MCS.T312 #FEER

iR A 2 I

HEF ok

2026 £ 8 H 17 H



EP/N

BARRIE . . .o e

BARRIE . . .o e

B1E FL®IC
1.1 HEEHER0EYE . ..
1.2 BARHERGmOIGH . . .
1.3 MERImORES . . .. ..
1.4 HEROMR . . . . ...
1.5 SEXE ... ...
F£28 BERHAT
2.1 AT e R . . L L
2.2 MERAER .. ...
2.3 WitsE .. .. ... ..
2.4 M.
2.5 ST EmeR . L.
26  KREOEAI ...
FI3E HEERBOEXWZTEA
3.1 WRESBILWL ...
3.2 ERNEKRE D OES .
3.3 MERWE - WeRom . .
3.4 WERER ... ... ..
3.5 WifsE .. ... ...
3.6 WIRFEDOIR . . . . ..
3.7 MR A =2 A4 2R .
FA4E  KBOER]
4.1 AL - BT ) OffiE
4.2 KEO5ER . . . ...
4.3 KEOmER ...

BARRIE . . ..

10
11

12
12
15
16
19
22
25
26

28
28
30
32
36
49
63
68
68



ER/N

E£58 HOERERE 81
5.1 FREREEL . . . o 81
5.2 WHISCR . . 91
5.3 HUDBIRRERE . . . . 92
BRI . . . . 96

BEEK 98



A

N={1,2,...}.

7 ={0,£1,+2, .. }.

R d Rgt2—2 1 v R2ER.

7 ={(zt,...,2¥) 2t €Z, 1<i<d}.
R™*4: 5 m x d {75 21k.

C: ExRE 2k

lz]: x eREDEE, x DI—T VY v KA.
|S|: SHEEGDOL E, S OEEH.

zt = max{z,0}, z € R.

= =max{—z,0}, x € R.

E[X]: #ERER X OHFHE.

VIX] = E[(X — E[X])?]: HEREE X D7HL
I: RM*™ QBGATA.
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HER DM © IXFEARPNCEH ISR T X
NEHRICT X0,

7 7o A THER DT 2

RIZHETE, BRERROEMELER. 22T BRMERR, i, aLEIRIICE>TE
MM N NERNHERREES. 2o IRERN) 2, FIXIXHEED oA & 5 RIEE %
NHEY LTED, 20 LICHRAREMBET 2 052 ERT 2. MR T 28RN MEE R Y
LTRIIANS Z LT, FPEDMR GHEHRFBHR L) IR LR VBN R A LT S h
TW3., 2O X3 THER) 2RMEINCEDILD 2 WL, IhE CHEEmIFERRICELA
TELTMEICE 5T, PPMRUTIFRNEKL 220 LKLY, BRI TOMRRTE, LIFL
X THER=Z2dD) LWSHEHBAHFLE 570, ZIh5M0E THEE=123bD) W5 HEH
WEL T2 b, AETIE, ZORDITHEL R I2BFNEEZIEZE> TEHL TV, —D0HN
. ZAODEERZ @B NI REZ X522 THD, b5 —20HMIE, KEOEHIRH
DR EH Y Wo MR EHEZHREL, 20BRCHIMAEEZILEST 22 THB. (0K
THEIPO XD NOFEA BEET S, ZOZ L IIHERGOBID—DOTH 5.

1.1 MHEERERDER

BIED HhRD 5.

BIRE 1.1.1 H2FIZ, OB —FNRELNHEDS 12 A>TV, Zof»H 1 KT8
ZHCDHE. FHICA - TV AKX

S50 M3 5 T T T T T Md T Ty M)

TH5. ZOrE, MOHMLEIEZENHIER, F35555bbDD5H ) ITRHMERIT?

fg. 1ROl 9 2 e Z2RITEIT e VW, BT OMRBEHIE TR 2BwHZ 5.



H1E Lo

Bz,
Pr(1 A ¥, 2@ER M5))=Pr(l FEEIC 1)) x Pr2 BEEIE (5)).

ZIZTPr(A) X AR ZMHERERT. ZOFEZFIHE-T, KD IHMERIX

1 8 7 6 5 4 3 2 1 1 1

— X — X —X=X—=X=X=X=-X=X=X-=—=20. 417508.

