z|?R(dzdy).
REPs(po,p1) /Rded \y ‘ ( v)

It is known that under some regularity conditions there exists a measurable map 7' : R — R¢
such that R* := (Id x T)yuo is optimal to the Monge-Kantorovich problem, where Id is the
identity map and fyuo denotes the pushforward of po with f.

Consequently, solving the Schrodinger’s bridge problem with small ¢ is amount to giving an
approximation of the displacement interpolation p; = (T})gpo where Ty(z) = (1 — t)x + tT(x),
0 <t <1, by the marginal distributions of a controlled diffusion {X;}o<i<1. We refet to [34] for
a rigorous convergence analysis in the zero-noise limit of Schrédinger’s bridges.

Rigorous formulation

Let (Q,F,P) be a complete probability space. Let {W;}o<t<1 be a d-dimensional Brownian
motion on (€, F,P) with respect to a given filtration F satisfying the usual conditions. Then
consider the process

Xi=Xo+oW,, 0<t<1.

Assume that X follows o under P, i.e., that P(Xo € A) = pg(A) for any A € B(RY).

Definition 5.14
We say that a triple 7 = (Q, B, u) is an admissible control system if

(i) Q is a probability measure on (2, F) such that Q ~ P;
(ii) B = {B:}o<t<1 is a d-dimensional F-Brownian motion on (€2, 7, Q);

(iii) u = {us}o<i<1 is an R%valued F-adapted process such that

1
Eq [/ |u5|2ds] < 00,
0
1 1 /1
Eg [exp (—/ uSTdBS — / |us|2ds>} =1,
0 2.Jo

and the controlled process

t
X :—X0+/ usds +oB;, 0<t<1,
0

satisfies Q(X¢ € A) = jo(A) and Q(X} € A) = u1(A) for all A € B(RY).
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We write I for the set of all admissible control systems.

Note that X} = X; for the admissible control system (P,W,u) where u = 0. For any
admissible control system 7 = (Q, W, u) € II, define the control criterion by

J(r) :=Eg Uol |u5|2d5] .

Then consider the optimal control problem

J* = ;Iellf_‘[ J(m). (5.3.3)

We shall reformulate the problem (S) by (5.3.3). Namely, we redefine the problem (S) by the
one of finding an admissible control system that attains the infimum in (5.3.3).

Solutions

As a first step, we consider the static Schrodinger’s problem (5.3.1), and derive a first or-
der optimality condition. To this end, first assume that po and p; have the densities pg
and pi, respectively. Then, the measure Py (dzdy) = P((Xo, X1) € dxdy) has the density
po(2)p(0,z;1,y), where p is the transition density of {X;} under P, defined by (5.3.2). Further,
for any R € Ps(uo, 1) such that its density gpg exists, we have

q(z,y)
H(R|FPo1) = log ———— dxdy.
(R|Po1) /Rded <0gp(07$;1’y)) q(z,y)po(x)dwdy
Introduce Lagrange multipliers A(x) and 7n(y), and then consider the functional
._ q(z,y)
L(g, A\, n) = q(z,y)po(x)log = + @) 1) (p1(y) — a(z,y))po(x) | dedy.
R4 x R4 p(07$71>y)

Assume here that R(dzdy) = q(x,y)po(z)dxdy is optimal. Let ¢’ be an arbitrary such that
fRd ¢ (z,y)dy = 0. By an elementary computation, the first order condition

d
—L ' =0
Ehared)|

leads to
q(z,y) = p(0,z; 1,y)erH W),

Now put o(z) = po(z)e*®) and @(y) = e"¥). The constraint R € R(po, 1) can be written as

o(r) /de(oax; Ly)¢(y)dy = po(z), z€RY,

(5.3.4)
o) [ e@pO.ai1 s = (). v R
Then, consider a generalized version
pi(do) [ p(0.: 1, )i () = o),
R (5.3.5)

piCd) [ o003 1) = pa ().

of (5.3.4). The system (5.3.5) of equations is called the Schridinger’s system or Schridinger’s
functional equation. A solution of the Schrodinger’s system is thus a pair (ug, 1j) of o-finite
measures on R? satisfying (5.3.5). Note that if a solution (uf, u}) of the Schrédinger’s system
exists then it satisfies pg < pf and puy < pf, and (Aud, A=1ut) is also a solution for any A > 0.

Actually the Schrodinger’s system admits a solution. A proof of the following result can be
found in [29].
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There exists a solution (yug, u}) of the Schrodinger’s system (5.3.5) such that uf ~ po and
pi ~ p1. Moreover, (g, 17) is uniquely determined up to positive transformation, i.e., if
(§, i17) is another solution, then pf = A and pf = A1} for some A > 0.

Hereafter, denote by (g, 117) the unique solution of (5.3.5) in sense of the theorem above.
Further, assume that p; is equivalent to the Lebesgue measure. Then, since ] ~ p1, the Radon-
Nikodym derivative of p] with respect to the Lebesgue measure exists. So define the functions
¢1 on R? by

*

duj d
= — R,
o1(y) dy (v), ye

We further assume that ¢; is continuous on R?. Then,
h(t,x) = Eple1 (X)), (t,2) € [0,1] x R?

solves the Cauchy problem

Ot z) + %J2Ah(t,x) —0, (t,)€0,1) x RY,

(5.3.6)
h(l,l’) = (Pl(x)a T e Rd
(see Section 1.3). By (5.3.5), we have
. d
h(0, z) =/ p(O,w;l,y)wl(y)dy=/ p(0,2; 1, y)pi(dy) = d’“j(m) >0, (5.3.7)
Rd Rd Ho
whence
Ep | ———=| = 0,2;1,y)d dr) = 0,z;1 d d
P [h(O,XO)] e h(o’x)p( 3 1,y)dypo(de) g de( y 5 1, y)pi (dy) o (de)
= po(R?) =1
(5.3.8)
Thus, we define the probability measure P* on (2, F) by
dP*  h(1,Xy)
dP  h(0,Xo)’

Let u* = {uf }o<t<1 and W* = {W} }o<t<1 be the processes defined respectively by

1 t
uf = o?Dlogh(t, X;), W;=W; — / ulds.
0

o

Theorem 5.16

Suppose that pp is equivalent to the Lebesgue measure and ¢ is a bounded continuous
function on R%. Moreover, suppose that

H(R*’P()l) < 00,

where R*(dzdy) = p(0, z; 1, y)ui(dz)pi(dy). Then, 7% = (P*, W*,u*) € II and is optimal
to the problem (5).

\

Proof. Step (i). By (5.3.6) and It6 formula,

1 .
h(t, X¢)(up) TdW;.

g

dh(t, X;) = o Dh(t, X;)TdW; = oh(t, X;)Dlog h(t, X;) TdW; =
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Thus,

dp* 1 ! #\T 1 ! *2
=P [0/0 (uy) th_M/o luf] dt].

This together with Girsanov’s theorem yields that {I¥;} is a d-dimensional F-Brownian motion
under P*. Further, the controlled process X2, 0 <t < 1, is given by

t
XY =Xo+ / wids + oW = Xy
0

Hence, the underlying process {X;} is seen as the controlled diffusion with input «* under P*.
By (5.3.5) and (5.3.6), for A € B(RY),

P*(Xo € A) = [ {XoeA}ZE(l) ﬁ;ﬂ /Ah(Ol,CE) </Rd e1(y)p(0, z; 1,y)dy> fo(dz)
= po(A),
and
P*(X; € A) = Ep [1 UG (0, 23 1, )0 (da) et (dy)
{X1€A} h Rd d,UO » Y) o nilay

= p1(4).

Therefore the controlled process { X"} satisfies the distribution constraints.

Next we will prove Ep- fol |uf|?dt < oo, which leads to 7* € II. To do so, consider the
stopping times 7, := inf{t > 0;|uf| > n}, n € N. Then, for each n define the probability
measure P, by

dPy, L h(l A TnaXl/\Tn) /1 T / (n)2

1
= exp [/0 (7/)( Tth / W’t |dt]

where wgn) = (1/0)uf1{4<r,y- By the monotone convergence theorem,

1 1
*12,7, _ 2 1 (n)2 _ 29 dPy,
]E]p*/o |uj |“dt = o nh_{gloE]p [/0 [ dt] =0 nh_}rr;OEp {log dIP’] (5.3.9)
On the other hand, since the relative entropy is nonnegative, we obtain

dP,, dP,, dP*
* — < * — *
Ep |:10g dP:| Ep |:10g dP:| + Ep |:10g P, :|

= Ep- [log cgg}
dpg dug '

= [ o @ermon (YR @er(n ) 0.1 )y de)

= H(R"|Py) < oo.

From this and (5.3.9) the announced result follows.
Step (ii). We will prove the optimality of 7*. Let 7 = (Q, B,u) € II be arbitrary. Then the
process

R 1 rt
Wt Z:Bt+/ usds, Oﬁtﬁl,
g Jo

is a d-dimensional F-Brownian motion under P defined by

dP 1 [t g |
— = —= dB; — — dt| .
= 77 [, 0 a [
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Since the controlled process X} satisfies X" = X+ oW, the distribution of X* under P is the
same as that of X under P. Hence,

1=TEp [h(l’Xl)} =E; [hg(ll ?g” Eg [Z% ;:; exp [—i/olutTdBt - 2;2/01 \UtlzdtH
A1, X% 1

> Eg |log ——=Y — ~ [ wTaB, — — 2
o {Bo o g 305 - 7 [ T - iz [ ]}

where we have used Jensen’s inequality in the last inequality. Therefore

1 L,
—E dt
202 Q [/0 e }

h(l,X{‘) dpio
>Eg |log ———=%| =Eg |1 X 1 Xy

/ (log 3“2( )) po(dz) + /Rd (log 1(y)) pa(dy)

A%N%SQMMWWWWH@@MMWMMWWMW

= H(R*|Py) = 1 U | dt]

Consequently, we deduce that 7* is optimal to (S)

O
Proposition 5.17

Suppose that po(dz) = 64, (dr) for some 2o € R? and 1 (dy) = p(y)dy for some positive
bounded, and continuous function p satisfying

/Rd () {ly* +log p(y) } dy < oc. (5.3.10)

Then, the pair (ug, #7) of o-finite measures defined respectively by

. . Py)
dz) = po(dz), dy) = ——————=dy
/LO( ) :U’O( ) Ml( ) p(O,xo,l,y)
is a solution of the Schrodinger’s system (5.3.5). Moreover

Jﬁ:Hmf%ozéﬁwﬂ%((‘“”)dy<m.

p(0,z0;1,y)

Proof. By definition, we have

A dpi 1
z) =1, S —
dﬂo( ) dpy < p(0,z0;1,y)

Thus, for any A € B(R?) with A 3 zy,

. i} i (dy)
Oaw;ly d dm :/ 07'%.;]‘7 7:1: A
A4ﬁ< pidy)pide) = | p(0.01y) LI =1 = o(4)
Further, for any B € B(R?),

, (g N , pldy)
[ w0t = [ 0,010 AU~ ju(s).
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Therefore (p, ;) satisfies (5.3.5).
As confirmed in the proof of the theorem above, J* = H(R|Pp1). Under the present assump-
tions,

) r(y) < r(y) )
H(R*|F, —/ lo 0,z;1,y)dyd., (dx
( ‘ 01) RIx R4 p(oax()vlvy) 8 p(()?x()vlay) p( y) Y O( )

= /Rd p(y) log p(y)dy — /Rd p(y)log p(0, zo; 1, y)dy < co.

Thus the proposition follows. ]

Example 5.18
Consider the one dimensional case where po(dz) = do(dz) and p1(dy) = p(y)dy with

p(y) =0p1(y) + (1 = 0)p2(y), yeR.

Here, 0 < 0 <1 and
e~ ly—mil?/(2v:) 1o
] = y = 1,4
pi(y) NoE
with m; € R, 0 < v; < o?. Namely, p is the density of a Gaussian mixture distribution.

Let us confirm that p satisfies the integrability condition (5.3.10). Since the function F(y) :=
ylogy — y + 1 is nonnegative and convex, we find

0< /Rp(y) log p(y)dy = /RF(p(y))dy < Q/Rm(y) log p1(y)dy + (1 —9)/sz(y) log pa(y)dy.

It is easy to check that each p; satisfies (5.3.10). Thus p satisfies (5.3.10).
Let us give an explicit representation of the drift term uj of the optimal controlled diffusion.
Since ¢1(y) = p(y)/p(0,0;1,y), we have

h(t,x) = Eplo1(X77)]

Y L 2
N r p(0,0; 1,z +o0v1 —tz) V2

A tedious computation gives

/1 — —22/2
dz+(1—0)/ palr+o fz) e dz.

r p(0,0; 1,z +ov1 —tz) V27

d Bon (1)((3 — Z)a + 2 )71 (e 4 (1 — 0)as(t) (5 — Z)z + 22)a(t)e (1)
— logh(t,z) = — 1 1 5 . |
dx Oary (t)e=91(@) 4+ (1 — 0)an(t)e—92(2)
where
1
7ilt) = 70— ,
(E‘?) o?(l—t)+1
a(t) = ———,
v (t)
_1/1 1 2 M m;  mi
gilt,z) =5 (w - 02> vi(t)a® = i)z + 5k = 5 ke (L=1)(b).

Finally, we prove the auxiliary result that claims the equivalence between the dynamic and
static Schrodinger’s problems.
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Proposition 5.19

Assume that P is the law of the process X; = Xy + oW, where o > 0. Suppose that
infRG'Ps(Mo,Ml) H(R‘P()l) < 00. Then,

inf  H(QOIP)= inf H(R|Py). 5.3.11
gertt , HQIP) = uf | HEIF0) (5.3.11)

Proof*. First we will show that for Q <« P,

dQo1

dQ
dP01 (Xo,Xl) Ep |:dP’ Xo,X1:| 5 P-a.s. (5312)

To this end, take an arbitrary A € o(Xo,X1). Then A = {(Xo,X1) € B} for some B €
B(R? x RY). We observe

Ep [dQOl (X07X1)1A:| :/ Qor (2)Po1(dz) = Qu1(B) = Eq[l{(xy,x,)eB}] = Ep [lA

dQ]
dP01 B dPOl

dP

leading to (5.3.12).
Next, represent the probability measure P by the disintegration formula

P(I') = /R dXRd(Pm)Z(F)POl(dz), I € B(W),

where {(Po1).},crixre is the family of probability measures on (W% B(W9)) as in Theorem
1.10. Then, take R € Py(uo, 111) and consider

Q) := /RdXRd(Pm)Z(F)R(dz), I € B(WY).

Note that Q € P (o, p1). For T' € B(W?), by R < Py; and Theorem 1.10,

dR dR dR
) =Ep | (Poy).(T — Ep |Ep[ip|Xo, X X0, X))| = E Xo, X1)| .

Q) =Ep | (Po1):( >dPo1 z (Xle)] P|: pllr|Xo ﬂdP (Xo 1)] P[ " 3P ——(Xo 1)]
This means that Q < P and

dQ dQo1 B d

aplw) = bo; (w(0),w(1)), w=(w(t))o<t<1 € WY, P-a.e.
Hence H(Q|P) = H(R|Py1). Therefore,

inf H(Q|P)< inf H(R|Py). (5.3.13)

Q'€P(p0,141) R/ €Ps(po,p1)

On the other hand, for @ € P(up, n1) with H(Q|P) < oo, applying Jensen’s inequality for
the conditional expectation for the convex function f(y) = ylogy —y + 1, y € (0,00), we have

s =2 o ()] <o s (49

>E [f (EQ [Zg‘xo,)g]ﬂ = Eq,, [log dQOl} > inf  H(R|Py).

dPy REPs (p10,411)

The last inequality and (5.3.13) leads to (5.3.11). O
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5.4 Numerical Methods for HJB Equations: Introduction

In the remainder of this chapter we discuss numerical methods for the terminal value problems
of the parabolic PDEs that arise as the HJB equations of stochastic control problems:

—0y(t,x) + F(t,z,v(t,z), Du(t,z), D*v(t,z)) =0, (t,z) € [0,T) x R,

o(T,z) = f(z), zeRY, (5.4.1)

where F: [0,T] x RE x R x R x S? — R. As we shall see in Chapter 7, under suitable conditions
including an ellipticity condition on F, the terminal value problem (5.4.1) has a unique viscosity
solution v.

Most popular numerical method is the finite difference method. This is powerful and math-
ematically harmless in the case of d = 1. However, its time complexity is growing exponentially
as d becomes large, and strong conditions need to ensure the rigorous convergence for d > 2.
We present this method in Section 5.5, following [12]; see also Ieda [18].

As an alternative, we present kernel-based collocation methods. To explain a basic idea, let
O C R? be a set on which functions to be approximated, I' = {x(l), e ,x(N)} be a finite subset
of O, and ® : O x O — R. Suppose that the matrix A := {@(w(i),:U(j))}m-:lw’N is invertible.
Then for any f : O — R, the linear equation

Aa = f|r

has a unique solution & = (av,...,ay)" € RN, where flr = (f(zM),..., f(z™)T e RV,
Namely, for f: O — R, the function

2

Z L)@z, 20)), ze o,

7j=1
interpolates f on I', where (§); denotes the j-th component of £ € RY. This suggests

fx)=I(f)(z), z€O.
Now, by a time-discretization of (5.4.1),

v(tg, x) = v(tgsr, ) — AtF (tgg1, x, v(ter1, ), Dv(tgy1, ), DZU(tkH,m)), xz e,

where tp, = kT /n, k =0,1,...,n, and At = T/n. Then by replacing the derivatives of v(tx41,-)
with those of I(v(tg+1,-)), we obtain

v(tg, ) ~ v(tprr, ) — ALF (tgy1, 2, v(tgg1, ©), DI(0(tgir, ) (), DI (v(tper, ) (2)), z € O.