12><11><10><9><8><7><6><5><4><3><2 0.00008417508
=1/11Cs

I8 1.1.2 GEEHRBE) H2F (52 5FETERY) KEENEADS B, RIK2 ADLED
FUHAHTH 2MERERD L. LI LUTERET .

o k NOIAHIZERGTHZ B, WFIEZWRW).
o BHDFRFICHAEHICHEDES (HICX2HERDEVIIEHRT S).
o £<365 (25 Thwve, K3 2 AL EOAEHDFRTICKS).

fRE. kE NFRZFEN 365 BY HBDT, I DF2HERIZIF B TH2. kE ANTRTOHEHD

B35 DI,
365 x 364 x 363 x -+ x (365 — k + 1)

Y. XD, EATRTOMAHD R S HERIT

365 x 364 x 363 % - -- (365 — k + 1)
365"

X o TR BHER p X
. 365!
=17 365 — k)1365%
L 1L11IEFWLODPDED k12T 2R(K 2 AU LR CHAEHTH 2R p 2 Wb DTDH
. ZhuckiuE, p>05 k3701323 AwhEFaewS 2 ks, 72, 100 Ao %

#1.1.1 RAK2 AD BRI CHEAEHTH 2 fiR
k P k P
5 0.027 | 25 0.569
10 0.117 | 30 0.706
15 0.253 | 40 0.891
20 0.411 | 50 0.970
22 0476 | 60 0.994
23 0.507

& p =0.9999997 TH b, 1EE 100% T2 AMEVWZ 2 E 5T L.
I THEEREROEREZEVWH L TE I 5. MHEEmIHERRTIE, A2 2R Pr(A4) &

AP Z 2355 D8

Prid) = Eer 5 59 ~coB 0K




H1E Lo

WEDEDSNRTWS., ZOEBDIEIET 27-DDHIHEL LT, MRICHRIFEREEISEZ DTV
PVIOIRERBEBNTW DR 572, DL E, RDXSREMBPENOLESS.

e BIDNIBZITRTDGEDH =00 DL EIX?
o BITHARDIZI DR T IIEVWLDH D L =T ?

DX IRICTHIETE S X BHSN TV DHBIMIERGRTH 5. T4bb, MHEERzL—
i, MR L DI BIHERRTHLLERX 5.

1.2 IRFEREFDIGH

C ZTRBEERGR OIS B2 W < DS 5.

VIEEERERD IS

] 1.2.1 (People v. Collins ) FHENIBWTHERRSHEYNCHW SN FlE LT, 1968 D 7 X
VAEREHD Y 7 V=7 WNEERERHFTOB L ZHFZED BT LS. FEOMEIZLITO@ED.

o TY VYN ATHMBE TN ZFHHEIFEL -,

o [TBYRATER=Z—T—IVICHEBIHE VL HZ 0T 24 LB NEEF 2 E AN
WCHROTRELZ) EWVIFEED Do T

o FHICERT 20 v IADEMFOBHRISERF S .

o FESLANCHIREIZ A <, BEEAMH L2 v D ORI ER T 2 AlHEMEIX 8.3 x 1078 ~
1200 577 1.

o ZOMERD/NI X LMIZYRENR RV 05, BEBEEROMRE FL .

Lo, #HPmE, ZOMERGFEIIIRIUL»nwe LAFRHRZZTIN L 72, DURD X D AR e iEReE
BTHs. FEWKERT 20y TAD 1HEFET 2 VWSRO TT, 2MHENFET 2MHREZE X
5. J1y PVEKIE n HEFEL, SLORBICERT 20 vy IABME SN 2MEREp T2 L,

Pr(f{K 2 #HD 5 v IR ER | &RIK 1O D v I DRI ER)
L= (L=p)" —np(l—p)"~! (1.2.1)
- ~ 0.2966.
I—(1—pm
ZZTPr(A|B) I3ER B THRUEMNIT 2 A DFRMMNEHEERTHZ (ZHICODVTIEIRETER).
0.2966 £ WIS HERIZMEANZHIRL T3 L ICRRE2EOICE T B RKEXTH S,

eatAHER

EHHER 2 1%, —riciE, BIF — &% 3 2 IO B 2 01018 L THERROMER %2 -V 7=
RRZITS e BIET. ZHRIEIDBLAAMERROEERICHTH 3.

B 1.2.2 (BEPREER) BERICBIT 2RO LS RAZBEL L5, 40 NOoBENED, BFEZzhETh



H1E Lo

WKOWTHMDPEN»D 2 OOMEBH V52T 2. i RHOEENIEMTHIUL, X, =1, &
%o X, =023 5. AR PIXEERECTHERNIZDN, P=pDbrTDX,=1tR5MRIp
THHERETS. ZOLE, AMLR2EBHEORE2 X 35, E[X|P|=40PT®»%. "4 X
OEM (i) ZHOWTEEOEN MO T — 20 5HRFEMREZHEST 5 &,

P x) =11
Y5, ZITEBIR X 52N D P OSMTEREERL TV S.

B 1.2.3 (EEXM) »2 LHTHEINLIHHOEZEZ X L, X ~ N(m,v) RKET2 (v>0
EEEED, m € RIEARAD. EX% n [BEIE L TR RBIEIE X, ..., X, 218722 &, m OHfEMEL
LTEARTY X, =150 X, 2EZ203HATH 5.

DL EFERSMOBEAEN (B3 VIFHODIBRERE) &b X, ~ N(m,v/n) TH 305,

P(nze[Xg——lﬂﬁv%yn,X@—%lQGMUh4)¢3095

DD LD, ZOXHEZE m D 95% EHEKE &Y, BT — 2756 EOEO S £ 2 HH 2 R
CRHI S 2 SR I AR IHERI T B % .

EWETIL

Bl 1.24 (RRESFEETI) LFEDOANTHEEOHERE, FICKRIESHEET )L (Large Language
Models, LLMs) DI, FERDMHOHEE L3> 7Y > 27 e v S BRIERRORARNVER AL,
D TERITLDP OEMERZEFNCB VT HAEMHEREL S D22 RLTWA.

BRI, FBREES V ICHD FIZER Vo LT, JIfT — RICH W THERHIE Py 2225 L,
IHEHOCTIERDRY (21, ..., x,) T 2RISR

Po(z1,...,2,) = HPg(xt |Z1,. .., T—1)
t=1

EETME-HEET S, 22T, QEETARTA=RTHY, ERICERIHEETFTIC X DEEIIC
TEINS.

DI LTELNIMERGH Py 2oDY > 7Y 22k, NEOSEEICHEMLEZTF R b
DEBCAERINS. bbb, LLM i RN OTERMEEZMR L, £ 20 SMEREH
EEKT 2] 20O BHRELROHTLN T A4 77 DILHFITH 5.

) 1.2.5 JLEXET )L, Flow Matching) #58(E7 /L (Diffusion Models) & Flow Matching i, #
fei) 72 7 — &2 22 (7= & Z X ERZER) OB D paata 22D > TV ¥ T AT S e DRER
REEAERETLVTHS. WILd, N(0,1;) O X5 BRBEMBRYAD po &7 — X010 11 = pdata
2O CHERWPEZORER {1} 2E X, TORBEZEBT 2HREBED 2 WIIHEN 7 0 —%2%H
5.

JRRE TV, K ¢ € [0, T) LT —& % ) £ ANZHT 5 ERE SDE

1
dX; = = B Xudt + /By AW,



H1E Lo

Y, ZOFKELTH 2 Wi SDE
. 1 _ _ .
dX; = <25T—tXt + Br—«V long—t(Xt)> dt + /Br—: dW,

RV, %BEEZ Xg~ N(0,1;) 2OHHEIET X1 ~ lgata 2195,

AXy=—3 B X dt++/BrdWy

dX 1 =(3Br—+Xt+Br—tViogpr_(Xy))dt++/Br—i dW,

Flow Matching 1%, 21X Xo ~ po, X1 ~ fdata 225 X; = (1 — )Xo + tX; & UTHERHAIED
FERE 1y = Law(Xy) ML, ZOZEBT 2 HMD HER

dx
@ o)

DRY Moy =2 —F 0%y b7 =27 TEEIT 5. E80CE 7 A0ERE 7 SDE, Flow Matching
75 ODE 1230 & FmAHIRIT, BERZT 7V Vv 7B EDOH EAH D, Stable Diffusion 3 72
CRAMOBERERET NV THRASATNS.

Ihei (1) REDOERTHERSHZHE L, (2) ZRIESELBEERT % 25 BHARHERR
DOHILIRE AZ WD TERITRZEMTERT 2 2 W5 8T, BRIHERGOICHA LTHRZ S
n3.

BRI F &
Bl 1.2.6 (E>TAINORSY) WHERHEY, 774 F Y ACBVWTLALHWSAZEXTAHIILO

Bod, BRHERROMANZICHEITH 2. T 7L iRIIHEREE X BB f 2L, f(X)
OHARHE E[f(X)] Z3EMS 2 7012, B FESHREES X, -, X, ZHWVT

%Zf(Xk)
k=1

Y WHORBE R E T2 FIETH 5. L IKEITTHETICE VT, EROBIER—Y DHES 256
Th, YT HARIKIZ OMERMIEEC L DRE LIEMEREET 2. BIETIE, N1 XHERE
RETNALDHEZE 7 LT X LBV TARAIREFEL o> TWVW3.