This leads to a recursive equation backward in time that is determined by the collocation points
{to,...,tn} x I'. We analyze this method in details in Section 5.7.

In the next section, we present the finite difference method following [12]. As preliminaries
for the kernel-based collocation method, Section 5.6 is devoted to the review of the theory of
function approximations with reproducing kernels. We refer to [45] for a complete account.

5.5 Finite Difference Methods

In this section, we describe a finite difference scheme for approximate solution of HJB equations,
following the presentation of Fleming and Soner [12, Chapter IX]. The scheme is due to Kush-
ner, who used it to prove convergence of the discrete value function to the continuous one via
stochastic control and probability measure methods. An alternative convergence proof based on
viscosity solution techniques was introduced by Barles and Souganidis [3]. We also refer to Ieda
[18] for a related analysis.
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One-dimensional case

We consider the HJB equation

—Vi + H(z,D,V,D2V) =0 (5.5.1)
with terminal data
V(T,z)=9(x), zeR, (5.5.2)
where
H(z,p, A) = max —f(z,v)p — %a(w, v)A — L(z,v)|, (5.5.3)

a =02, and U is a compact control space. We assume that f,o, L, L, and v are bounded.
Consider a time step h > 0 and a spatial step 6 > 0. The approximating controlled Markov
chain has the one-dimensional lattice

Sh={r=3j6:7=0,41,%42,...} (5.5.4)
as state space. Let
[ (x,v) = max(f(z,0),0), [~ (z,v) = max(—f(z,v),0)

be the positive and negative parts of f. The dynamics of the controlled Markov chain are
specified by the one step transition probabilities:

pi(z, 2 +0) = 5% {“(:”2”) +(5f+(x,v)} :
Pz, —0) = 5% [a(”;’”) +(5f_(x,v)}, (5.5.5)

p’(z,x) =1—p“(x,z+0) — p’(z,z — §).
We require p¥(z,x) > 0, which imposes a restriction on h and §:
hla(z,v) + 8| f(z,v)|] < 6 (5.5.6)

for all (z,v) € R x U. We choose § = §(h) such that (5.5.6) holds.
Let tf =T — Mh and

Qb ={(t.a):t=th+kh, k=0,1,... .M, zexf}.

We denote the value function of the discrete problem by V" (¢, z) for (t,x) € Q. The dynamic
programming equation becomes

h : v h
V =m Vo (it + + hL 9.
(t,2) = min [Ey p*(x, y)VE(E+hyy) + h (x,v)] (5.5.7)
with terminal data V*(T,z) = ¢(z), z € $2.

Difference quotients and the explicit scheme

To rewrite (5.5.7) in a form resembling the HIB equation (5.5.1), we introduce the following
difference quotients. For any function W (¢, x), let

W(t,z +6) — W(t,x)

I —
AW = 5 ,
AZW = W(t,x) — ?/(t,a: - (5)7
(5.5.8)
9 W(t,x+0)+ W(t,x —0) —2W (t, x)
AZW = 5 ,
AW = W(t,x) — ZV(t — h, x)
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These are the forward, backward, and second order difference quotients in x, and the backward
difference quotient in ¢, respectively.
By using the transition probabilities (5.5.5) in (5.5.7), rearranging terms and dividing by h,
we obtain the explicit finite difference scheme:
—ATVE 4 H(z, ATV ATV A2V =0, (5.5.9)
where
a(x,v)

H(z,pT,p, A) = max —fH(z,0)pt + [ (z,0)p — >

A— L(z,v)| . (5.5.10)

The scheme is called explicit because the values of V" at time ¢t — h are explicitly determined
by the values of V" at time ¢, proceeding backward in time.

Remark 5.20

Observe that ﬁ(m,p,p, A) = H(z,p, A), so H is a consistent approximation of .
Remark 5.21: Monotonicity

If ¢(z) < ¢(z) for all z € X} and (%) = #(z), then

ATp(z) < ATp(z), A7) > A7¢(T), A%Y(T) < AH().
Hence, by (5.5.10),
H(z, AL d, Ay ¢, A2¢) < H(Z, A, Ay ih, A2ep).

This monotonicity property is a direct analogue of the maximum principle and plays an essential
role in the convergence analysis via viscosity solution methods.

Implicit scheme

If the backward time difference A; in (5.5.9) is replaced by a forward time difference A;", we
obtain the implicit finite difference scheme:

Wh(t,z) = Wh(t + h,z) — hH(z, AT W AZ W A2ZWH), (5.5.11)

where ATW", A2W" are evaluated at (,x). This is called a backward implicit scheme, since
nonlinear equations must be solved to determine W (¢, ) from W"(t4h,-). The implicit scheme
also has a stochastic control interpretation, under restrictions on h and ¢ similar to (5.5.6).

Multi-dimensional case

We now consider the case z € RY, d > 1, with f = (f1,..., f4) being Ré-valued and a = oo T =
(ai;), where a;; > 0 for ¢ = j. The d-dimensional lattice is

d
Eh:{xzéZjiei:jl,...,jdeZ}, (5.5.12)
i=1
where eq,...,eq is the standard basis.
A key condition for the construction of the finite difference scheme in several dimensions is
the diagonal dominance condition:

aii(w,v) = Y lagj(z,v)[ >0 (5.5.13)
J#i
foralli=1,...,d and (z,v) € R? x U. This condition ensures that the transition probabilities

of the approximating Markov chain are nonnegative. In the case that ¢ is constant, condition
(5.5.13) can always be achieved by a suitable rotation of coordinates making a diagonal.
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Remark 5.22

If the noise coefficient matrix o is constant, then (5.5.13) can always be achieved by a suitable
rotation of coordinates in R¢ such that a becomes a diagonal matrix. For non-constant o, the
diagonal dominance condition is a genuine restriction.

The step-size condition generalizing (5.5.6) becomes

d
1 2
hz aii(2,v) = 5 Z |aij(z,v)| + 8| fi(z,v)| | < 6% (5.5.14)
i=1 J#i
Fori=1,...,d and any function W (t,x), define the difference quotients
AiW =5 W (t,x + ;) — W(t,x)],

: . (5.5.15)
AW =62 [W(t, o+ de;) + W(t,x — de;) — 2W(¢t, )] .
For the mixed second-order derivatives (i # j), define
1
A;Fiij = 5(5—2 [2W (t,z) + W (t,x + de; + dej) + W (t,x — de; — de;)
— W(t,z + be;) — W(t,x — be;) — W(t,x + de;) — W(t,z — dej)],
(5.5.16)

1
Ay, W = —56*2 (W (t,z + de;) + W (t,x — de;) + W (t,z + dej) + W (t,x — de;)
— W (t,x + de; — bej) — W(t,x — de; + de;) — 2W (¢, z)].
The time derivative V; is replaced by A; V" V,, is replaced by A;:,Vh if fi(x,v) > 0 and by
Az VR if fi(x,v) < 0; Vi,a, is replaced by Aith; and for i # j, Vi,s, is replaced by A;fixj Vhif

a;j(z,v) > 0 and by A;ﬂj Vvhif a;j(z,v) < 0. This yields the d-dimensional backward difference
equation analogous to (5.5.9).

Convergence

The convergence of V" to the value function V as h — 0 can be established by the viscosity
solution method of Barles and Souganidis [3]. The key ingredients are three properties of the
finite difference scheme:

(i) Monotonicity: Fp(¢1) < Fp(¢2) if ¢1 < ¢2, where Fj, is the operator defining the scheme.
(ii) Stability: there exists a constant K independent of h such that |[V"|| < K.

(iii) Consistency: for every smooth test function w € C*2([0,T] x R%),

lim At [Frlw(s + h, ))(y) —w(s,y)] = wi(t,z) — H(z, Dyw(t, z), D2w(t,z)).

(s,y)—(t,z)
h—0

Theorem 5.23

Let V' be the unique bounded uniformly continuous viscosity solution of the HJB equation
(5.5.1)~(5.5.2), and let V" be defined by the explicit finite difference scheme (5.5.9) with
terminal data (5.5.2). Assume that 1) is bounded and uniformly continuous, and that the
monotonicity, stability, and consistency conditions hold. Then

lim  V(s,y) = V(t,z)

(s,y)— (t,@)
h—0

uniformly on any compact subset of Q.

For the proof, we refer to [12, Theorem 4.1] and also the Barles—Souganidis method described
in Section 7.5.
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Remark 5.24

As mentioned in Section 5.4, the finite difference method suffers from the curse of dimensionality:
the computational cost grows exponentially in d, since the number of lattice points in 28 N
[~ By, By]? is of order (2By,/8). Moreover, the diagonal dominance condition (5.5.13) is a
genuine restriction for d > 2. These are the main motivations for the kernel-based collocation
methods discussed in Section 5.7.

A numerical illustration

We illustrate the scheme on a one-dimensional bang-bang control problem. Take d = 1, dynamics
dXiy =vdt+ocdW;, v, eU = {_Vmax; +Vmax}7 (5517)

with ¢ = 0.3 and Vjpax = 1, no running cost (L = 0), terminal time 7" = 1, and the bounded
terminal cost

W) = —e 02

The Hamiltonian reduces to
H(xapv A) = Vmax|p‘ - %02A7

so the HJB equation (5.5.1)-(5.5.2) becomes —V; + Vinax|Va| — 202V, = 0 with V(T z) = ¢(z).

We truncate the spatial domain to [—L, L] with L = 3 and apply the explicit Kushner scheme
(5.5.5)—(5.5.7) with five pairs of step sizes 6 € {0.2,0.1,0.05,0.025,0.0125} and the corresponding
h chosen at 0.9 times the CFL bound from (5.5.6), namely h = 0.962 /(02 + 6Vinax), snapped to
a divisor of T. A Dirichlet boundary condition V" (¢, +L) = (+£L) is imposed at the truncation
boundary.

Figure 5.5.1(a) plots V"(0,2) obtained for each grid; visibly, the curves cluster tightly as
h,6 — 0, and lie well below the terminal cost 1 (dotted), reflecting the controller’s ability to
drive the state toward the minimum of ¢ in [0, T]. Figure 5.5.1(b) reports the sup-norm distance
to the finest-grid solution on the interval |z| < 2; the observed rate is roughly between O(v/h)
and O(h) in this range of refinements, consistent with the half-order viscosity-solution estimates
of Krylov for monotone schemes.

(a) Value function at t = 0 for several grids (b) Convergence to the finest-grid reference
0.0 T, — 0=02,h=0111 —O~ Kushner FDM (max error on |x| = 2)
— 6=0.1,h=0.0455 e 6lh)
—— 6=0.05, h=0.0159 e O/
—0.2 q —— 6=0.025,h=0.00488
: 6=0.0125, h=0.00137 =
>
e gfx) 9:
—0.4 <
3 3
(S —_—
Z <
Y S 102
S
=y
Sx
@
_08 4
-1.0
-3 -2 -1 0 1 2 3 102 107!
X time step h

Figure 5.5.1: Kushner finite-difference scheme on the one-dimensional HJB problem (5.5.17)
with 0 = 0.3, Vinax = 1, T = 1 and terminal cost 1(z) = —e~*"/2. (a) The approximate
value function V"(0,z) for five pairs of step sizes (6, h) satisfying (5.5.6); the dotted curve is
the terminal cost 1 (x). (b) Sup-norm distance to the finest-grid reference V"* on |z| < 2 as a
function of h, with reference slopes O(h) and O(v/h) overlaid.
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5.6 Function Approximations with Reproducing Kernels

Let O = {z € R?: |z — #|p < R}, an open ball centered at some & € R? with a radius R > 0
defined by some Euclidean norm | - o in R%.

Definition 5.25: W

say that ® : R? — R is a positive definite function if for every ¢ € N, for all pairwise distinct
y1,...,ye € R? and for all a = (oy) € RY\ {0}, we have

¢
Z aiozjq)(yi — yj) > 0.
ij=1
Moreover, ® is said to be a radial function if ®(-) = ¢(| - |) for some ¢ : [0,00) — R.

For f € L'(R?) the Fourier transform of f is defined by

&) =@m 2 | f@)e VT e, € R

Theorem 5.26

Suppose that ® € C(R?) N LY (R?). If ®(£) > 0 for any ¢ € R?, then @ is positive definite.

Proof. Since ® € C(RY) N L}(R?), we can apply the Fourier inversion formula (see, e.g., [50]) to
obtain

®(z) = (2m)"Y? / D(&)eV 1 ede, xeRY
Rd

Thus, for every ¢ € N, for all pairwise distinct y1,...,7, € O and for all a = (a;) € RY, we have

¢
Z i By — ;) = d/2/ Z Qe V=T(yi—y;)" 5¢(£)d£

i,j=1 i,j=1
— (9 —d/2/ V-Tyl¢
(2m) y Za e

Now suppose that Zij:l a;a;®(y; —y;) = 0. Then, since ® > 0, we have Zle eV =

0, dé-a.e. Hence, by continuity, Zle aieﬁyg € = 0 for any ¢ € R% Fix an arbitrary i €
{1,...,£} and consider f € C§°(RY) satisfying f = 1 on {x : |z — y;| < £/2} and f = 0 on
{z : |x — yi| > €}, where € > 0 is sufficiently small such that f(y;) = 0 for every j # i. Then by

the Fourier inversion,
¢
ai =Y o;f(y;) =0
j=1

Thus the theorem follows. O

2

D(€)de.

Example 5.27: Gaussian kernel

Consider the case where ®(x) = el z e R o> 0. It is straightforward to see that G(x) :=
e~ 17?72 2 ¢ R, satisfies G = G on R?. From this it follows that ®(&) = G(1/v2a)(2a)~%2 > 0.
Hence ® is positive definite on R?.

Example 5.28
Consider the case where ®(x) = (¢2 + |z|?)™", z € R, ¢ > 0, 8 > d/2. Then we confirm by an
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elementary analysis that

5 AN
30 =1 (&) Kyaate) >0, et
where

o0
1/y = 26_1/ Pt tdt,
0

and K,(z), z > 0, is the modified Bessel function of 3rd (2nd) kind given by
K,(2) :/ e=#o5h(®) cosh(vt)dt.
0

Hence ® is positive definite on R?.
Example 5.29
Consider the case where ®(z) = ¢4, (|x|). Here,

1
/ s(1—9)s?=r?) s, 0<r<1,
Gar(r) = /r
0, r>1,

where ¢ = max{k € Z : k < d/2} + 7+ 1. It is known that ® is positive definite on R? and in
C?™(RY). See [45]. For example,

¢12(r) = max{1l —r,0}°(8r% + 57 + 1),

(r) = max{1 — r,0}7 (217> + 1972 + 7r + 1),

¢1.4(r) = max{1 — r,0}°(3847* 4 45373 + 23712 4 63r + 7),

(r) = max{1 —r,0}'9(429* + 450r® 4 21072 + 507 + 5),

$2.5(r) = max{1 — r,0}1%(2048r° 4 2697r* + 1644r> + 5661% + 108r + 9),

where = denotes equality up to a positive constant factor.

¢ One of advantages in using Wendland kernel, which is complicatedly constructed and has
a limited smoothness, is that the corresponding interpolation matrix A is sparse.

e Another advantage is that a function space where the approximation works is relatively
easy to handle.

In what follows, let ® : R? — R be a fixed positive definite function, and we provide a
theoretical validation of the approximation I(f) ~ f.

Theorem 5.30

There exists a unique Hilbert space Ngp(O) C C(O) with inner product (-, )z (o) such
that

(i) ®(-—y) € No(O) for all y € O.

(1) £(y) = (£, 9 = y)a (o) for all f € Np(O) and y € O.

o We call N3(O) the native space.

o ® is said to be a reproducing kernel for Ng(O).
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Example 5.31: Gaussian kernel

In the case where @ is given by the Gaussian kernel,
Na(RY) = {f :RY R‘ / |F()Pel/ g < oo}
R4
and there exist c¢1, co > 0 such that for f € N@(Rd),
£1€)|2el61?/(4a) 2 F(£)|2l€1%/(4a)
oo [ FORI e < |11y oy < 2 [ 1F(E) P/

Here, for f € L'(R%), the function ]?is the Fourier transform of f, defined as usual by

Jle)=@m 2 | f@eTi e, ¢ R

Example 5.32: Inverse multiquadric kernel

In the case where ® is given by the inverse multiquadric kernel,
No®Y) = {78+ | [ IFOPIEN 2 Kapa-p(eleic < oo
and there exist c1,c2 > 0 such that for f € Np(R9),

er [ IFQPIE > Kapa-alclél)ds < 111y qun < 2 [ | IFEPIEI > Kapa-stciel)a
R4 Rd

Here, K, is the modified Bessel function of the third kind of the order v.
Example 5.33: Wendland kernel
In the case where ® is given by the Wendland kernel,

No®Y) = {7 5B 5 R| [ FOP+ 1) < oo
and there exist c1,co > 0 such that for f € N@(Rd),
Cl/ \f 2(1+ ¢ )T+ (d+1)/2g¢ < ||f||Nq> Ry < 62/ |f (14 ‘§|2)T+(d+1)/2d€.