HERIE, BIZIE, X A3 100 RO —HEDHICHE S HE, Zh e RADHOMRER XF),
E=1,...,n, ZHSICREZEZRLITTFOREVRITHL

E

1 1 1
an(X(k))—/ / f(ffla---7$100)d$1"'d$100 ZO(n_l/Q)
1 0 0

ERBIEDTNE. ZHZOVWTIIH S ETAS.
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124

1.20

118

116

112

110

0 200000 400000 600000 800000 1000000

11 IS OEEE (X7, F(X®)/n). KA O (n)

B 1.2.7 (RILATEEEYTAHINDOE) Y T HLRIETEBELD D 2 5070 H &M 72 GLECE 4K
T2MEND BN, @RITOEMR DM TIREEY > 7Y ¥ IpREER 2 e hZ v, ILITEHE
7 A)O%E (Markov Chain Monte Carlo, MCMC) 1%, BESf m ZAEDHICd oL 5~
a7 {X, 100 ) ZRRL, e taRESEDZ LT X, Oz niED), E56I1TK
B oEH|

i}:f@&g—f/fdw
k=1

WED m BT 2 FEZ AT 2 FETH 5. AENR T LT Y X 42 LT Metropolis-Hastings
%% Gibbs 4> 7V 73dH D, XA et VW, HEMEERETRCHWL TV S.

1.3 FERFROESE

HERFDOEADBIIEIETH 2. H1E, Fr70 Mighy cowWTod3FREOHIZ, 31
DY A anziko TH 2 HOERMERICE S b0 H 5. K, ANX— 7 (1444-1524) DFELTE
WS- =D BICHRE Lz TXWZ AHZF R DOWTT (1663 FEFIT) Hb. ZHUIHERERL
TW5rW0ws kb MEHEERE) L THEIREHOT, FERAID OBWT RSP, MRS 2
HEmd 2w, 16~17T IO I —v v XTI, 4 aeeh— N7 — 2 OBKRTFHIPHIERA ORI TH
MEDDONRE 2D, ¥ 75 —H ) LA b EEDOFTHEROMBEICOVWTERLTWS. R, <
AN 7 2 —OFEM (1654 4F) 1%, BAMERROERE BRI Tns. %5 3T ORI
# (Problem of Points) Z##¥ LT, MAOHEFICHANMEZ L2 S tidAialz. 20k, 18
MiICEY a7 - RVX—ADB 7N - arY=r 774 G 713 4) 2F L, XKD
FERIOWRRNREETR U, $72, 19 HHidI2i3 5 775 225K % KU e eI IGRA L,
fER 2 HIPEIC RS S FHEEMEDORE Y LTI A 72, 2 ORHHOMERGRIE F ISR T HaED X
D, EBICHED MR (FHEREREROL) L THRELKZ. LaL, 20#idicAzy, &
B 72 M A 720 TLIARME R G P IR IOT 22 [ ORI RS ICEA T TH 2 Z e HHHS
DI ol. ORI L, 1933 Ficarean 7 RGO 2REL. MERE LA
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3 2 NHRERGR 2L L. WMOMEIC LD, MEREEIEHEZER RS S e LTEi b
T, RIS, FRICANR— TRy 2R U7 B R BN e 7o 7.

1.4 FESRDFEIR

MR L3, ZORWITHT & 2, AN S EAMNT D — R TIERW. RO
BEEIXRIEDNHD, LIELIERD XS TIN5,

(#IR91C) ZEBIRERR

COVETIE, HRIIBHISNIBRZDODDICHNET 2EBINEMETH S s, R
PIEERTH D, BUTZ T IR DIE L ZOMMEEDOMIR & L THERIERINS. HlZ
X, FEEOBSMER T 23— RIS 2R, (RO DRvaf v 2 RITF7- & ZITEH
2 RZ W, BHRRELHE Y L THEREZMRTZ 2 eEX 60N TV, ThLIIYHEL - BA
H72 @R ICRR T 5, FENRHERTDH 5.

Soaatam B AR

AU LT, WERE EEREZCARHEREICT T 2RMOE SV U TR X % ODRRHGEmMfR
MTH3. 2T, HERIIBHADEE L VS XD D, BHIEOHERCEHRO AL ICHE T
b0 EINB. Thbb, BRI THSARVWALIZZIES ] 3DTHDH, ZHFTEHPAAC
ZABIFEZR DI & BARDIR .