That is, the native space is given by the L?-Sobolev space of the order 7 with equivalent norm.
Moreover, if 7+ (d + 1)/2 is a positive integer, then

NoRH) =< f: RIS R > /]Daf )z < oo

|| <T4-(d+1)/

We will show that the approximation I(f) ~ f works on the native space and the error can
be described in terms of || f||xz 0) = (f5 ) v /2 ) and

Ax := sup mln |z — )|
zc0J=1..N

That is, Az is the Hausdorff distance between I' and O.
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Figure 5.6.1: Approximation of el (d = 1). Gaussian kernel with & = 1, N = 11 and
Wendland kernel ¢; 3 for N = 11,21,41. T is set to be the uniform grid on [—2, 2] including the
boundary.
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Figure 5.6.2: Approximation errors of e~l711=I72l (¢ = 2). Wendland kernel ¢g4 for N =
1000, 2000, ..., 10000. T is generated by the quasi random number of Halton type on [—2,2]%.
The evaluations are done at 441 uniform grid points on [—1,1]? including the boundary.

123



Theorem 5.34

Suppose that ® € C2(R?). Then there exists a positive constant Cp o, only depending
on ® and O, such that for any f € Ng(0O),

|f(z) = I(f)(2)] < Co 0A%| flnp(0), T€O.

Outline of the proof.
Step (i). Observe ‘

sup [ f(2)] < max _[f(aP)] + KAz
zeO .7:1 7777 N

for any Lipschitz continuous function f on O where

K e sup @I
z,y€O0 ‘l' - y‘
zF#y

Step (ii). We will see that for any f € Ng(O) we have ||f — I(f)l|xp©) < [Ifllnp(0) and there
exists a constant C' > 0 such that

Ky < C[flng(0)-
O

If @ is of Gaussian or inverse multiquadric types, then we can obtain an arbitrary order of
convergence.

Suppose that ® is one of the Gaussians or the inverse multiquadrics. Let ¢ € N. Then
there exist a positive constants dp and C such that for any f € Ng(O), x € O, and
Az < 607

|f (@) = I()(@)] < CA) | fllna(o)-

In the case of Wendland kernels, we have the following:

Theorem 5.36

Suppose that ® = ¢4,(]-|) is the Wendland kernel. Then there exist positive constant dy
and C such that for any f € N3(O), x € O, and Az < dy,

|f(z) — I(f)(@)| < C(AZ) 2| flln0)-

5.7 Kernel-Based Collocation Methods

Construction

In this section, the function ® is assumed to be the Wendland kernel ®,, divided by some
positive constant with fixed 7 > 2. Let h > 0 be a parameter that describes approximate
solutions, T' = {z( ... (M} ¢ (=R, R)¢ with R > 1, and {to,...,t,} the set of time grid
points such that tx = kT'/n, k = 0,...,n. Then think of the interpolant

(g, x) = (A7 o) ®(x — 29, zeR?, (5.7.1)

M-

1

J
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of v = (v} |, ..., vt )T € RN to be specified below. Substituting this into the time discretized
equation ’ 7
v(tk+17 x) - ’U(tk, .I')
byl — T

= F(tk+17 xZ; U(tk-‘rb ))7

we derive the following equation for {v}}:

vZ‘i’Lj _’U]];L’j - (tk+1 _tk)Fk+17j(vlkl+1), k:(),...,n— 17 ]: 1,...’N.

Here, for any C?-function ¢ on R¢,
F(t,2;0) = F(t,2,¢(x), Dp(x), D*p(z)), = €RY,
and F j(vP) = F(t, 29);0"(ty, ). The terminal condition leads to vﬁ’j = fzU),j=1,...,N.

Thus, denoting Fy,(v}) = (Fx1(v}), ..., Frn(vf)T, we get

vp = vpyy — (tep — ) Frepr (), k=0,...,n—1,
vy = flr-

Consequently, we define the function v"(¢;, x), a candidate of an approximate solution of (5.4.1),
by (5.7.1) with {v!'} determined by the equation (5.7.2).

Remark 5.37
The linearity of the interpolant yields, for z € R¢,

(5.7.2)

V' (ty x) = 0" (b1, @) = (s — 8 (Fiepr (v)1)) (@),
where by abuse of notation we denote I(£)(z) = Z;VZI(A_%)]@(Q: —z) for £ e RN,

Let us describe our collocation methods in a matrix form. To this end, we assume here that
the nonlinearity F' can be written as

F(t, ;) = sup H(t,z, o(x), bz, 7)" Dp(), tr(a(z, 7) D*¢(x))),
TeK
where K isaset, b: RIx K - R% a: R x K - S% and H:[0,T] xRIxRxRxR = R. It
should be noted that the nonlinearities corresponding to Hamilton-Jacobi-Bellman equations are
represented in this form. Then, consider the function (b&l (r) :== ¢ (r)/r, > 0. By definition
of ¢4, the function ¢§3 is continuous on [0, c0) and supported in [0, 1]. With this function, we
have
Oz ®(z) = oW (22, = (21,...,24) € RL
Thus,
By(r) i= (be(@®, )0, @(a) — 20)) = Qu(r)(GeAr — A\Gy),
1<i,j<N
where Qg(m) = diag(bg(m(l),ﬂ),...,bg(a;(N),ﬂ)), Al = {qﬁgl(\w(i) — x(j)|)}1§i7j5N and Gy =
diag(a:él), .. ,xéN)). Hence,

RY 5 (be(x'), 7)(0/ 0, ) 1(€)(2D))1<icv = By(m)A7IE.

Similarly,
52 o) = { G (o) + o0 (et (€= m),
T 05 ()2 me, (€ #m),
where O
1dog ;
Ol (r) = (), =0



Notice that gzﬁffi is also continuous on [0, 00) and supported in [0, 1]. Thus,

T Ty

Bu(r) := {ame @, 1) o, @0 —a)}

is given by
Bm(7) = Quum (1) (A1 + G%, Ay — 2G, AsGy + AsG2)

and for m # ¢,
Bt = Que(m) (G GrAs — G AeGy — GpAGpy + A2GrGy)

with Ay = {¢{) (2@ — 2D hi<ijen and Que(m) = diag(ame(zD, 1), ..., ame(z™, 1)). Con-
sequently, we obtain

d d
Feg(vg) = sup H | ty, 2V, (Z Bm(ﬂ)Alvfi) DS BumATop
e m=1 i m,l=1
j ,

J
Numerical examples

Here we consider the following equation for our numerical experiments:

1
— 0w —= sup tr(6?D*) + G(v,Dv) =0, (t,x)e[0,1)x R,
0<o<1/5
d
v(l,z) = sin (1 + le> . x=(x1,...,2q9)" € RY,
i=1

where G(z,p) = (1/d) Z?:l pi — (d/2)info<y<1/5(0%z) for z € R, p = (p1,...,pa)" € RE Tt is
straightforward to see that the unique solution is given by v(t,x) = sin(t + Z?:1 x;).

We apply our method to this equation in the cases of d = 1 and d = 2. As mentioned in
Section 5.4, we use the interpolation method as a practical alternative to the regression one and
then show its usefulness through the numerical experiments below.

For each d = 1,2, we choose the parameter 7 = 74 of the Wendland kernel as m, = 4
and 7o = 15. We construct the set I' = I'y of collocation points as the equi-spaced points on

[—Rg4, Rq]?, where
Ry = 7gNV/d=1/(d+27a=3)

Here, 71 = 1/4 and 9 = 1/5. These choices come from the fact that Az ~ RN~ and the
interpolation error up to the second derivatives is O((Axz)7™@3/2) (see Corollary 11.33 in [45]).

To implement the collocation method, we use the matrix representation, by noting infy<,<1 /5 (o%y) =
—(1/5)? max(—y,0), with the uniform time grid. We examine the cases of n = 2% and n = 2!2.
Figures 5.7.1 and 5.7.2 show the resulting root mean square errors and the maximum errors,
defined by
(8, €) — v(ti, €)

Max error = max

€ely, i=0,....n ’

1 - 2
N bt €) — v(t:
RMS error =, | {om=s EGEF 'Eo [wh(t;,€) —v(t;, €I,
0 1=

respectively, where I'g is the set of 10%evaluation points constructed by a Sobol’ sequence on
[—1,1]¢ for each d = 1,2.
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CHAPTER O

Applications |l

In this chapter, we present further applications of the SDE theory and stochastic control, building
on the framework of Chapter 5 and the numerical machinery developed at the end of that chapter.
We begin with the classical Merton portfolio problem, a textbook application of the verification
theorem in mathematical finance whose closed-form solution illustrates the verification step in
full detail. We then turn to the Schrédinger bridge problem as a stochastic control problem
with a terminal-distribution constraint, whose feedback drift provides a generative-modeling
framework that complements the diffusion models of Chapter 4. Finally, the Almgren—Chriss
optimal execution problem is presented as a finite-horizon linear-quadratic mean-variance control
problem; integration by parts reduces it to a deterministic calculus-of-variations problem whose
explicit closed-form solution shows how the optimal liquidation trajectory front-loads as the
trader’s risk aversion increases.

6.1 Merton’s Portfolio Problem

The Merton portfolio problem [31, 32] is the canonical example of a stochastic control problem
in mathematical finance: an investor allocates wealth between a riskless bond and a risky stock
to maximize expected terminal utility. Owing to its linear-Gaussian structure and homothetic
utility, the value function and the optimal strategy admit fully explicit expressions, and the
verification theorem (Theorem 5.5) applies in textbook fashion.

The setting

We work in a Black—Scholes market consisting of a riskless bond with constant interest rate
r > 0 and one risky stock whose price {S;}o<i<7 satisfies

dS; = St(,u dt + O'th), So > 0, (611)

with constants g € R and o > 0, and a one-dimensional Brownian motion {W;}. Throughout
we assume u > 1, so that the stock has a positive risk premium p — 7.

The investor controls the portfolio fraction m representing the fraction of wealth invested
in the stock at time t, with the remainder 1 — 7; in the bond. Under self-financing, the wealth

process { X, " }o<i<r starting at X;%" = zp > 0 evolves as
dX;OT = X[ (r + m(p — r))dt + mo dWy]. (6.1.2)
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We restrict to admissible controls m = {7 }o<¢t<7, namely F-progressively measurable processes

for which X*0™ > 0 a.s. throughout [0, 7] and fOT m2dt < oo a.s. We adopt the constant relative

risk aversion (CRRA) utility
=

u(z) == = x>0, (6.1.3)

with risk-aversion parameter v > 0, v # 1 (the case 7 = 1 corresponds to logarithmic utility,
treated as a limit below). The investor’s objective is to maximize the expected terminal utility:

V(t,z) = supE[u(Xr}’m’W)], (6.1.4)
™
where X%*7™ is the wealth process (6.1.2) started at X} =z > 0 at time ¢.

The HJB equation and explicit solution

Following Section 5.2, the candidate value function V satisfies the HJB equation

HV + sup{x[r +m(p—1)|0,V + %71’202x28$$V} =0, V(T,z)=u(x). (6.1.5)
mTeR

Maximizing over 7 (assuming 0.,V < 0, to be verified) yields the pointwise optimizer

(b—7)0,V(t x)

T (t,x) = — 220V (ta) (6.1.6)
and substituting this back gives the reduced HJB equation
BV + a8,V — (“2;;" i (gi/‘f — 0. (6.1.7)
Motivated by the homotheticity of the utility (6.1.3), we make the ansatz
=
Vit,z) = T g(t), (6.1.8)

with ¢ a deterministic positive function. Direct computation yields 90,V = z77g, 0yV =
—yx~ 7" 1g, and 9,V = (1 — ) ta!™7¢’. Substituting these into (6.1.6) gives the celebrated
Merton ratio
* w—=r
= o
which is independent of (¢, z). Plugging (6.1.8) into (6.1.7) and dividing through by 177 /(1—7),
we obtain the linear ODE

(6.1.9)

g(t)+pg(t)=0, g¢(T)=1,
where

)2
p:=(1—7) [r + (l;ya?)} . (6.1.10)

Thus g(t) = =" and the explicit value function is
=

=T, (6.1.11)

V(t,ﬂ?) = 1—~
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Theorem 6.1: Merton’s solution

The value function defined in (6.1.4) is given by (6.1.11), and the optimal portfolio fraction
is the constant Merton ratio (6.1.9).

Proof. The function V in (6.1.11) is in C*2([0,7T] x (0,00)) and satisfies (6.1.5) together with
the terminal condition V (7', z) = u(z), by construction. To apply the verification theorem (The-
orem 5.5), it remains to check the integrability conditions on V' (¢, Xf ™) and on the martingale
terms generated by o X} 1 8,V (¢, X;™™). For the constant control 7 = 7*, equation (6.1.2)
reduces to a geometric Brownian motion (see Remark 6.3), and X»*™ has all moments, so the
integrability is straightforward. For an arbitrary admissible 7, a localization argument combined
with 0.,V < 0 yields E[V (t, X;"™)] > E[V(T, X5"™)] = E[u(X%"™)], with equality at 7 = 7*.
We refer to [38, Chapter 3] or to the original works [31, 32] for the full details. O

Remark 6.2: Logarithmic utility

The case v = 1 corresponds to logarithmic utility u(z) = log z. Letting v — 1 in (6.1.9)—(6.1.10),
the Merton ratio becomes 7* = ( — r)/0? and the value function takes the form

o).

V(t,z) =logz + (T —t)|r+
202

this is verified by the same argument as Theorem 6.1 applied to the ansatz V (¢, x) = logz+h(t).
Remark 6.3: The optimal wealth process

Under the constant Merton control 7 = 7*, the wealth equation (6.1.2) is a geometric Brownian
motion:
X/ =0 exp( [r+7*(p—71) — 3(7*0)*]t + %0 Wt>.

In particular, log X;* is normally distributed and the terminal wealth X7 is log-normal.

Numerical illustration

To illustrate the optimal solution, we take the parameters
w=0.08 r=002 0=020, y=2, T=5 z9=1,

which give the Merton ratio 7* = (u — r)/(y0?) = 0.75; i.e., the investor places 75% of wealth
in the stock at all times, regardless of its current value. Figure 6.1.1 (a) shows fifty sample
paths of the optimal wealth process (6.1.2) under m = 7*, together with the analytical mean
E[X;] = xoe™™ (#=))t Panel (b) shows the empirical distribution of the terminal wealth X
together with the theoretical log-normal density of Remark 6.3. Panel (c) compares the expected
terminal utility J(m) = E[u(X7"")] across constant strategies m € [—0.5, 2], evaluated by Monte
Carlo simulation; the maximum is attained at m = 7* = 0.75 and equals the closed-form value
V(0,z0) ~ —0.8086, confirming Theorem 6.1.

6.2 Schrodinger Bridge for Generative Modeling

The Schrodinger bridge (SB) of Section 5.3 is the prototypical example of a stochastic control
problem with a terminal-distribution constraint: the controller chooses a drift correction to a
reference Brownian motion so as to steer its law from g at time 0 to a prescribed law p; at
time 1 while paying the smallest possible relative entropy with respect to the reference. For
generative modeling, the relevant output of this control problem is not the static coupling alone
but the optimal feedback drift, since sampling from p; given a draw from pg requires actually
simulating the controlled SDE. This perspective has driven a recent line of work [7] that uses
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Figure 6.1.1: Merton’s portfolio problem with parameters (u,r,0,7v,T,x9) =
(0.08,0.02,0.20,2,5,1). (a) Sample paths of the optimal wealth process under the con-
stant Merton ratio 7* = 0.75, with the analytical mean overlaid. (b) Empirical distribution of
the terminal wealth X7. versus the theoretical log-normal density. (c) Expected terminal utility
J(m) (Monte Carlo, N = 8000 paths per 7) as a function of constant portfolio fraction 7; the
maximum is attained at the Merton ratio 7*, in agreement with the closed-form value V' (0, zo)
from Theorem 6.1.

the Schrodinger bridge either as a training objective for neural generative models or as a more
flexible alternative to the DDPMs of Section 4.4.

In this section we recall the dynamic SC formulation, give the explicit form of the optimal
drift via the Schrodinger potentials (5.3.4), describe how those potentials are computed in prac-
tice by the Sinkhorn algorithm, and close with a 2D illustration that includes both the static
coupling and the dynamic sample paths generated by the corresponding control.

Dynamic formulation and the optimal drift

Let {X?}o<t<1 be the reference Brownian motion with diffusion coefficient o > 0 and law P on
path space. The dynamic Schrédinger bridge problem (Section 5.3) asks for the path law

R* = argmin H(R|P°), R(uo, 1) := {R~ P': RoXy'=po, RoX;t= pi}, (6.2.1)
ReR(po,p1)

where H( -|-) denotes the relative entropy. By the Girsanov—Maruyama theorem (Theorem 2.23)
applied to any R € R(uo, p1), the path measure R is the law of a controlled diffusion dX; =
uy dt + o dWy, and a direct computation gives H(R |P°) = ﬁERfol |ug|?dt. The problem (6.2.1)
thus rewrites as the stochastic control problem

1 1
min ﬁE |:/ ‘thdt:| s.t. dXt = Ut dt + O'th, XO ~ Lo, Xl ~ M1, (622)
u o 0

a Mayer-type problem in which the usual terminal-state constraint is replaced by a terminal-
distribution constraint Xi ~ ug.

The structure of the optimal control of (6.2.2) follows from the analysis of Section 5.3.
Writing ¢; = dpj/dy for the density of the second component of the unique solution (g, itj) of
the Schrodinger system (5.3.4) and setting

Wt z) ==Eyn[er1(XD)],  (t,z)€[0,1] x RY, (6.2.3)

which by Feynman—Kac solves the backward heat equation (5.3.6), the optimal control of (6.2.2)
is the feedback drift
u*(t,z) = 0? Vg h(t,z), (6.2.4)
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and the optimal state process satisfies
dX; = o?Viogh(t,X})dt + o dW;, X{ ~ po. (6.2.5)

The drift (6.2.4) is the analogue, for a marginally-constrained problem, of the explicit Merton
policy of Section 6.1; in modern machine-learning terminology V log h is sometimes called the
bridge score [7].