Bl 1.4.1 =4t A ERATIZICEE S 2 PHIBEREZIEEL TV ML TVWE. 2 A\ B XA
HADPLDOXALZ b XytE—Y (DM) RHEZITED, 78 CHIBEOFRIAWFHLTWS Z
YICEL. BEXADSRIUE. ZOHKENMERTH ZHERIZ 277 =0.008 2D T/hEW., 223
2, ERRCERHE A ER» S 27 = 128 AOFIAARIH UL TUTD &5 #51ET DM %2i%- T
Wiz,

. %13@2 64]\&: riiﬁ%J, 64}\&: r‘Fi?i\éJ t%{%
o 52 FHADKHRE 64 ADS5B 32 N2 TEAZ), 32 NiT TF235) LiXkfE.
o DURABRICHED KT

COFEICED, THEHOKDDIE T7TEESE TN Yz o F2M—D AV T 1 AFET 3.
DF D ZOHRIIHERINEARELC 2D TIERL, BEADHEBBRONTWS Z LICERT %+
BIHEEERIC X o T THO 23 B VHSEE ) ICRZTWVWAIZT IR,

ZDEI1IZ, AL MER) LWIHFBTREINIBRICH, VHRLAN CIHRREEE WS B2
7% 5 WIED D % .



I ®IZ 11

i
gl

BAERRDILIS

NSO DMROZHMEC D 2 2b 6T, BROMERRE, FEDOMEMIUMITE L RVWER KR L
LTHERINTED, ZO0BERIED 2BRBFENTOHNTBITHN, BEENERERFIKS &
HTESL. BV IUR, THEREYSMIRT 20 IHERHRONTOMETH D, HinoNIHTIX
HNITH .

1.5 BEXE
AEEOBEREYL LTUTEETTEL. ZOBNEELIICDBHITLE.

o P. 7L E—F TEFLTHINMERR ALBH, 2012. [7].

o T4 THEEAR MEROIEMED S HFT~ HAG L. [11].

o {EREHE THIEED SfERAY 7R, 1994. [10].

o HEEE THERGROEME) SEEIE, 1991. [8].

o W. 75— MiESRGHL ZDbHI fIHBEEF)E. [4, 5, 3, 6].

e M. H. 7270 —bF&E, M.J. v —tva¥ MELRE T (1.

(7] & 1] 3AREFAREOHAETH 5. [10] S 8] FBENCHBICEINTED, KFE
TUHHT 2 PERFERZMH O DI XV d LAV, 7 25— ORI T AT LW (KEEH
WKIRBEWTH 2725 5), BARNTHEHWEENEZ C#loTWwa. 1] 1IZHIEERAEERANZ N 23
R RFHTOWTOMREN IR T F AP TH 5.



Hrzﬁ

;B LB

AR

BB BERDOEZ ST, HERHTEONRER2ER A ZHAESHETLARL, IFAMKC
2P LWV OFEMZEHT2 T ADOHREZAEN LD TH o7, TAUTH L THTESRGRT
i, AZHESETEARL, HRBEFEOSHEICHRL-0bHERHOHEREZHEH T2 TA
DERZHEIT 2. ZOBRICBOVT, FRAFESHOMHATIR, A DHERIZESEKY L
TR 22Tk, ZOFHZFENL D, ABETE, BIOE2ERIAERMEEMREL, MR
DEEARMN IR T F 3.

2.1 T CHERZEM

AT, FUERHFDOD L THEDIRT I N TE, ZORMEIMBRIC K > TIRE 2 EBRPBRRY
DZEWS. BRETLE, AREORRZERLIDLRVERIT. SHETIERS, FARR2MK
DEEZBAZERE VWS, F L L TIEEARICIE w, BAZERIIE Q 25 Z 2220,

DIF, AZETIX, ifTI3ERRITTH2 e L, BIEALMIETHRES L T 5.

B 2.1.1 (Hr300 1 ERIFET) v/ avz 1 EF2 e %, BZDE2HRIE1,2,3,4,5,6 D
63 @D THS. XoT, ZORITOEARMIZHK1,2,3,4,5,6 THhH, EAZEMIZ {1,2,3,4,5,6} T
H5.