Remark 6.4

DDPMs (Section 4.4) correspond to the half-bridge where the constraint X; ~ u; is replaced by
the marginal of the reference at time 1, namely N (0, I;). The constraint then becomes automatic
and the optimal drift in (6.2.5) reduces to the score Vlogp; of the forward process, which is
what the score network of a DDPM learns. A genuine SB with py = data distribution recovers
a generalized DDPM in which the noising marginal is no longer required to be Gaussian [7].

From dynamic to static: entropic optimal transport

To compute the feedback drift (6.2.4), we need the potential 1, which is determined by the
Schrodinger system (5.3.4). Equivalently (Section 5.3), the joint law of (X, X{) under R* has
density

R*(dw,dy) = ¢(x)@(y) p(0, z; 1,y) dz dy (6.2.6)

with p(0,z;1,y) given by (5.3.2). In terms of the cost c(z,y) := |y — z|?/2 and the entropic
reqularization parameter ¢ := o2, the coupling R* is the unique minimizer of the entropic optimal
transport problem

min /c($, y)m(dz,dy) + e H(m | po ® p1), (6.2.7)

m€ll(po,p1)

where II(uo, 1) is the set of couplings of g and u1. As ¢ — 07 the bridge converges to the
Monge—Kantorovich optimal transport plan [28, 34], while for ¢ — oo it tends to the trivial
product pg ® p.

Given the optimal coupling (6.2.6), an important bridging identity expresses the dynamic
optimal process (6.2.5) as a mizture of Brownian bridges between sampled endpoints: under R*,
the conditional distribution of {X; }o<i<1 given (X, X]) is the law of a Brownian bridge from
X to X7 with diffusion coefficient o. This decomposition is the basis of the practical sampling
scheme used in the numerical illustration below.

The Sinkhorn algorithm

When pg = %Zf\il 0, and pp = % Z;VZI (5y(,-) are empirical distributions on R¢, equation
(6.2.7) reduces to a discrete matrix scaling problem. Writing Cj; := c(z®,y)) and K;; =
exp(—Cjj/e), the optimal coupling matrix 7* = (ﬂ;‘j) € RVXN takes the form

7T2<j = Uj; Kij Uy, (628)

with positive scaling vectors u € R]>VO’ v E R]>V0 to be determined by the marginal constraints
ZKijvj = L, ZKZJUZ = L (629)
; Nui P ij

The Sinkhorn algorithm solves (6.2.9) by alternating updates

ulFt) /N i) o UN (6.2.10)

>, Ko > Kigul™

1
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This is the discrete-time analogue of the iterative proportional fitting procedure for the Schrodinger
system (5.3.4), and converges geometrically to the unique solution of (6.2.9) for any € > 0; see
[7] for a survey.

Given the optimal coupling 7*, the barycentric transport map

Zj 77;'} y(j)

=T~
225

provides a deterministic map from source samples to target samples; as ¢ — 0%, T' converges to

the (unregularized) Monge map between pg and p;. For generative modeling, sampling a target
point given a source () is performed by drawing j ~ ey / Zj/ W;kj/ and returning y7).

T(z™) : (6.2.11)

Numerical illustration

We take as source py = N(0, ) and as target u; a uniform mixture of K = 8 Gaussians of
standard deviation 0.30 centred on a circle of radius 3 in R?. Drawing N = 600 samples from
each, we apply the Sinkhorn algorithm (6.2.10) with quadratic cost and regularization ¢ = 0.10.
Given the static coupling 7%, the dynamic optimal process (6.2.5) is then sampled by the bridging
identity recalled above: for each trajectory we draw (X§, X]) ~ 7* and simulate a Brownian
bridge with diffusion coefficient o = /¢ between these endpoints.

Figure 6.2.1 reports the result. Panel (a) shows the source and target samples. Panel (b)
overlays the optimal coupling 7*, visualized by drawing 80 source-target pairs from 7* as line
segments; the bridge concentrates mass on transport plans that respect the geometry of ;.
Panel (c) shows 60 sampled trajectories of the dynamic SB (6.2.5) obtained by the bridging
construction: each path starts at a sample X ~ po, ends at the coupled X| ~ p1, and is locally
a Brownian-bridge fluctuation around the straight-line interpolant. The collection of endpoint
distributions reproduces g at t = 0 and pq at t = 1, realising the terminal-distribution constraint
of (6.2.2) in samples.

(a) Source and target samples (b) Sinkhorn coupling n* (€= 0.1) (c) Dynamic SB paths (Brownian bridges, 02 =¢ =0.1)

source o
4 target iy 4 4

o Yore >
0 ’,‘:,.':f : "?\ 0 % 0
3
5 % p ‘ .:.,*} Y 5 % - S 24
' 1
¢ é{,
Jat
- Ay
-4 -4 -4
-4 =2 0 2 4 -4 =2 0 2 4 -4 =2 0 2 4

Figure 6.2.1: Schrodinger bridge between a 2D Gaussian source and an 8-mode ring target,
computed by the Sinkhorn algorithm (6.2.10). (a) Source py and target p; samples (N = 600
each). (b) Optimal coupling 7* at regularization ¢ = 0.10, visualized as line segments for 80
source-target pairs sampled from 7*. (c¢) Sample paths of the dynamic SB (6.2.5): for 60 pairs
(Xg, X7) drawn from 7%, the trajectory is a Brownian bridge with diffusion o = /e = v/0.10
between the two endpoints; circles mark X (blue) and X7 (red).
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6.3 Optimal Execution

A central concern in the practical implementation of a large equity trade is that the trade itself
moves the market price against the trader. This market impact makes splitting the order across
time desirable, but selling too slowly exposes the trader to price volatility. The optimal execu-
tion problem of Almgren and Chriss [1] formulates this trade-off as a mean-variance stochastic
control problem with explicit closed-form solution; the LQ structure makes the verification the-
orem (Theorem 5.5) directly applicable, and the resulting optimal trajectory exhibits a clean
qualitative dependence on the trader’s risk aversion.

The model

A trader holds Xy > 0 shares of a single asset at time 0 and must liquidate the entire position
by a fixed horizon T" > 0. Let {z:}o<¢t<7 denote the position process and write v; := —i; for the
instantaneous trading rate (rate of selling), so that

dry = —vedt, x9=Xo, a7 =0. (6.3.1)

We consider deterministic trading strategies v : [0,7] — [0, 00) with fOT vpdt = Xo. The mid-
price evolves as a Brownian motion with linear permanent impact proportional to the trading

rate:
dS; = —yuvedt + o dWy, Sy = sq, (6.3.2)

where ¢ > 0 is the price volatility and v > 0 is the permanent-impact coefficient. Each share
sold during the infinitesimal interval [¢, ¢ + dt] is filled at the effective price S; —nuv;, where n > 0
is the temporary-impact coeflicient. The cash Cr accumulated by liquidation is

T
Cp = / (i = nv) vy dt, (6.3.3)
0

and the implementation shortfall
IS .= SoXo - CT (634)

quantifies the cost of execution relative to instantaneous fair-value liquidation.

Mean and variance of the shortfall

A direct application of integration by parts to (6.3.3), using dxy = —v; dt and fST vedt = x5 (0
that fOT Wivg dt = fOT x¢ dWy by stochastic Fubini), gives the decomposition

~ T T
0 0

Since the strategy v is deterministic, the stochastic integral in (6.3.5) is a zero-mean Gaussian
with variance o fOT z7 dt. Therefore,

T T
E[IS] = %X&Jrn /0 v2dt, Var[l§] = o2 /0 22 dt. (6.3.6)

Trading quickly (large v) inflates the temporary-impact cost 7 [ v2dt, whereas trading slowly
(large z for a long time) inflates the inventory risk o2 [ z2dt. The two terms point in opposite
directions and the optimal strategy resolves this trade-off.
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The mean-variance optimal trajectory

Following Almgren and Chriss, we minimize
T
J(v) := E[IS] + A Var[IS] = ng + / (v} + Aoz} dt (6.3.7)
0

over v satisfying (6.3.1), where the parameter A > 0 tunes the trader’s risk aversion (the case
A = 0 is risk-neutral; A — oo corresponds to maximal aversion to inventory risk). Since the
permanent-impact term 'ng /2 is independent of v, the problem reduces to the deterministic
linear-quadratic problem

T
Héii‘l / [nif + Ao?aildt, A:={ze CY[0,T];R): z¢= Xo, zr = 0}. (6.3.8)
z 0

The Euler-Lagrange equation associated with the Lagrangian L(z, 1) = ni? + Ao?2? is
ni; = Aoxy, x9 = Xo, w1 =0, (6.3.9)
a linear second-order ODE with the characteristic rate
k= \/Ad2/n. (6.3.10)
For A > 0 the unique solution of (6.3.9) is

. sinh(k(T — t)) . cosh(k(T —t))

= _ = _ 6.3.11
Tt O Sinh(kT) v o sinh(kT) ( )

and for A = 0 the optimum is the uniform liquidation z} = Xo(1 —¢/T'), v; = Xo/T, recovered
from (6.3.11) as K — 0.

Theorem 6.5: Optimality of the Almgren—Chriss trajectory

The strategy v* in (6.3.11) minimizes the mean-variance objective (6.3.7) among admis-
sible deterministic strategies.

Proof. The functional in (6.3.8) is strictly convex in & and convex in z, so any solution of the
Euler-Lagrange equation (6.3.9) satisfying the boundary conditions is the unique minimizer;
existence and uniqueness of the candidate solution is direct from the linear ODE (6.3.9), and
the verification is completed by integrating by parts to check that for any admissible perturbation
h with h(0) = h(T) = 0, J(z* + h) — J(z*) = [i] [nh* + Aah?|dt > 0. O
Remark 6.6

The same result can be obtained via the verification theorem (Theorem 5.5) by writing (6.3.8)
as a stochastic control problem with deterministic state x and Riccati ansatz V(t,x) =
A(t)z? + B(t); the associated Riccati ODE A’ = A2?/n — \o? admits the explicit solution
A(t) = /nAo? coth(k(T —t)) on [0,T), and the optimal feedback control v*(t,z) = (A(t)/n) x =
kcoth(k(T —t)) z at x = z} reproduces (6.3.11). Although the original problem is determin-
istic, the LQ structure of (6.3.8) makes it the natural finite-horizon LQR companion of the
infinite-horizon Merton problem of Section 6.1.

Remark 6.7: Limits and qualitative behavior

Two limiting regimes of (6.3.11) are particularly instructive.

o In the risk-neutral limit A — 0 (equivalently, k — 0), =} collapses to the linear schedule
Xo(1 —t/T) and the trading rate is constant. In this regime the only cost is temporary
impact, which is minimized by spreading trades uniformly.
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o In the risk-averse limit A — oo (k — o), z} decays as Xoe " over the initial part of [0, 7],
so that the position is liquidated essentially at t+ = 0. This corresponds to a “fire-sale”,
in which the trader pays a large temporary-impact cost to eliminate inventory risk.

Numerical illustration

Figure 6.3.1 reports the optimal holdings and trading rate from (6.3.11) for the parameters Xy =
1, T =1, n=0.05 0 = 0.30, and four values of the risk-aversion parameter A € {0,1,5,25},
corresponding to x € {0,1.34,3.00,6.71}. Panel (a) shows the holdings x}: at A = 0 they decay
linearly, while larger A produces increasingly front-loaded liquidation curves. Panel (b) shows
the trading rate v}: constant at Xo/7 = 1 for A = 0 and decreasing convexly toward zero for
A > 0, with an initial peak that grows with A.

(a) Optimal holdings x; (b) Optimal trading rate v,
7 o
1.0 4 —— A =0 (risk-neutral) —— A =0 (risk-neutral)
— A=1 — A=1
— A=5 6 — A=5
A=25 A=25
0.8 1
54
.o N
x 0.6 1 Q 44
5 g
£ o
=] £ 3]
2 041 B
=
24
0.2 1 —
1
0.0 = . . = 0 ; . . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
time t time t

Figure 6.3.1: Almgren—Chriss optimal execution with Xg = 1, T = 1, n = 0.05, ¢ = 0.30,
for risk-aversion A € {0,1,5,25}. (a) Optimal holdings x; from (6.3.11); the risk-neutral case
(A = 0) is the linear schedule Xy(1 — ¢/T'), and increasing A front-loads the liquidation. (b)
Optimal trading rate v}; constant equal to Xo/T for A = 0, and decreasing convexly toward
zero for A > 0.

Remark 6.8

Allowing the trader to use adapted (rather than purely deterministic) strategies does not im-
prove the mean-variance objective in this Gaussian setting: the optimal adapted strategy is
the deterministic schedule (6.3.11). A short Ité-calculus argument, given in [1], shows that any
feedback correction averages to zero under E and adds to Var[IS], so it is suboptimal.

136



CHAPTER [

Controlled Diffusions and Viscosity Solutions

As seen at the end of Chapter 5, in general we cannot expect the existence of smooth solutions of
HJB equations. The wviscosity solutions are the most useful and elegant notion for weak solutions
of nonlinear elliptic and parabolic partial differential equations (PDEs), as well as open up the
possibility of rigorous numerical analysis of HJB equations whose classical solutions might not
exist. In this chapter, we describe basic parts in the theory of viscosity solutions. We refer to
Crandall et.al [9], [12], [38], and [43] for more detailed accounts.

7.1 Dynamic Programming Principle

The dynamic programming principle (DPP) by Bellman [4] gives a recursive method of solving
optimal control problems. In discrete-time framework, by the dynamic programming, we can
directly obtain optimal control processes at least theoretically. In continuous-time, the situa-
tion is slightly different, and the DPP leads to nonlinear partial differential equations for the
stochastic control problems, so-called Hamilton-Jacobi-Bellman (HJB) equations. This section
is devoted to the statement and the proof of the DPP under mild assumptions, and in the next
section, the connection between the DPP and HJB equations are discussed.

Consider the stochastic control problem (5.1.6). Here we assume that the following is satis-
fied:

Assumption 7.1
(i) The set A is compact and convex in R%,
(ii) For each ¢ = b, 0, f, the function ¢ is continuous on [0, T] x R? x A.

(iii) There exists a positive constant Cy such that for each ¢ = b,0, f and for every
(t,t' 2,2’ a,d") € [0,T]? x (RY)? x A2,

|¢(t>$7 (1) - ¢(t/7 1:/7 (1/)| < CO|t - t/|1/2 + C(]|33 - ZE/| + C()|Cl - a“/|>
[9(t,z,a)| < Co.

(iv) The function g is bounded and uniformly continuous on R

o It follows from Assumption 7.1 that (5.1.7) and (5.1.8) holds. Thus, by Theorem 5.3, there

exists a unique solution { X5 };< <7 of (5.1.1) with initial condition X}™* = z for any
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(t,x) € [0,T] x R? and for any A-valued and adapted process a.

e The above fact together with the boundedness of g and f shows that A is the set of all
A-valued and adapted processes.

« We take here A = A.
The preceding arguments show that the value function

T
v(t,z) == in/f4E [g(Xélx’a) —i—/ f(s, Xt ag)ds|, (t,z)€[0,T] x RY, (7.1.1)
ac t

is real-valued. Moreover, Lemma 7.4 below means that v is bounded and Borel measurable.
In addition to Assumption 7.1, we make the following assumption:

Assumption 7.2

The filtration F is the augmented one generated by {W; bo<i<7.

Now the DPP is stated as follows:

Theorem 7.3

Suppose that Assumptions 7.1 and 7.2 hold. Let v be as in (7.1.1). Then, for any
t,s €[0,T] with t < s and € R? we have

ot = int B o5, X050 + [ X o
ac t

o Assumptions 7.1 and 7.2 can be weakened. See Krylov [27] for the DPP under a more
general setting.

The rest of this section is devoted to the proof of Theorem 7.3. There are several variations
for the proof of the DPP and all of them are lengthy and technical. Our proof is close to the
one in Nisio [35] and can be skipped on a first reading.

To obtain Theorem 7.3, we need several preliminary results. First we show the uniform
continuity of the value function.

Under Assumptions 7.1 and 7.2, the value function v is uniformly continuous on [0, 7] x R?.

Proof. Let s,t € [0,T] with s > ¢, z,y € R? and a € A. We write C for positive constants that
do not depends on particular points in [0,7] x R? x A and may vary from line to line. First
observe, for r > s,

XEoo _ XSUY — g gy /S b(u, X5 o, )du + /s o(u, X5 o, )dW,
t t
+ /T [b(u,XZ’x’a,au) — b(u, XV, au)} du
s
+ /T [o(u, X5, o) — o(u, X3V, o)| AW,
s
From this and Assumption 7.1, we obtain

r
E‘Xﬁ,z,a _ Xﬁ,y,a‘Z < C]a: o y’2 4 C(S _ t) + C/ E ‘thjx,a _ XZ7y,oz|2 du.
s

138



Thus, by Gronwall’s lemma,

sup E|XD — X592 < Clz — y> + Cls — t|. (7.1.2)
s<r<T

Now, by Assumption 7.1,
|U(t7 SU) - U(Sa y)|

S
< sugE@g(X;f’a) — g+ [ 17 X
ae t

T
+ [ U x e an) — g xpe, mw@
S

T
<C suEl [E|g(X€F’m’a) — g(X:‘;’y’a)| +(s—1t) —|—/ E\Xﬁ’w’o‘ — Xf’y’o‘|dr].
aE s

Since g is uniformly continuous, for ¢ > 0 there exists dp > 0 such that [g(z) — g(2’)| < ¢
whenever z, 2’ € R? satisfy |z — 2| < 8. Thus, by (7.1.2),

t? b b b t7 b b K
E|9(XTI a) - g(XIS“y a)‘ =K [|9(XT$ a) - g(X;y Oé)“{\XtTW“_X;’y»QK(;O} + 1{‘X;m,a_x%y,a‘25o}]

C C
<e+ %E\X?x’a — X P <e+ %(IS —t| + [ —yf?),

whence
1
o(t.0) = vl £ € (=4 gylls =t o =) 1ol 4o~y ) < €
0

whenever |z — y|, |s — t| < 81 := o1/ A 63e A . Thus the lemma follows. O

Suppose that Assumptions 7.1 and 7.2 hold. For any s,t € [0,7] with s > ¢, F;-measurable
random variable ¢ € L?, and o € A, there exists a Borel measurable map F,; on L? x
L2 x C([t, s]; R?) such that

X;S,E,a = Fs,t(ga «, (WT - Wt)tSTSS)’ a.8.