BIRE 212 F— 41,2, 3,403 vh—DikExEL, /v 2777 MERD F—F X ¥ N TER
F—L"RDL. ZORITICHIET BEARERMERD X, 72720, 1HESE 1 E53F—21
WF—L 2, HE2REBWBEF—L3INF—L4LRESTED, 2TOMKTIHIEZNFIE RV
DT 5.

fRgs. 1SS 1 SRS oBsE, 1 S 2 e OBE, SO BEZ £ 5T (1,3,1) ke
ELZriT B,

Q={(i,5,k) | ke {i,j}, i €{1,2}, j € {3,4}}
={(1,3,1),(1,3,3),(1,4,1),(1,4,4),(2,3,2),(2,3,3),(2,4,2),(2,4,4) }.

TZ#fTe L, Q% TOEAZERETS. A, BCQITHL,

12



H2FE ARGUT

« ADRRCE L RIFT OfEEY LT A BT AEAENERT 3.

s ACQZERRLITA.

e A =0\ A={wew¢ A} ZRELR (WHES) L.

e AUB={weQlwe A ki we B} zMER (MES) to.
e ANB={weQlweA»Dwe B} 2RER (BER) .
e A\B={weQlweAd»Dw¢ B} ZEER (E&EHR) L.

e ANB=0Dt% Ar BIZEWIHRTH2 LS.

AITT YA a0 1 [ERITO L &, MERAFEEICHE?2S L T, FR A DKZ R
P(A) 1

% °

HEROBEBIEREZE T X, BEICIERD XS ICHER2ESBEBY L TERT 3.
EFE: 2.1.3 QZ2FRITT OEAZER L T2, QOHPESCH L TERINIESEBP TX
D3

SOMHEZDHODDE Q LOBKAED 5 WV IFHICHER L ITA.

(1) EED ACQIHLTPA) >0.
(2) g ANB=0%2{FED A, BC QIzxfLTP(AUB) =P(A) + P(B).
(3) P(Q) = 1.

o 29T QOWMAEEREERT.

e QO LOMERIEIIXP: 2% — [0,1] TINEMZMH/-TDOTH 3.

o #(Q,P) ZREXRZTML V.

o MITT 2F 2 % & &R, BAMNE, BT T IOHIET 2 Q LOMEHEIC XD REX
n5s.

o T ZFND ZF, BEANTIZ, HERZEM (Q,P) 2R3 Z 2 ITHYT 5.

FE 2.1.4 237 T b3 MR- (Q,P) 2FEZ2 5. ZOL ELURDED LD

AERA. (1) £9, Ain(U, 4) =0Td 5. FB, we Ain(UL, 4) & Twe Ay ppowe U, A
slweAdPowe A e Rhbie{2,....n} BREE] THD, AiNA =0 XD ZHIIFATRET
H5.

EF 2.1.3 (2) (HERBEOIENE) &b,

P(U A) _p <A1U (U A)) B4 +P (U A>
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Uro A = AU Uiy 4) T, Lo FBICLT Ay & Uls A BEWHIK TH 20 5B U
ffER M E D IIEME X D

(UA) A1+PM2+P<UA>

1=3

ZDFmEMREDIRT I RICLD,

(UA>_PA1 4+ P(A,)

(2) B=(B\A)UATHD, B\Ar ABHWZHRKTH 55, HRMEDMELEXD
P(B) = P((B\ A)UA) = P(B\ A) + P(A).

Xo>TP(B\ A) = P(B) — P(A).
(3)Q=AUA° THHEPLEH 213 XD

XoT P(A°) =1 - P(A).
(4) AU B IZHWCHER s 3 BROMAER L LT

AUB=(A\(ANB)U(B\ (ANB))U(ANB)
ERIND. Ko THERDINENEE (2) ORIRED

P(AUB)=P(A\ (ANB))+P(B\(ANB))+P(ANB)
P(A) —P(ANB)+P(B)—P(ANB) +P(ANB)
P(A)+P(B) —P(AN B)

(5). A={wi,...,wp} ERTEE, {w;},i=1,...,n FEVWIHKT, A= {w} TH3.
Z ORBUTHER DA Z B 3 I L. O

R 2.1.5 H 23T T 1T 2R (Q,P) 2EFEZX 5. ZOL LR D LD

(1) P(U?:l Ai) < Z?:I P(Ai)~
P (i, Ai) = 1= 300, P(AS).

FERH. (1) 57 2.1.4(4) LHEROIEEMEL D

(U)o (Ga))mraes (Ga) = (Un))

PMQ+P<UAJ.