Proof. Fix s,t € [0,T] with s > t, Fi-measurable random variable ¢ € L?, and a € A.
Step (i). For any n € N, put

.An = {5 cA: ﬁ(?") = a(tk,n) for r € [tkz,nathrl,n)z k= 0, 1, ey 2" — 1},

where ty,, =t + (s —t)k27", and A= U, Ay,. Here we have denoted 8, = [(r) just for
notational convenience. Then, as in the proof of Lemma 2.3 we can show that there exists
{a™} c A such that

lim E/ la, — o |2dr = 0. (7.1.3)
t

n—o0

To prove (7.1.3), put a,, = ag for r < 0. Then define the adapted process {B,(«N)}OSTST with
continuous paths by

BN = 2N / aydu, N €N.
r—2—N
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Notice that S(V) € A since A is assumed to be compact and convex. Moreover, since SV is
differentiable a.e., we have BﬁN) — ., dt x P-a.e. This together with the boundedness of «
yields

T

E/ lay, — BN2 50, N — .

t
Further, put BﬁN’Z) = 5(N)(tk7g) for r € [tkn,tht1,n) and BﬁN’Z) = 7(«N) for r € [0,t) U [s,T],
¢ € N. Then, again 3NV e A for each N, ¢ and limy_, oo Bﬂv’e = @(«N) for any r and N by the
continuity of B, Consequently, we obtain

lim lim IE/ la, — BV 12dr = 0.
t

N—00 £—00

This means that there exists a sequence {(Ny, £,)}52; such that N,, ¢, — oo as n — oo and
that

mnE/|%—5WMU&h:a
t

n—o0

(n) — quNn L)

Thus the process ay , 0 <r <T,is the one we aim to construct.

)

Step (ii). Consider the sequence {Yk(n kK:"O of the random variables defined by

Y = Y b, VI ) (b — t) + ot i ) Wiy, — Wa)

for k = 0,1,..., K, — 1 with Yo(n) = £. Here we have denoted K, = 2 and t;, = U 2tn

)}.

for notational simplicity. That is, {Yk(n)} is the Euler-Maruyama approximation of {Xﬁ’$’a<n
Then, as in the proof of Theorem 3.14,

lim E[xL4" — v 12 = 0.

n—oo

Further, it is now straightforward to see
S
MX?”—X?MMPSCE/\W—QWFW
¢

for some constant C' > 0. Therefore, using (7.1.3), we obtain

lim Y = X050 as., (7.1.4)

n—o00 n

possibly along a subsequence.
On the other hand, by an inductive argument, YI((Z) turns out to be (&, o, (W — Wy)i<r<s)-
measurable. This and (7.1.4) together with Theorem 1.9 lead to the claim. O

For (t,z,a) € [0,T] x R% x A we write

T
J(t,x,a>:E[g<X§:m>+ [ rtsxtme e
t

Then of course v(t,z) = infaes J(t, 2,0), (t,2) € [0,T] x RY. Further, consider the set A; of
the controls o € A such that as = G5(W, — Wy)i<r<s) a.s. for some Borel measurable map G
on O([t, s]; RY) for each s € [t,T]. Then we have the following:
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Under Assumptions 7.1 and 7.2,

v(t,x) = inf J(t,z,a), (t,x)€[0,T]xR%

acA;

Proof. By Assumption 7.2 and Theorem 1.9, any o € A can be represented as a; = &, =
Gos({Wrto<r<s) a.s., s € [0,T], for some Borel function G, s on C([t,s];R?). Using the Itd
isometry, we find

S S
/ o(r, X% a,)dW, = / o(r, X2 &) dW,, t<s<T, as.
t t

for any ¢ € [0,7]. This means that X-™* = X5 ¢ < s < T, a.s. Further, by Lemma 7.5, we
find that for any s € [t,T], there exists a Borel function Fs; on R? x £2 x C([t, s]; R?) and G4
on C([0,];RY) x C([t, s];R?), t < r < s, such that

Xo0 = Fog(w, Ga, ((Wrdozr<e AWr = Wekizr<) AWr = Wikizr<s),  ass.
This together with the tower property of the conditional expectations yields
Elg(X;"*)] = E [E [g(xi%)| 7|
=EE [g(FT,t(xv Ga, ({(W; Yo<r<ts {Wy = Wiki<r<), AW, — Wt}tSTST))’ }—t”

=K _E {Q(FT,t(J»’, G (0 AWy — Wikicr<.), {W, — Wt}tSTST))} ‘¢:{WT}O<T<1§:|

=—FE E [Q(X;xﬁ((b))} ‘¢={Wr}ogr§j ’

where B(¢) = Ga.(¢, {W, — Wi }1<r<.). Similarly, we obtain
E[f(s, X0"* ay)] = B | E[f(s, X079, B(g), ]
5. X5, ] = B [ Bl 6, XE5 60N
Thus, since B(¢) € A;, we deduce

J(t7 x, O[) - E E[J(t, .’E7 ﬁ(¢))]‘¢:{WT}()ST§t] 2 E |:a}lel£t J(ta :C7 O[/):| - O}git J(t7 :ry a/)7

whence v(t,z) > infycq, J(t,z,a’). The converse inequality is obvious from A; C A. Thus the
lemma follows. O

Proof of Theorem 7.3. Fix s,t € [0,T] with s > t, and x € R%. By the uniqueness, X =
t,z,
X5% % as. for r € [s,T] and for a € A. As in the proof of Lemma 7.6,

_ Al

=E|E |:g(FT,s(§7 G‘a’,(qb, {Wr - Ws}SSTS-)a {Wr - Ws}SSTST»} ‘

E t,x, N [ 8, X0 o
[Q(XT ) =E _E g(XT )

£:X;YIYQ’¢:{WT}t<r<S:|

~E |Bl (3]

§X?I’av¢{wr}t<r<s] ‘
where B(¢) = Ga..(¢, (W, — W) s<r<.). Similarly,

EUmeﬂmﬂ=EFUMX%“%M@ﬂ‘ ]-
E=X" p={Wr}i<r<s
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Hence, for a € A,
s T
J(t,z,a) = Elg(X55%)] + E/ flr, X559 o, )dr +/ E[f(r, X5™%, o)) dr

t s

=K [E[J(s,Xﬁ’x’ﬁ(¢)}|¢:{wr}t<T<s] —i—E/ flr, XE5 o) dr

== t
>E [v(s,Xﬁ’x7a)] —HE/ f(r, X,f’%a,ozr)dr,
t

whence

S

v(t,z) > inf E [U(S,Xﬁ’“”"’) +/ fr, Xﬁ’m’a,ar)dr} .
acA t

To prove the converse inequality, let € > 0 be arbitrary and take d > 0 so that

lv(s,y) —v(s,y)| <e, sup |J(s,y,a)—J(s,9,a) <e (7.1.5)

acAg

whenever ¥, 7’ € R? satisfy |y — /| < 6. This is possible due to Lemma 7.4 and its proof.
Let {B,}52, C B(R%) be a disjoint partition of R? such that diam(B,,) < d. Then, for every
n, take x, € B, arbitrary. For this x,, there exists a,, € A such that

v(s,xy) > J(s,xn,a") — €.
From this and (7.1.5) it follows that, for each n,
J(s,y,a") <w(s,y) + 3¢, y€ By (7.1.6)

Now, fix a € A and define @ € A by

oo
ay = Oérl{rgs} + 1{r>s} Za?lgn (X?l’,a)’ 0<r<T.

n=1

Since each " is independent of Fg, as in the proof of Lemma 7.6,
o0 S
J(t,z,a) =Y E[J(s,X0™" a")1p, (XL")] + E / Flr, X5 o) dr.
n=1 t
This and (7.1.6) yield

S
u(t,z) <E [U(San’x’a) +/ f(r, Xﬁ’x’a,a,«)dr] + 3¢,
¢

leading to the inequality we wanted. O

7.2 Definition
Let F be a real-valued function on [0, 7] x RY x R x R x R? x §?, and consider the PDE
F(t,z,v(t, z), dv(t, ), Du(t,z), D*v(t,z)) =0, (t,z) € [0,T) x R% (7.2.1)

We are mainly interested with the case where F' is of the form

1
F(t,z,u,q,p, M) = —q+sup | —b(t,z,a)"p — §tr(0(t,x,a)a(t, z,a)"M) — f(t,z,a)|, (7.2.2)
a€A

which is the case of HJB equations.
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The function F is assumed to satisfy the ellipticity condition:
F(t,x,u, a,p, Ml) > F(t,ﬂ?, U, q,P, MQ)a (tal‘a u, Q7p) € [OvT] X Rd X R xR x Rda (723)
for My, My € S with My < Mo.

For A, B € S% we write A < B if B — A is positive semi-definite.

The function F is also assumed to satisfy the parabolicity condition:
F(t,z,u,qi,p, M) > F(t,x,u,q2,p, M), (t,x,u,p, M) € [0, T]xRIxRxRIxS, (7.2.4)

for q1,¢92 € R with ¢1 < go.

The nonlinearity F' defined by (7.2.2) clearly satisfies (7.2.3) and (7.2.4).

To motivate the notion of viscosity solutions, let us assume that a classical subsolution
v of (7.2.1) exists, i.e., (7.2.1) holds with = replaced by <. Let ¢ € C*2([0,T] x R%) and
(t,x) € [0,T) x R? be a global maximum point of v — ¢. By adding a constant if necessary, we
can always assume that (v — ¢)(¢t,z) = 0. Then, we have the three conditions

o(v—)(t,z) >0, D(v—p)(t,x) =0, D*w—¢)(tz)<O0.

Note that the first inequality holds with equality if ¢ > 0. From these conditions, (7.2.3) and
(7.2.4) it follows that

F(t,x,o(t,z), 0pp(t, x), Dp(t, x), D2g0(t,:l:)) < F(t,z,v(t,z), 0w(t,z), Du(t, z), D2v(t,:r)) <0.

Thus the subsolution property holds at (¢, x) for the test function ¢.
Similarly, let v be a classical supersolution of (7.2.1), i.e., v satisfy (7.2.1) with = replaced by
>. Then for any ¢ € C*2(]0,T] x R?) such that ming ,yep0,7)xre (v —¢)(8,9) = (v—9)(t,z) =0,

F(t,x,(t,x),0up(t, x), Dp(t, x), D*p(t,z)) > 0.

Definition 7.7
Let F:[0,7] x R? x R x R? x S — R satisfy (7.2.3) and (7.2.4), and let v € C([0,T] x R%).

(i) We say that wu is a viscosity subsolution of (7.2.1) if
F(ta Z, Sp(t7 l’), 8t90(ta 33’), D‘P(tv 13), D2§0(t7 l‘)) <0

for all o € CY2([0, T xR?) and (t, ) € [0, T) xR? such that Max(s (0,7 x4 (V—P) (8, y) =

(ii) We say that u is a wviscosity supersolution of (7.2.1) if
F(t,z,o(t,x),0p(t, ), Do(t, ), D*¢(t, x)) > 0

for all ¢ € C12([0, T] xR?) and (t,z) € [0,T) x R? such that ming ,yep0,7)xre (V—9)(8,y) =
(U - @)(t,l‘) =0.

(iii) We say that v is a wviscosity solution if it is both a viscosity subsolution and a viscosity
supersolution.

7.3 Comparison Principle

The comparison principle is a key property for uniqueness of viscosity solutions, and is an
important ingredient in numerical analysis of fully nonlinear parabolic PDEs.
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An equivalent definition of viscosity solutions

We need an alternative definition of viscosity solutions in terms of superjets and subjets.
Observe that for U € C([0,7] x RY), » € CH2([0,T] x RY), and (t,x) € [0,7) x R? with
max s o, 1) x4 (U — ©)(s,y) = (U — ¢)(¢, ), the Taylor expansion up to second order terms
yields

U(s,y) SU(t,x) + ¢(s,y) — p(t, )

U
Ul(t,z) + Orp(t, ) (s — t) + Dp(t,z) T (y — z)
_I_

S (=) D%e(t,2)(y — 2) + ofls — t] + Iy — ).

This leads to the following definition: for U € C([0,T] x R%) and (t,x) € [0,T) x R?, the set
P2HU(t,z) is defined by

PETU(t,x) = {(q,p,M) eRxRYxSe:

. Ut+haz+y) —U(t,z)—qh—p'y — 5y" My
lim inf 5 >0,.
(h.y)—0 |h| + |y

Similarly, we define the set P>~ U(t,x) by the

PEU(t,z) = {(q,p, M)eR xR xs?:

. Ut+ha+y) —Ult,a) —gh—p'y — 5y" My
lim sup 5 <0;.
(hiy)=0 Al + [yl
e The sets P>TU(t,z) and P>~ U(t,z) are called the superjet and subjet of U at (t,x),
respectively.

o Compare the definitions of the super/sub-jets with that of the subdifferential in convex
analysis, if you are familiar with it.

o By definition, for U € C([0,T] x RY), p € C12([0,T] x R?), and (t,x) € [0,T) x R? with
maX(s,y)E[O,T)XRd(U - 90)(8’ y) = (U - Qp)(ta 55)3
(Orp(t, @), Do(t, ), D2p(t, ) € P2HU(, ).
« The converse implication of the claim just above holds true, i.e., for any (t,z) € [0,T) x R?

and (Qa b, M) € P2’+U(t, ZE), there exists p € 61172([07 T] XRd) satisfying maX(S,y)G[O,T)XRd(U_
©)(s,y) = (U — ¢)(t,x) such that

(a0, M) = (dp(t, ), Dip(t, ), D*¢(t, x)) -
See [12, Lemma 4.1] for an explicit construction of such ¢.

o A similar characterization holds for the subjet. Consequently, for given (¢, z) € [0,T) x R?,
a point (q,p, M) € P>~ U(t,x) if and only if there exists ¢ € CH2([0,T] x R?) satisfying
ming ,yep0,7)xre (U — ©)(s,y) = (U — ¢)(¢, ) such that

(a0, M) = (Oup(t, x), Dep(t, x), D*p(t, x)) .

 The closures of the subjets and superjets are theoretically useful. We define P>+ U (¢, x)
by the set of the points (¢, p, M) € R x R% x S? for which there exists (t,, Zpn, Gn, P, My) €
[0,T) x R x P2FU(t,x), n € N, satisfying (tn, Tn, Gn, Pn, M) — (t,2,q,p, M). The set
P2=U(t,z) is defined similarly.

With the preliminaries above, we have the following:
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Proposition 7.8

Let F:[0,T] x R x R x R? x S — R be continuous and satisfy (7.2.3) and (7.2.4). Then
u € C([0,T] x RY) is a viscosity subsolution (resp. supersolution) of (7.2.1) if and only if
for any (¢,z) € [0,7) x R? and (¢, p, M) € P>*u(t,z) (resp. (¢,p, M) € P>~ u(t,z))

F(t,z,u(t,x),q,p, M) <0 (resp. > 0).

Comparison principle

The Ishii’s lemma is a key to the proof of the comparison principle. Since the proof of this result
is lengthy and technical for our introductory notes, we refer to Theorem 8.3 in [9] and [43] for
details.

Lemma 7.9: Ishii’s Lemma

Assume that F : [0,T] x RY x R x R? x S* — R is continuous and satisfies (7.2.4), and
F(tax>u7Q7p7M) = F(taxau)o7p>M) )

for any (t,z,u,q,p, M) € [0,T] x RE x R x R x R? x §¢. Let U,V € Cy([0,T] x R?)
be a viscosity subsolution and a viscosity supersolution of (7.2.1), respectively. Let ¢ €
CL122([0, T]x [0, T xR xR?) and (£, 5,7, 9) € [0,T)x[0,T) xR?xR? be a local maximum
of U(t,x) — V(s,y) — ¢(t,s,x,y). Then, for every n > 0, there exist My, My € S? such
that

5,2,9), My) € PPTU(L, ),
t,5,2,9), Ma) € PP~ U(L, z),

My 0 2 r s o5 o 2 __ _\\2
( 0 _M2> < D:,¢6(t,5,2,9) +n(DF 05 5,79)" .

 The space CL122([0, T] x [0, T] x RY x R?) is defined similarly as in the case of C12([0, T x
RY).

Hereafter, we assume that the function F': [0, 7] x R? x R x R% x S — R is represented as

1
F(t,:v,u, q,Dp, M) = —q + 5“ + sup —b(t,m,a)Tp - §tr(0(t,x,a)a(t,x,a)TM) - f(t,x,a)

a€A
(7.3.1)
for (t,x,u,q,p, M) € [0,T] x R x R x R x R% x §%, where § € [0, 00), the set A is a subset of
R%  and each ¢ = b, 0, f satisfies that there exists a constant Cy > 0 such that

\d)(t,x,a) - ¢<$7yva)| < Co‘t - S| + CO|:E - y|

for (t,5,2,y,a) € [0,T] x [0,T] x R x R x A.
Now we are ready to prove the comparison principle.