=2
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T Ok &
IP)(U/L) < P(A;) +P(A) +P<UA> <P(Ay) +--- +P(A4y).
=1 =3
2) A (1) OFER &

P (Lnj Ag) < Zn:}P’(Af).

s, Moy A= (Ui A TH 3. EE, we (U, A cwd U Al FEDIi=1,...,n
WAL Tw ¢ A FEDi=1,....nICNLTwed Swe (A4 ZOILLEH214

(3) &b
() -#((00) )17 (0) 21 S

22 FERER
LR, 37T oR%=E% (AP tF5. X:QoR% (R) BREKL LS.

Bl 221 TZ2¥ A4 avo 1 EHRTFRITETE. 2o E, Q=1{1,23,4,5,6}, P(A) = |A|/6 TH
5. WEDHIAUL 100 HZ25T, HEDHAUL 100 H2R S5 BII2E 2 5. 2Oz

X(w) = {100 (w=1,3,5

~—

—100 (w=2,4,6)
CHEREREANTCHRT AN TE 3.
Bl 222 42D 2 ARITRAITEEZZ L&, WIDTI2EAEHBERIZLEN Q =

{(i,5) ], = 1,2,3,4,5,6} = {1,2,3,4,5,6}2, P(A) = % wEibhE5zehs. Xy 2 1HED
HH, Xo 2B HOHH, X 2 _-20F5t2$5%. $hbb,

INHIEETQ LOBKRDOT, MREMTH 5.
Q% = X(Q) = {X(w)|w € Q} & X DIKAETR ¥ M.
B c QX izxLT,

e X I(B)={weQ|X(w)eB} %2 X2&? BOEHREWVS.
e X1 (B)WZ X O BITAB LW HRERT.
e {weQ|X(w)e B} % {X € B} YBiLT 3 Z L HZW,

EIE 223 X % (O,P) Lo () EREHr$3. Zor %, PX(B):=P(X € B), BC Q¥,
E QX LOMERTH 3.
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AEHH. B2 2.1.3 @ 3 &R, O IV, T, EEO BC QX LT, PX(B)=P(X ¢
B)>0. o T&MH (1) @O 2. ABCQX TANB=00r %, X(w)cAt X(w)€BIiX
FIRFICHEZ BV, £oT, {X €A} ¥ {X € By BAEVWHRTH 25,
PX(AUB)=P(X € AUB)=P{X € A}U{X € B})
=P(X € A) +P(X € B) = PX(A) + P*(B).
WIS (2) DD LD, &fF 3) IKOVWTIE PY(QN) =PX € QN =P(X € X(Q) =1 &
DAES. O

o PX % X ONHEIFHESRZER L WS,

BlRE 2.2.4 ¥4 an 2 EETFEITOONCB T 2 HERZER X1, Xo, X OOMERD K.

ﬁ@% QXl - QXQ = {17 273747576}7

6

PYU({R)) = B(X = K) = B({kj} | € 95) = S P({h =D o =, keO¥, i=12

j=1 j=1

TH2. X 1E X, & Xy OFARDT, OX ={2,3,4,5,6,7,8,9,10,11,12} TH b,
k—1

T (2<k<T),
P} =P(X =k)=P(X1+ Xo = k) = 5

— 8 < k<12).

35 Bsk=12

o LORED XS I1Z, P({k}) & P{k} ¥ LILIEMEFE T 5.

RE 2.25 X BHEREH, 0: Q¥ s RT3, Z0LE, YV(w) =X (w) KDOWVT,

O = p(QY), PY(B)=P*(p"(B)).

Ay € QY @y e Y(Q) & Fw e Qst. Yw) =y Jw e Qst. o X(w) =y &
y € p(X(Q). £oT QY =p(Q¥). ZoHDERIX

PY(B)=P(Y € B) =P(p(X) € B) =P(X € ¢~ (B)) = P*(¢~'(B))
EOiES. O
o MERZI X1, Xo ITHL, X = (X1,X2) %2 (2 y(ﬁ:) BERIKILEWS.,

o OX C QX1 x QX2
o PX % X, & Xy OIEERTEVS.

FHERZR X TR LT,
=3 X(w)P{w}

weN
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Z X OHFEF I3 FHEEE W S.
ACQITHL,
=) X(w)P{w}.

weA

MERRZ bV X = (Xq,...,X,) AL,
EX := (EX4,...,EX,) € R™.