Theorem 7.10: Comparison principle

Suppose that (7.3.1) holds. Let U,V € Cy([0,T] x RY) be a viscosity subsolution and a
viscosity supersolution of (7.2.1), respectively. If U(T,-) < V(T,-) on R then U <V on
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[0,T] x R%.

\.

Proof*. Step (i). Notice that for any & > 0, the function U(t, z) := e"U(t,z), (t,z) € [0, T] xR,
is a viscosity subsolution of (7.2.1) with F' replaced by

1
F(t,z,u,q,p, M) = —q+(B+K)u+sup —b(t,:z:,a)Tp — itr(a(t,x, a)o(t,x,a)TM) — e f(t,z,a)l .
acA

Indeed, let g~5 € CY2([0,T]) x RY) and (t,x) € [0,T) x R? be such that max (s )ejo,7)xrd (U —
$)(s,9) = (U = ¢)(t,) = 0, and put ¢(s,y) = e **@(s,9), (s,y) € [0, T] x R?. Then,

(U = @)(5,9) = (U = @)(5,y) < (U = @)(t,2) =0 = (U = 9)(t, ).
Thus, (t,x) is also a global minimum point of U — ¢, whence by the subsolution property,
F(t,z,o(t,z), Dp(t,z), D*¢(t, x)) < 0.
This together with dyp(t,z) = e " (0:p(t, x) — kp(t, z)) yields
E(t,z, ¢(t,x), D(t,x), D*¢(t, z)) < 0.

Hence U is a viscosity subsolution of F' = 0. A similar relation holds for V, and so we may
assume that § > 0 without loss of generality.

Step (ii). Set ¢(t,z) = e (1 + |z|?), (t,x) € [0,T] x R% where A > 0. Then, it is
straightforward to see that for (¢,z) € [0,T) x R?,

Opp(t,x) — B(t, ) + sup |b(t,z,a) T Di(t, x) + %tr(a(t, z,a)o(t,z,a)T D?)(t, x))

acA
< e M1+ [z)(-A - B+ ), (7.32)
for some positive constant c;. Further, for 6 > 0 the function V5 := V + §¢ is a viscos-

ity supersolution of (7.2.1). Indeed, let ¢ € C%2([0,T] x R?) and (t,z) € [0,T) x R? be
such that ming 7). ra(Vs — ©)(s,y) = (V5 — ¢)(t,z) = 0. Then ming 7),ga(V — ¢5)(s,y) =
(V — @s)(t,z) = 0, where p5 = ¢ — 0¢b. The viscosity supersolution property means that
F(t,x,05(t, ), Dps(t, ), D?ps(t,x)) > 0. This and (7.3.2) with the choice A > —f + ¢1 yield
0 < F(t, 2, 05(t,3), Ds(t, ), D*p5(t, x))

< F(t @, (t,x), Do(t,x), D?p(t,2) + e (1 + |a*) (=X = B+ c1)
< F(t,z,(t,x), Dop(t, x), D*p(t, ),
whence the claim.

Step (iii). We will show that U(t,z) < Vj(t,z) for all (t,2) € [0,7] x R% and § > 0, which
leads to the claim of the theorem. To this end, assume that ¢ := sup; 4)c(0,7)xre (U —V5)(t, ) > 0

for some § > 0. Since

lim sup (U - V5)(t,z) = —o0,
[zl>00 1e[0.7]

there exists a bounded open subset O of R¢ such that

) vt 7.3.3
‘ (tam)gﬁ%)xo( 5)(t,x) ( )

Take a sequence (tn, Sn, Tn, Yn) € [0, T] x [0,T7] x O x O, n € N, that maximizes the function ®,,
on [0,7] x [0,T] x O x O by

(Pn(t787x7y) = U(t,.’[‘) - %(Say) - ¢n(t78,$,y)
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with n
¢n(t7 S,.I',y) = 5 (‘t - 8‘2 + ’x - y‘z)
for any n € N, where O denotes the closure of O. Further, we write ¢, for the maximum of ®,,.

Then we have
(Cny On(tn, Sn, Tnyyn)) — (¢,0), n — oo. (7.3.4

~—

To prove this, note that the bounded sequence {(t,, $n, Tn, Yn) }nen converges to some (¢, 5, T
[0, 7] x [0,T] x O x O possibly along a subsequence. Since U(t,,xn) — Vs(Sn,Yn), n >
bounded, it follows from

m

80)
1, is

c < cn S U(tn, Tn) — Vs(SnsYn) — Onltn, Sn, oy Yn) < Ultn, Tn) — Vs(Sn, yn)
that ép,(tn, Sny Tn,Yn), n > 1, is also bounded. This means that ¢ = § and T = g, whence

¢ < lim (U(ty, xn) — Vs(sn,yn)) = Ut ) — Vs(t,T) < c.

n—oo

From this and (7.3.3) it follows that ¢ = U(¢,z) — V(¢,Z) and (¢,Z) € [0,T) x O, which leads to
(7.3.4).

Step (iv). Since (ty, Sn, Tn, yn) converges to (¢,t,Z,z) € [0,7) x [0,T) x O x O possibly along
a subsequence, we may assume that (¢,, sp, Zn,yn) € [0,T) X [0,T) x O x O for all n. We apply
Lemma 7.9 with these points, ¢,’s, and n = 1/n. Direct computation gives 9y (tn, Sn, Tn, Yn) =

_as¢n(tm Sny T,y yn) = n(tn_sn) and Dx¢n(tn7 Sny T,y yn) = _Dy(z)n(tna Sn, xnlyn) = n(xn_yn)-
Thus there exist M7, My € Sd_ such that (n(t, — sn),n(xn — yn), M1) € P>TU(zp,y,) and
(n(tn — 8n), n(Tn — Yn), M) € P>~ Vs(xpn, yn). Proposition 7.8 now implies that

—n(tn — $n) + BU (tn, xn) + F(tn, zn,0,0,n(xn — yn), M1)

<0,
_n(tn - Sn) + ﬂ%(snv yn) + F(Sn7 yna 07 07 n(xn - yn)7 MQ) Z 07

so that

/B(U(tn>$n) - V(S(Snuyn))
< F(SpyYn, 0,0, n(xy, — yn), Ma) — F(tn,xn,0,0,n(zy — yn), M1)

1
< Conltn, SnsTn,yn) + 9 Sug tr(o(sn, Yn, @) (Sn, Yn, a)TMZ) —tr(o(tn, Tn, a)o(tn, Tn, a)TMl)
ac

for some constant C' > 0. Here we have used (7.3.1) to derive the last inequality. By the Ishii’s
lemma and

- Iy -1
Divygbn(ta vavy) =n <_-(;d Idd> )
My 0 Iy —1Ig

< .
(0 )= (5 0)

tI‘(O’(Sn, Yn, a)0<3n7 Yn, a)TMQ) - tr<0'(tn; L, a)U(tnv Tn, Q)TMI)

b (2 (f‘gl _34)) < 3ntr <2 < o }jd))
— 3ntr ((U(sn, Yns @) — (b, Ty @)) (0 (5n, Y, @) — 0 (Ens T, a))T)

= 3n|a(5naynaa) - O'(tmxnaa)|2 < Cgbn(tnasna«rmyn)

we obtain

This and (7.3.1) yield
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for some constant C’ > 0 uniformly on A, where

Y — <U(Sn7yn7a)0(5n7yn7a)T U(Smynaa)g(tmxnaa)-r>

U<tm Tn, (L)O'(Sn, Yn, a)T G(tna Ln, a)a(tn, Ln, a)T
Therefore,
/B(U<tna xn) - V6(3n7 yn)) < C//¢n(tn7 Sny Tn, yn)
for some C” > 0, whence by (7.3.4) we have ¢ < 0, a contradiction. O

7.4 HJB Equations in the Viscosity Sense

Recall that the value function v of the stochastic control problem in Section 7.1 is given by
T
v(t,z) = ianAE [g(X%x’a) +/ f(s, Xb% ag)ds|, (t,z)€[0,T] x R
ac t
The corresponding HJB equation is

-0V (t,x) + sug [—b(t,x,a)TDV(t,a:) — %tr((UUT)(t,$)D2V(t,$)) — f(t,z,a)| =0, (7.4.1)

on [0,T) x R? with terminal condition v(T,z) = g(z), z € R%

Suppose that Assumptions 7.1 and 7.2 hold. Let v be defined by (7.1.1). Then v is a
unique viscosity solution of (7.4.1) satisfying v(T,-) = g on R%.

Proof. First note that v € Cy([0,T] x RY) by Assumption 7.1 and Lemma 7.4. Let ¢ €
CY2([0,T] x RY) and (t, ) € [0,T) x R? that is a global maximum of v — ¢ with v(t,z) = ¢(t, z).
For this ¢ we define the function ¢ on [0, 7] x R? by

d(s,y) = @(s,4)¢(s,y) + 2 sup (s, y)|(1—C(s,9), (s,y) €[0,T] x RY,
(s',y")€[0, T xR4

where ¢ € C§°([0,T] x RY) is such that 0 < ¢ < 1 on [0,7] x R%, ( = 1 on By(t,z), and ¢ = 0
on R%\ By(t, ). Then, ¢ € C2([0,T] x R?) and

(’U - ¢>(37y) - (’U - (p)(sﬂl/)C(s?y) + (’U —2 sup ‘U’> (Svy)(l - C(S7y)> <0= (U - (b)(t,l‘)

[0,T]xRd

Applying Theorem 7.3 and It formula for ¢, we see

t+h

o(t.) = u(t0) <B o0+ n X0+ [ J(s. X0, 0y
t

t+h
=K |:¢(t7 '1') + / [8t¢<87 ng’a) + Ha(sa X;,w,a’ D¢(57 X£7x7a)> D2¢(57 X£7x7a))] ds
t

t+h
+ Do (s, Xt T (s, Xﬁ’m’“)dWs]
t

for any a € A. Since o is bounded and ¢ € 02’2([0, T] x R?), the expectation of the It6 integral
term in the inequality just above vanishes. Then, dividing the both side by h and letting h — 0,
we obtain

Od(t,z) + H(t,z, Do(t,x), D*¢(t,x)) <0, a€ A,
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whence
—Oyp(t, @) — inf H(t, 2, Dip(t, z), D*¢(t, z)) < 0.
ac

Thus v is a viscosity subsolution.

Let ¢ € CY2([0,T] x RY) and (¢,z) € [0,7) x R? that is a global minimum of v — ¢ with
v(t,x) = ¢(t,x). As in above, we can modify ¢ to be in C;’Q([O,T] x R%). By Theorem 7.3, for
any € > 0 there exists a® € A such that

t+h

v(t,x) + he > E [U(t + h, Xff,ff) + (s, X100~ ag)ds] :
t

The condition on ¢ and the Itd formula yield

1 t+h £ £ £ £ €
e2 0B [ [l XU 4 H (s, X050, Dip(s, X07), Dl X1 ))] s
t

1 t+h £ 154 £ £

> hE/ [&so(s,Xé’x’“ )+ inf H(s, Xo™, D (s, X0), D (s, X0 ))} ds.
t ac

Since D?¢ is uniformly continuous by the modification as in above, the function

s B inf H(s, X;™, Dgp(s, Xo™), D?p(s, X))

is continuous on [¢,t + h]. Indeed, by Assumption 7.1, ¢ € C; 2([0,T] x RY) and the uniform
continuity of D2y, for €1 > 0 there exits § > 0 such that

inf H(s,y, Do(s,y), D*p(s,y)) — inf H“(S’,y’,D@(S’,y’),D%(S’,y’))‘ <e
ac ac

whenever |s — §'| + |y — ¢/| < . From this and the arguments as in the proof of Lemma 7.4 we
find

‘E inf H(s, X;™, Dip(s, X;™), D*(s, X))

: t7 ) t7 ) tv k]
. E;gg HG(S/,XS/I a,DQO(S/,XS/I a),D2§0(S/,X8,x a))

1 c’
< e+ C— supE| XL — Xz}m’a|2 <eg + ﬁls &)< (1 +C"ey

62 a€A

whenever |s —s'| < 0 := 62 AJ, where C and C’ are some positive constants. Thus the required
continuity follows.

Then using the mean-value theorem and letting h — 0, we have
e > Qp(t, @) + inf H(t,, Dp(t,x), Do (t, 2)),
whence letting € — 0,
—Op(t,x) — 61I€11f4 H(t,x, Dp(t, z), D*p(t, x)) > 0.
Thus v is a viscosity supersolution.
The uniqueness immediately follows from the comparison principle and the boundary con-
dition. O

Theorem 7.11 and the definition of viscosity solutions lead to the following corollary:
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Corollary 7.12

Suppose that Assumptions 7.1 and 7.2 hold. If the function v defined by (7.1.1) is in
CH2([0, T] x RY), then v is a unique classical solution of the HJB equation (5.2.1).

7.5 Approximation of Viscosity Solutions

Suppose that we want to prove that a given family {v,} of functions converges to a solution
v of the nonlinear PDE (7.2.1). In that case, of course we cannot execute a routine error
analysis by assuming a smoothness of v. Thus we are led to work in the framework of viscosity
solutions. Then, it is often difficult to know a priori that the limit lim,,_,~, v, indeed exists and
is continuous if it exists. The notion of discontinuous viscosity solution is useful in handling
these technical problems.

Discontinuous Viscosity Solutions

Let u be bounded function on [0,T] x R%. We define the upper semi-continuous envelope u* of
u by
uw (t,z) = limsup u(s,y), (t,z) € [0,T]x RY,

(s,y)—(t,z)
(s,y)€[0,T]xR4

and the lower semi-continuous envelope u, of u by

us(t,x) = (qhyr)n_)l(rtni) u(s,y), (t,z)€[0,T] x RY.
(s,9)€[0,T] xRd

o u* is the smallest upper semi-continuous (u.s.c.) function that is greater than or equal to
u.

o uy is the largest lower semi-continuous (l.s.c.) function that is smaller than or equal to w.

Definition 7.13
Let F: [0,7] x R x R x R x S — R satisfy (7.2.3) and (7.2.4), and let u : [0,T] x R — R be
bounded.

(i) We say that u is a discontinuous viscosity subsolution of (7.2.1) if
F(t,z, o(t, ), dip(t,w), Dp(t,x), D*p(t,2)) <0

for all ¢ € CY%([0,T] x R?) and (t,z) € [0,T) x R? such that MAX (s e 0.7 ke (VF —
©)(s,y) = (v —@)(t,z) =0.

(ii) We say that u is a discontinuous viscosity supersolution of (7.2.1) if
F(t,z,0(t, @), p(t, ), Dplt, ), D*p(t, 2)) > 0
for all o € C12([0, T]xR%) and (¢, z) € [0, T)xR¢ such that ming ye(0,7)xre (Vs —9)(8,Y) =
(02 — @)(t2) = 0.

(iii) We say that v is a discontinuous viscosity solution if it is both a discontinuous viscosity
subsolution and a discontinuous viscosity supersolution.

Under the framework of the discontinuous viscosity solutions, we still have the comparison
principle.
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Theorem 7.14: Comparison principle

Suppose that (7.3.1) holds. Let U,V : [0,7] x RY — R be a bounded discontinuous
viscosity subsolution and a bounded discontinuous viscosity supersolution of (7.2.1), re-
spectively. If U(T,-) < V(T,-) on R?, then U <V on [0,7] x R

Suppose that (7.3.1) holds. Suppose moreover that for a given bounded function u the
upper semi-continuous envelope u* is discontinuous viscosity subsolutions of (7.3.1) satisfying
u*(T,-) < g on R? and the lower semi-continuous envelope u, is discontinuous viscosity super-
solutions of (7.3.1) satisfying u(T,-) > ¢g on R Then by the comparison theorem, u* < u, on
[0, T] x R?. However, by definition, u, < u*, and so u* = u,. This means that u := u* = u, is a
continuous viscosity solution of (7.2.1). Further by the comparison theorem for continuous vis-
cosity solutions (Theorem 7.10), the uniqueness follows. Consequently, u is a unique continuous
viscosity solution.

Barles—Souganidis Method

The abstract method given in Barles and Souganidis [3] is a powerful tool for checking the
convergence of a given family of functions to a unique viscosity solution. Let F : [0,T] x R? x
R x R? x S* — R. Further, let C be a class of bounded functions such that Cg (RY) c C, and
{‘I)h}he(o,l} a family of operators such that ®" : C — C, h € (0,1].

Assume that F satisfies (7.2.3) and (7.2.4), and that the comparison principle holds.

Assumption 7.15

Let U,V : [0, T]xR? — R be a bounded discontinuous viscosity subsolution and a bounded
discontinuous viscosity supersolution of (7.2.1), respectively. If U(T,-) < V(T,-) on R%,
then U <V on [0,T] x R%.

Now consider the terminal value problem (7.2.1) with v(T,-) = g on R? where g € C.
Suppose that we construct the family {v"(t4, }he,1) C€C, k=0,...,n, such that

Uh(tkwr) = (ph[vh(tk—i-h )](J,‘), k=0,...,n—-1, z € Rdv
V" (tn,z) = g(z), = €R™

Here, tj, = kT/n for k = 0,...,n. We assume that {t;}}_, is described by the parameter h and
that At :=T/n — 0, as h — 0.
Then we make the following conditions on our scheme:

Assumption 7.16

(i) Monotonicity:

(7.5.1)

o[g](x) < O"[Y](x), = eR
for any ¢, € C with ¢ < 1 on R
(ii) Stability:
sup sup [v"(ty,z)| < o0, k=0,...,n.
he(0,1] zeR4

(iii) Consistency I: for any (t,x) € [0,T) x R? and ¢ € Cbl’z([O, T] x RY), we have

1
Lim = (6(s,y) +c— @"[(s + At ) +dl(y))

h—0, c—=0

= F(t,z,010(t,x), d(t, ), Do(t, ), D?¢(t, x)) = 0.
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(iv) Consistency II: for x € R?,

lim ol (¢ =g(x).
)t (te,y) = g(7)

Here is our main result in this section.

Theorem 7.17

Suppose that Assumptions 7.16 and 7.15 hold. Let v", h € (0,1], be as in (7.5.1). Then,
there exists a unique continuous viscosity solution v of (7.2.1), and for any ¢ € [0, 71,

li h(t = (¢
o v (e 2) = ot @),

uniformly on any compact subset of R

\.

Proof. We consider

o(t,x) = limsup v"(tg,y), (t,x) € [0,T] x R?

(tg,y)— (t,@)
R \O

and show that ¥ is a discontinuous viscosity subsolution of (7.2.1). Let ¢ € C%2([0,T] x R%)
such that 7 — ¢ has a global maximum at (t,2) € [0,7) x R? with o(t,z) = ¢(t,z). As in the
proof of Theorem 7.11, we may assume that ¢ € Cbl’Q([O, T] x RY). Then, take 7 > 0 such that

@ —¢)(s,y) < (@ —9)(t,2), (s,9) € Br(t,2) C[0,T) x R™.
where B, (t,z) denote the closed ball at (¢, z) with radius r. For (s,y) € B,(t,x) set

@(Svy) = (P(S,y) + ’8 - t‘Q =+ ‘y - x‘Q'

It follows that (¢,z) is a strict maximum of ¥ — ¢ on B, (t,x). Also, for (s,y) outside the ball,
we choose ¢ so that (s, y) > 2suppe (o] [v"(s,%)| and that @ is still in 02’2([0,T} x R%). Thus
(t,x) is a global strict maximum of 7 — ¢. By abuse of notation, we write ¢ for ¢.
By definition of ¥, there exist hm, km, Gm, m > 1, such that (t,;m,g]m) € B,(t,x) and as
m — 0o,
hm =0, (t;,  m) = (L2), " (tg ,Gm) — D(t,2).

Take k,, and y,, so that

(V"™ = ) (thy> Ym) > max Sugd(vhm — ) (tk,y) — (AL)7,, (7.5.2)
=01, g

where (At),, = At for h = hy,. The sequence (tx, ,Ym), m > 1, can be taken from the bounded
set B,(t,z), so there exists a limit point (f,%) € B,(t,z) possibly along a subsequence. Thus,
denoting ¢, = (v — ©)(tr,., Ym), We have

0=(T—p)(t,z) = lim (" — ©)(t;, > Um) < liminfecy, <limsupe, < (0 - ©)(t, 7).

m—00 m—00 m—oo

Since (t,) is a strict maximum, we deduce that (£,#) = (¢,z). Therefore, it follows that
(tk, > Ym) — (t,x) and ¢, — 0.
By (7.5.2), for any y € R?,
Pty 1Y) + em + (DD, > 0" (b 11,).
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Thus, using the monotonicity property in Assumption 7.16,

1
A ot + AL+ e+ (DD (tr, Ym)
1 h 1 2
> —_phm > — .
= Atv (tkm7 ym) = At (‘p(tkma ym) +cm + (At)m) 2(At)m

Combining this with the consistency property in Assumption 7.16, we find that
F(t,a,0ip(t,x), (L, x), Do(t, x), D*(t, x)) > 0.

Thus 7 is a discontinuous viscosity subsolution of (7.2.1).
By a similar argument, we can show that

o(t,z) = liminf o"(tg,y), (t,x) € [0,T] x R?

(tg,y)—(t,@)
h\O

is a discontinuous viscosity supersolution of (7.2.1). Since v(T,-) = v(T,-) = g, Assumption
7.15 now implies that 7 < v. However, by definition, ¥ > v. Hence we obtain 7 = v.
This means that v := 7 = v is a discontinuous viscosity solution of (7.2.1). From v(t,z) =
myy, ) (1,0) limp o v"(ty,y), the continuity of v follows. Hence v is a continuous viscosity
solution of (7.2.1).

Now take an arbitrary compact set KX C R%. Further fix ¢ € [0,7] and € > 0. Then, by the
uniform continuity of v(¢,-) on K, there exists o > 0 such that |v(t,y) — v(t, 2)| < € whenever
ly — z| < dp. Moreover, for any = € K there exist 6(x) > 0 and h(x) € (0, 1] such that

|Uh(tkay) - ’U(ta$)| <¢g ye Bé(w)($)7 h < h(.’E),

where ¢, — t as h — 0. We may assume 6(z) < do for all x € K. Since { B, () }zek is an open
coverage of K, there exist x1,...,x; € K such that K C UleBg(wi)(:Ei). Thus for any = € K we
have |[v"(tg, ) — v"(t,2;)| < & for some i = 1,...,k whenever h < hg := min{h(x1),...,h(zx)}.
This means that |v" (¢, ) —v(t, z)| < [v*(tr, ) —v(t, 2;)|+|v(t, z;) —v(t, )| < 2¢. Consequently,

sup [v"(tg, z) — v(t,z)| < 2e, h < ho.
zeK

Thus the required uniform convergence follows. O

Application: convergence of the HJB numerical schemes of Chapter 5

We now apply the abstract Barles—Souganidis result above to obtain rigorous convergence of the
two numerical schemes for HJB equations developed at the end of Chapter 5: the Kushner finite-
difference scheme (5.5.9) (Section 5.5) and the kernel-based collocation scheme of Section 5.7.
Throughout this paragraph we consider the HJB equation (5.5.1) written in the form (7.2.1)
with

F(t’xvquapa M) =—q+ H(:vaa M),

where the Hamiltonian #H(z,p, M) is given by (5.5.3), and we assume that the comparison
principle of Assumption 7.15 holds for the corresponding viscosity (sub/super)solutions.

The Kushner scheme

Consider the finite-difference scheme (5.5.9) of Section 5.5, written as V" (t, -) = ®"[V"(t341,-)]
with the operator ®" obtained by solving (5.5.7) backward in time on the lattice 28, and
extended to all of R? by piecewise constant interpolation. Suppose the step-size restriction
(5.5.6) holds and the diagonal dominance condition (5.5.13) is in force. Then the three properties
of Assumption 7.16 are satisfied:
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(i) Monotonicity: by the explicit form (5.5.5) of the transition probabilities together with
(5.5.6), the coefficients p”(z,x + ) and p¥(x,z) are nonnegative and sum to one for ev-
ery v € U. The dynamic-programming equation (5.5.7) therefore expresses ®"[¢] as the
infimum over v of a convex combination of ¢-values plus a deterministic running cost; in
particular, ®"[¢] < ®"[)] whenever ¢ < 1 pointwise on 2}

(i) Stability: the boundedness of ¢, L and the conservation ), p”(z,y) = 1 imply by induction
on k that supy, s . [V (tg, 2)| < [|¢]lec + (T — t§)||L||o, which is uniform in h.

(iii) Consistency: a Taylor expansion of a smooth test function w around (s,y) € [0,T) x RY
together with the explicit form of the difference quotients (5.5.8) (and (5.5.15)—(5.5.16) in
the multi-dimensional case) yields

1
E(w(s,y) — ®"w(s + h, Ny)) = —0w(s,y) + H(y, Dw(s,y), D?w(s,y)) + o(1)
as (s,y) — (t,x) and h — 0, which is precisely the consistency condition of Assump-

tion 7.16.

The terminal condition V(T -) = 1) is exact, so consistency at ¢ = T'is automatic. Theorem 7.10
(comparison) and the abstract result above therefore yield:

Theorem 7.18

Under (5.5.6), (5.5.13) and Assumption 7.15, the finite-difference scheme (5.5.9) converges
uniformly on compact sets to the unique continuous viscosity solution V' of the HJB
equation (5.5.1)—(5.5.2).

The kernel-based collocation scheme

The collocation scheme of Section 5.7 approximates V (¢,-) by an interpolant I"V"(t;,-) in a
reproducing-kernel Hilbert space generated by a kernel ® on a set I' of N collocation points,
and updates the values via the time discretization

V(g x) = VM (tyi1, ) — At H(z, DI"V(tyiq1, ) (x), D*[I"V"(t)i1,-)](z)), z€T. (7.5.3)

The Barles-Souganidis framework applies provided the interpolation operator I" satisfies, in
addition to the natural stability ||I"¢|cc < C||¢|lcc (uniform in h = 1/N) and consistency
|DFI"¢ — DF¢| — 0 as h — 0 for k < 2, a discrete-mazimum-principle type property ensuring
monotonicity of the right-hand side of (7.5.3) in V"(t4,1,-). The latter is the most delicate
point: positivity of the inverse kernel matrix A= = (®(z(), 2()))~! (or a suitable correction) is
generally needed. We refer to Ieda [18] for sufficient conditions on ® and on the collocation set
I' under which all three Assumptions of 7.16 can be verified, and the abstract theorem of this
section then yields the convergence of (7.5.3) to the unique viscosity solution.

Remark 7.19

The Kushner scheme is monotone by construction (it is a probabilistic interpretation of the HJB
equation as a controlled Markov chain), so the verification of monotonicity is straightforward.
The kernel-based scheme, in contrast, achieves higher accuracy and is mesh-free, but monotonic-
ity must be enforced through restrictions on the kernel or through post-processing; this is the
principal trade-off between the two approaches.
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APPENDIX A

Review on Probability Theory

This chapter reviews basic facts about measure theoretic probability. We refer to, e.g., [46], [55],
[51], and [52] for details.

Probability spaces

Definition A.1
Let Q be an arbitrary set. A family F of subsets of €2 is said to be o-algebra or o-field if the
following are satisfied:

(i) 0 e F.
(ii) If A € F then A° € F. Here, A°=Q\ A.
(iii) If Ay, Ag,--- € F then | Jo2 | A, € F.
e We say that a set A € F is F-measurable or simply measurable. Further, we call A € F
an event.
o The pair (2, F) is called a measurable space.
Example A.2
For any set (2, the set F of all subsets of Q, i.e., F =29 := {A: A C Q}, is a o-field.

Proposition A.3

Let (€2, F) be a measurable space, and let 4; € F, i = 1,2,.... Then, the following sets
are all F-measurable:

n n [e.9]

n=1i=n n=1i=n

\

Remark A.4

Basically, in probability theory, a subset of 2 is interpreted as randomly occurred phenomenon
and is a mathematical object for measuring how probable is its occurrence. Then the o-algebra
F is a class of “well-defined” random phenomenons. For example, suppose that for well-defined
phenomenons A and B we are in a position to study the phenomenon that both occurs and the
one that A occurs but B does not. Then it is natural to require these phenomenons are also
well-defined. Namely, it is convenient for us to have AN B, AN B¢ € F whenever A, B € F. For
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this purpose, we require a collection of random phenomenons to be a o-algebra. In other words,
since o-algebras are closed under various set manipulations, complicated events can be well-
defined objects to be studied. On the other hand, recall from Example A.2 that the totality of
all subsets of (2 is always a o-algebra. Thus one may naturally ask: is it sufficient to always adopt
22 as the underlying o-algebra? Are there needs to consider possibly different o-algebras? We
refer to, e.g.,[46] for a complete answer to this question. Here we only mention that there exists
a subset of [0, 1] such that the Lebesgue measure (see below) of the set cannot be defined. In
general, we need to choose appropriate o-algebras depending on problems. However, the choices
of actually used o-algebras are limited, so application-oriented reader may not be discouraged
with such technicality in measure theory.

For a family G of subsets of (2, we set
= ﬂ{?—[ : o-algebra on Q s.t. G C H}.

This is the minimum o-field containing G.
Example A.5
Let A € F. In the case of G = {A}, we have o(G) = {0, A, A°,Q}. We usually write o(A) for
o({A}).
Let € be a topological space, and let G be the set of all open sets in Q. Then, we call o(G)

a Borel o-algebras on €, and write B(Q2) = 0(G). We may take Q = R", [a, b] for examples. The
notation B([a, b]) is often abbreviated as Bla, b].

Definition A.6
A set function P : F — [0,1] is said to be a probability measure on (Q,F) if the following
conditions are satisfied:

(i) B(0) = 0, B(Q) =
(i) For Ay, Ag,--- € F with A; N A; =0 (i # j), we have

P (04) S
=1 =1

o We call the triple (2, F,P) a probability space.
o P(A) = “the probability that the event A occurs”.

o When P(A) = 1, we say that “the event A occurs with probability one” or “the event A
occurs with almost surely (a.s.)”.

o We say that a probability space (2, F,P) is complete if all subsets of an arbitrary set in
F with probability zero belong to F, i.e., if

BeF, ACB,P(B)=0 = AcF.

Theorem A.7

Let (Q, F,P) be a probability space. Put
— A, CAC A", P(A"\ A
F= {A cQ: \ }

for some A,, A* € F

and set P(4) = P(A,), A € F, where A, is as above. Then (Q,F,P) is a complete
probability space.
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 The probability space (2, F,P) is said to be a completion of (Q, F,P).

Example A.8
Let (€2, F) be a measurable space. For a fixed wy € F, we define P: F — [0, 1] by

P(4) = 1, if wyge A,
0, iwa¢A.

Then P is a probability measure on (€2, F). This P is called the Dirac measure at wy.
Example A.9

Let © be a finite set (i.e., #Q < 00), and let F be the set of all subsets of Q. Then we define
P:F —[0,1] by P(A) = > caPu, A € F, where {p,}ueq satisfies p,, € [0,1] for each w €
and ) .oPo = 1. By this procedure, we can construct any probability measure on (€2, F).

Example A.10: Lebesgue measure
There exists a probability measure p on ((0, 1], B((0,1])) such that

u((a,b))=b—a, 0<a<b<1.

See, e.g., [51], [50], and [46]. That is, u measures the length of intervals in [0, 1]. This is called
the Lebesgue measure on ((0,1],8(0,1]). By Definition A.6, we can show that p({0}) = 0. So it
can be seen as a probability measure on ([0, 1], B[O, 1]).

Further, there exists a nonnegative measure v on (R, B(R)) (i.e., a nonnegative set function v
satisfying Definition A.6 (ii)) such that

v((a,b)) =b—a, —o0<a<b< +oo.

This is called the Lebesgue measure on (R, B(R)).
Moreover, since v defines a measure on [«, 5] C R, the restricted measure is called the Lebesgue
measure on ([a, (], Bla, B]).

Let (Q, F,P) be a probability space. Then we have the following:
(i) Ae F = P(A°) =1 - P(A).
(ii) A,Be F, AC B= P(A) <P(B).

)

)
(ili) Ap e F,n=1,2,... = P, 4n) <>, P(4n).
(iv) Ape F,n=1,2,..., A1 CAy C -+ = lim, 0o P(A4n) = P(U,, An)-
)

(v) Ape F,n=1,2,.., A1 DAy D = limpc P(4,) =P(),, 4n)-

The following fact is frequently used:

Lemma A.12: Borel-Cantelli lemma

Suppose that a sequence {A,} C F satisfies Y >, P(A;,) < co. Then

n=1

Pl U A4k]| =0

n>1k>n
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Proof. It follows from Proposition A.11 that

Pl UAk|=limP([JAr|< lim Y P(A) =0.

n>1k>n k>n k>n

Random variables

Let (2, F,P) be a probability space. A random variable describes realized values for all source
w € Q of randomness.

Definition A.13
We say that X : Q - RU {+o0} is an F-measurable random variable if

{fwe: X(w)>a}leF, acelR
For R%valued random function, we usually adopt the following definition:

Definition A.14
We say that X : Q — R" is an F-measurable random variable if

X YB):={weQ: X(w)eB}cF, BecBR".

o Definition A.14 requires that for an arbitrary B € B(R™), the event that X (w) € B belongs
to the “well-defined” class F of random phenomenons.

e When F is referred to as an underlying o-algebra, i.e., the o-algebra F is the largest among
those appeared in a specified problem, we simply say that X is a random variable.

o The event {w € Q: X(w) € B} is often written as {X € B}.

Sometimes it is convenient to consider a stochastic process as a random variable taking values
in a function space. To this end, we describe a generalized version of Definition A.14.

Definition A.15

Let (S,S) and (U,U) be measurable spaces. A mapping f : S — U is said to be a measurable
mapping from (S,S) into (U,U) if

fYB)={feB}eS, VBel.

In particular, when we work in a probability space (S,S,Q), the mapping f is said to be a
U-valued random variable on (5,S,Q).

 In the case that U is a topological space, we say that a B(U)-measurable mapping is Borel
measurable.

Functions and limits of random variables are again random variables.
Let (S,S) and (U,U) be measurable spaces. Then we have the following:
(i) f X : Q@ — S and f:S — U are measurable, so is f(X).

(ii) Let {X,} be a sequence of random variables X,, : Q@ — S, then inf,, X,,, sup,, X,
liminf,, X,,, and limsup,, X,, are all random variables.
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(iii) Suppose that € is a topological space and F = B(2). Then any continuous map
h: Q) — R™ is measurable.

o Let (S,8) be a measurable space. For X : Q — S, the family
o(X):={XYB): BeS}
of subsets of Q is the minimum o-field such that X is measurable.

e One may adopt (X, A € A) as an underlying o-field when mappings X, on Q, A € A,
are the only random objects to be studied. That is, in that case, it is sufficient for us to
set F =o(Xy,A € A).

That a random variable Y is measurable w.r.t. a o-field G means that Y can be constructed
by the information of G. Precisely speaking, we have the following:

Theorem A.17

Let (E, &) be a measurable space, and X : Q@ — R, and Y : Q@ — E. Then a necessary and
sufficient condition for which X is o(Y')-measurable is that there exists an £-measurable
function f : E — R such that X = f(Y).

The well-known concept of the distributions is rigorously formulated in the measure theoretic
probability.

Definition A.18
Let (S,S) be a measurable space. Then for S-valued random variable X,

px(B):= PX7'(B)), BesS
is a probability measure on (S,S). We call this px as the distribution of X.
e When X is real-valued, the nondecreasing and right-continuous function
Fx(z) =P(X € (—o0,z]) =P(X <z), z€R,
is said to be the distribution function of X.

o We say that a nonnegative Borel function f on R? is a probability density function if

/Rdf(x)dx =1

For an R%valued random variable X, when there exists a probability density function f
such that

P(X € B) :/ f(z)dz, B e B(RY),
B
we say that the distribution of X has a density f.

Example A.19

Let p € [0,1]. Assume that the distribution u of a {0,1,...,n}- valued random variable S, is
given by

() = () 1=

Then we say that S, follows the binomial distribution with parameter (n,p), and write S,, ~
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B(n,p).
Example A.20

Let X be an R%valued random variable, m € R%, and V' € R%*9 positive definite. We say that
X follows a d-dimensional Gaussian distribution if the distribution p of X satisfies

1(B) VYHz/2)dz, B e BR?),

_ 1/ (f *(
~ Jenidev Js T

where det(V) is the determinant of V. Then we write X ~ N(m, V).

Expectation

Let (92, F,P) be a probability space. In this section, we assume that all random variables are
R U {#£oo}-valued unless otherwise stated.
We define the indicator function 14 of a set A C Q2 by

1, weA
1A(w):{0 v A

e 1, is measurable <= A ¢ F.
X : Q — R is said to be a simple function if there exist Ay,..., A, € F and x1,...,2, € R
with
AiNA;=0(i#5), i,j=1,....n, Q=[] 4

such that .
X(w) = Za;ilAi(w), we Q. (A1)
i=1

o If X is a simple function of the form (A.1), then X(Q) = {z1,...,z,} and {X = z;}N{X =
zj} =0 (i # ).
Suppose that X : © — R is a simple function having representation (A.1). Then we define
the expectation E[X] of X by

n

E[X] =) xP(A).

i=1

o It should be emphasized that this definition is well-defined, i.e., E[X] is determined inde-
pendently of the representations of X as a simple function.

o Notice that for simple functions X,Y with X (w) < Y(w), w € Q (in many cases, this is
simply written as X <Y'), we have E[X] < E[Y].

We define the expectations of general random variables by some approximations with those of
simple functions. To this end, we need the following lemma:

Lemma A.21

Let X : Q@ — RU{xoo0}. Then X is a random variable (i.e., F-measurable) if and only if
there exists a sequence {X,,}>°, of nonnegative simple functions such that for all w € Q

0<Xi(w) € Xp(w) <--- < X(w),
lim X, (w) = X(w).

n—o0

(A.2)
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For any random variable X we define
X (w) = max{X(w),0}, X (w):=—min{X(w),0}, we .

The random variables X+ and X~ are both nonnegative. It follows from Lemma A.21 that
there exists a sequence {X,"} (resp. {X, }) of simple functions satisfying (A.2) for X (resp.
X7). As remarked above, it follows that E[X,] < E[X,',,], whence {E[X,[]} is nonnega-
tive and nondecreasing. Hence the limit lim, . E[X,;I] € [0,00] exists. Similarly, the limit
limy, 00 E[X,, ] € [0, 00] exists. We define the expectation E[X] of X by

E[X] = lim E[X;}] — lim E[X;]

n—oo n—o0

provided that at least one or both of the two limits are finite.
e This definition is also well-defined.
o Since | X| = X1t + X, that E[X] is finite is equivalent to E[|X|] < occ.

e The expectation is nothing but the Lebesgue integral with respect to the measure P and
so it can be written as

E[X] = / X (w)P(dw) = / XdP.

Also, we often write Ep[X] for the expectation of X to emphasize that it is defined under
the probability measure P.

Let X,Y be (real-valued) random variables and denote by i = /—1 the imaginary unit.
Then Z := X +:4Y is a complex-valued random variable, and we define its expectation by

E[Z] = E[X] +E[Y].
In particular, for a real-valued random variable X and t € R,
E[e*] = E[cos(tX)] + iE[sin(tX)].
We list several basic properties of EJ-].

Proposition A.22

Let X and Y be random variables. Assume that the both E[X] and E[Y] are defined.
Then for a,b € R we have the following;:

(i) X =Y as. = E[X]| =E[Y].
(ii) X <Y as. = E[X] <E[Y].

(iii) E[aX + bY] = aE[X] + bE[Y] (unless the right-hand side is co — 00).

=

(v) E[|X]] < 0o = |X| < >0 a.s.

)

)

)
iv) [E[X]] < E[X]].

)
(vi) X >0as, E[X]=0= X =0 as.
)

(vii) X >Y as, EX]=E[Y] = X =Y as.

The expectation of a random variable can be given by the Lebesgue integral on the set which
the variable takes values in.
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Proposition A.23

Let (S,S) be a measurable space, X an S-valued random variable, ux its distribution,
and f a Borel measurable function on S. Then,

E[f(X)] = /S F(@)dx ().

Here, the equality means that if the right-hand side is finite then the other one is also
finite and has the same value, and vice versa.

In general, for R%-valued random variable X = (X1,..., Xy), we say that
ox(t) =E [eiz‘izlthk} . t=(t1,...,tq) €R?

is the characteristic function of X. The distribution of any random variable is completely
determined by its characteristic function.

Proposition A.24

Let X and Y be R%valued random variables. If ¢y (t) = oy (t) holds for any ¢ € R?, then
ux = py.

Let p € [1, 00]. For real-valued random variable X, we set
1
x| JEIXP (v e [1,00).
P inf{a>0:|X|<aas} (p=o0).
Denote by LP(§2, F,P) by the totality of random variables such that || X[, < occ.

o Since X =0 a.s. <= || X||, =0, if we identify X with Y in the case of X =Y a.s., then
| - ||, defines a norm. By this identification, LP = LP(Q, F,P) becomes a Banach space
(i.e., a complete normed space).

» Notice that for 1 < p < g and X € L? we have | X||, < || X|l;- Thus X € LP.

e L?is a real Hilbert space with the inner product

(X,Y) =E[XY].

« A random variable X is said to be integrable if X € L', i.e., E[|X|] < oo.

The following several inequalities are frequently used.

Proposition A.25: Chebyshev’s inequality

Let X be a nonnegative random variable. Then, for any nondecreasing function f :
[0,00) = [0,00) and x > 0,

P(X >zx) < ———=.

Applying Proposition A.25 for |X| and f(z) = z, we obtain the following:
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Corollary A.26: Markov’s inequality

For any R-valued random variable X and any z > 0,

P(|X| > 2) < E[f”.

Markov’s inequality implies that if X is integrable then the tail probability P(|X| > x)
decreases to zero faster than O(1/x). If X has higher moments, then Chebyshev’s inequality
means that the tail more rapidly decreases to zero.

Proposition A.27: Jensen’s inequality

Let X be an integrable random variable, and let g : R — R be convex. Then,

9(E[X]) < E[g(X)].

Proposition A.28

Let p,q € (1,00) be such that (1/p) + (1/q) = 1. For X, Z € L” and Y € L? we have

(i) (Hoélder’s inequality)
EXY] < XY ]lg;

(ii) (Minkowski’s inequality)

1X + Zllp < [1XIlp + [|21]p-

o Holder’s inequality with p = 2 is generally called the Cauchy-Schwartz inequality.

Convergence of random variables

Definition A.29
Let X, X1, Xo,... be random variables.

(i) {Xn}22, converges to X almost surely (we write X,, — X a.s.) &L P{w : Xp(w) —

X(w)}) =1.
(ii) {X,}>2, converges to X in probability &L P(|X, —X| >¢) = 0 (n — oo) for any € > 0.
(ifi) {X,}2°, converges to X in LP <% limy,_,o0 | X, — X||p = 0.

(iv) Assume that X, X1, Xo,... are all R%valued. Then {X,,}%2, converges to X in law (or in
distribution) PN limy, o0 E[f(Xy)] = E[f(X)] for any bounded continuous function f.

For R-valued random variables, we have the following relations for the definitions of the
convergences:

e X, —» X a.s. = X,, = X in probability.

e X, » X in L = X,, — X in probability.

e X, — X in probability = X,, — X in law.

e X, — X in probability = lim,_,,c X, = X a.s. for some subsequence {n;}2°, with

limy_yoo ng = 00.
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The following three claims state the interchangeablity between the expectation and the limit
of random variables.

Theorem A.30: Monotone convergence theorem

Let {X,,} be a sequence of random variables such that 0 < X; < X3 <--- a.s. Then

E[X,] M E[X] (n— c0).

Lemma A.31: Fatou lemma

| r

Let {X,,} be a sequence of almost surely nonnegative random variables. Then,

E [lim inf Xn} < lim inf E[X,,].
n—oo n—oo

Theorem A.32: Dominated convergence theorem

| r

Suppose that random variables X, X,,, n € N, satisfy the following:
(i) Xp, = X as.
(i) There exists a random variable Y € L! such that |X,| <Y a.s. for all n € N.
Then,
lim E[X,] =E[X].

n—oo

Independence and product spaces

Definition A.33
Let (2, F,P) be a probability space.

(i) A, B € F are said to be independent of each other if

P(AN B) = P(A)P(B).

(ii) A family {B;}, ¢ € I, of subsets of F is said to be independent if for distinct iy,...,ix C I
we have
P(Bi, N---NBy) =P(By,)---P(By,), Bi, €Bi;, j=1,....k

(iii) Let {X;}icr be a family of random variables. We say that X;, ¢ € I, is independent if
o(X;), i € I, is independent.

For given measurable spaces (Q, Fi), k = 1,...,n, we call the o-field
n n
HFkZO ({HAk3Ak € Fi, k‘:L...,n})
k=1 k=1

as the product o-field on [[,_y Q, and ([1;_; Q. [T5—1 Fr) as the product measurable space.

Proposition A.34

We have B(RY) = []¢_, B(R).
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It is known that for probability spaces (g, Fi,Pr), & = 1,...,n, there exists a unique
probability measure [];_, Py on the product measurable space ([p_; Q, [[;_; F&) such that

(HZ:I ]P)k)(HZZI Ak) = HZ:I ]P)k(Ak)v Ak € fk? k= ]-7 s, N

We call [[,_, Py as the product probability measure, and ([[;_y Q, [Tr_y Fi, [ 11—, Px) as the
product probability space.

Now, let (21, F1,P1) and (Qg2, F2,P3) be given probability spaces. Here we will justfy the
interchange of the order of integrations for functions on 21 x Q2s. To this end, we need to confirm
the measurability of the functions appeared in the iterated integrals. As for this point, it is
straightforward to see that for any nonnegative and Fj x Fo-measurable function X : Q; xQs — R
the following four claims hold true:

o For w; € O the function X (w1, ) : Q2 — R is Fj-measurable.
o For wy € Oy the function X (-,wq) : Q1 — R is Fo-measurable.

e The function fQ2 X (-,w2)Py(dwy) on €y is a random variable on the probability space
(Qlaf17]p1)'

o The function le X (w1, )Pi(dwy) on Qo is a random variable on the probability space
(922, F2,P2).

Moreover, if X is not necessarily nonnegative but integrable on 2; x {29 then we have the
following two propositions:

o For Pj-almost every (a.e.) w; € Q, the function X (wy,-) : Q2 — R is Fj-measurable, and
the function [, X(-,w2)P2(dws) is a random variable on (Q1, F1,P1).

o For Py-a.e. wy € Q9, the function X (-,wsy) : Q1 — R is Fa-measurable, and the function
Ja, X(wi1,)P1(dwr) is a random variable on (Q2, F2,P2).

Basically, the expectation of a random variable on a product probability space is given by
the iterated expectation.

Theorem A.35

Let X (w1,w2) be a random variable on (€ x Qo, F1 X Fo,P; x Pg).

(i) (Tonelli’s theorem) If X is nonnegative, then

Ep, xp, [X] =/

o [ o X(wl’m)Pl(dwl)} P(dws)

-/ | 92x<w1,m>m>2<dwz>} P(de).

(ii) (Fubini’s theorem) If X is integrable on ©; x (s, then the equalities above also hold.

o To check the integrability of X, one may apply Tonelli’s theorem for |X| to try one of
three integrals above that is easy to compute.

It is also known that Fubini-Tonelli theorem holds for product spaces involving the Lebesgue
measure on ([0, 00), B[0, 00)). For example, if X. : [0, 00) X — R is nonnegative and B[0, 0o) x F-
measurable, then fooo X¢(w)dt is an F-measurable random variable and we have

E [/OOO Xtdt} = /OOO E[X/]dt.

Next we summarize the relation between the independence and the product probability space.
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Theorem A.36

Let X1,..., X, be random variables, u; the distribution of X; for ¢ =1,...,n, and u the
distribution of n-dimensional random variable (X7, ..., X,,). Then {X;}! | is independent
if and only if p=pg X -+ X .

This theorem leads to the following properties:

e Suppose that Xi,..., X, are independent and f1,..., f, are Borel functions on R. Then
f1(X1), ..., fn(X,) are also independent.

e Suppose that Xy,..., X, are independent and integrable. Then

E[Xy - Xn] = E[Xy] - E[X,].

o A necessary and sufficient condition for which random variables X7,..., X, are indepen-
dent is

E [ei > oh=1 thk:| _
b

E[el®Xr], t,eR, k=1,...,n,
1

n

where 7 = +/—1.

Change of probability measures

Let (92, F) be a measurable space.

Definition A.37
Let Q, P be probability measures on (£2, F). We say that Q is absolutely continuous with respect
to P and write Q < P if we have

P(A)=0, Ac F = Q(A4)=0.
e Suppose that Q < P. Then we have
P(A)=1 = Q(A4) =1.
This means that an event almost surely occurs w.r.t. P also does w.r.t. Q.

e If Q <P and P« Q, then we say that Q and P are equivalent and write Q ~ P.

Theorem A.38: Radon-Nikodym theorem

Let Q, P be probability measures on (€2, F) such that Q < P. Then there exists an almost
surely unique nonnegative random variable Y such that E[Y] = 1 and

Q(A) =E[Y14], AcF.

e We say that the random variable Y as in Theorem A.38 is Radon-Nikodym derivative of
Q with respect to P, and write % for Y.

Limit theorems

Let (2, F,P) be a probability space.
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Theorem A.39: Strong law of large number

Let {X,,} be a sequence of independent random variables such that E[|X;|] < co. Then

Xt + X,
hm—

n—00 n

Theorem A.40: Central limit theorem

Let {X,,} be an IID sequence with X; € L? and N ~ N(0,1). Then

> i1 (Xi — E[X4])
nV(X)

=E[X;] as.

— N in law, n — oc.

Since any interval is a continuous set w.r.t. Gaussian measure, we have

b 6—1:2/2

' no(X — <pn=/ & o <a<
T}LHgOP(a<ZZ:1(XZ w)/oy/n < b) ) \/%dx, oo <a<b< oo,

provided that the central limit theorem holds.

Convergence of probability measures

Let (S,d) be a metric space. A sequence {1, }52 of probability measures on (S, B(S)) is said
to weakly converge to a probability measure p on (S, B(S)) if

n—oo

lim S.f(w)un(dw)'—!/ngw)u(dx)

for any bounded continuous function f on S.
Denote by A and the closure and interior of A € B(S) respectively. We say that 04 := A\
is the boundary set of A. Moreover, we say that A € B(S) is a u-continuous set if u(0A) = 0.

Theorem A.41

Let {un} be a sequence of probability measures on (S, B(.S)), i a probability measure on
(S,B(S)). Then the following two claims are equivalent:

(i) {un} weakly converges to p.

(ii) For any p-continuous set A € B(S),

lim p,(A) = (A).

n—oo

We often encounter the case of S = ([0, 00), the space of continuous functions on [0, c0).
With the metric

(o)

1

d(w,w) = 221 on Ofg%xnﬂwl (t) —wa(t)| A1),
n—=

the space C[0,00) is complete and separable, and the set B(C[0,00)) of all Borel subsets of

(0, 00) is defined. To discuss the weak convergence in this space, we introduce the modulus of

continuity of

mT (w,8) := max{|w(t) —w(s)|: |s—t| <5, 0< s,t <T}

of w € C[0,00) on [0,T] for each 6 > 0 and T > 0.
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Theorem A.42

Suppose that a sequence {uy}22 of probability measures on (C0,00), B(C[0,0))) sat-
isfies the following two conditions:

(i) For each n > 0 there exist a > 0 and ng € N such that

pn(w: w(0)| >a) <n, n>ng.

(ii) For each e > 0, T'> 0, and n > 0 there exist § € (0,1) and ng € N such that

pin(w s mT(w,8) > ) <n, n>n.

There exists a subsequence {i,, }7°; that weakly converges to some probability measure
on (C[0,50), B(C[0,50)).

Lemma on 7-systems

Lemma A.44 is a tool for proving some propositions related to o-algebras. For example, it will
be useful when we aim to show that for two probability measures P and Q coincides with each
other if P = QQ on a sub o-algebras.

Definition A.43
Let Q be a set. A family C of subsets of € is said to be w-system if ANB € C for A,B €C.

Lemma A.44

Let (€2, F) be a measurable space, C a w-system with o(C) = F. If two probability
measures P and Q on (2, F) coincide with each other on C, i.e., P(4) = Q(A) for any
Ael, then P=Q on F.
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