Thbb, EX 3RS ICERTS. EX 2 X OHFHERZ brnd,
EIE 2.3.1 EMERZHE X, Y IR U TUURDBE D D,

ElaX + 8Y] = aE[X] + BE[Y] (o, B FEE).
E[X,AUB] =E[X,A] +E[X,B] (A, B ZHRHR) .
EX =Y, ox 2P¥ {2},

Ef(X) =Y scax f(@)P*{z}.
X>Y #5I3EX > EY.
X>Y »OEX =EY 6B P(X =Y) =1

ElaX +8Y] =Y (aX + BY)(w)P{w} = Y (aX(w) + BY (w))P{w}

we weN
=a) X(wP{w}+8) Y(wP{w}=aE[X]+ BE[Y].
we we

EX,AUB]= > XwPw}=) XwPw}+ > XwP{w}
wEAUB weA weB
= E[X, 4] + E[X, B.

(3). QR Q=U,cox{X =2} tHRFERDOME LTREINLDT, HAED (2) &b,

EX]= ) EXA{X=z}=) > XwPw}

zeQX zeQX we{X=z}
= Z x Z P{w} = Z 2P(X = z).
zeQX we{X=zx} zeX

(4). ERTOD (3) kR,

Ef(X)]= Y Ef(X){X=al]=3 > [(Xw)P{w}

zeQX zeQX we{X=x}

= Y f@)B(X =

zeQX

EX = X(w)P{w}> > Y(w)P{w} =EY.

weN weN
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(6). IRELD, 0= co(X(w) =Y (w)P{w} THY, X >Y TH2h56, P{lw} >0 L2EED
WEQIMLTX(W) =Y (W) ThHs. koT, (X £Y)=0. ThbH, (X =V)=1-P(X £
Y) =1 0
e PX=Y)=10r %, X Y IZFLALHREIC (almost surely) FL WV &L,
X =Y as.

B8 232 X >0t 525, ROFRIWILT 20K,

fds. CGEL1ERE). X(w)=C>0 (E8) Ot X3 (2.3.1) 3FESTHRIT 5. FEEK,

=) X(w)P{w}=C ) P{w}=CPQ) =C.

weN weN
ARk, E[1/X]=1/C.
(B2 BF). — e, X, Y >0 LT, a—y— - 2271V DFRER
E[XY] < VE[X2]\/E[Y?] (2.3.2)

WKL T 5. ZhEHRALES. 7, EX] = 00k Z13EH 2.3.1 (6) DFEH & [ Uikamic
EDh X =0as oT (232) 30 THIZTS. EY] =00t EdFKETHS. Lo,
[ | >022E[Y]>0%2KRELTRT. FE 2,y >0 LTay <2?/24+9y?/2 THZI15,

X = X/VEX2, Y =Y//E}?] icownT

EH23.1 (1) & (5) &b,

BOEM 231 (1) &b E[XY] =E[XY]/VEX2EY2?] TH2h5, (2.3.2) »ES.
(55 3B, VX ¥ 1/VX i2owTa— /—-/.—w}w@T%f 3.2) WA T 5 &,

1:1@[ x— <ﬁr

1 1
E [X} > B[] (2.3.3)
L OARERHD BT UL (2.3.1) IZFBTHILT 20D 282508, —RICTAUIKD 7z
o, EEE, a4 o 1 EERTEITOmMERZEM Q = {0,1}, P{0} = P{1} = 1/2 1ZBWVT, HEREHK
X(w)=2w+2%2EZ25. ZOLE,

17 1 1
Fl—|=2-x=
[X} 2 %27

£o T,

N |
>~ =
o
[N}
[\V]



H2FE ARGUT

19

Lo T
1 3 1 1
E{X] ~87 3T EX
(B4 BRS. DLEXD (2.3.1) 13A%FK (2.3.3) THILT 2 Z e 0h o7z, &S, FRXPIKALT
DI DEGEDPTANK S, B 1EET X BWERDBEICHILT 2 DIFME»®7z. KIT (2.3.3) TH
BB LTVWE2T5. ZDLE,

VK . JUX
E[X] E[1/X]
1=
| XV <ixzqlye
2 2
D

R
E [2X +3Y ] =1
il g, fEoTEM 2.3.1 (6) &b, 1L ALHEFIIC
oo lgo ey
XY =X+ 0V
IHED, (X—Y)2=0as. koTX =Y. ¥%4bb X =E[X]as. ZHIX DR 1 TEKT

HHIEEKRTS. ©RIZ, (2.3.3) THESHRILT 2D X 2RI TEROL %, BLUZED
RRCZRR 5.

2.4 JRITE

INERa4 R 20T %, 2 HOKRIZ 1 HHOREREDOHELZII RV, S0z 3L,
1EEE 2BEEXRIEITTH D, HlZE, 1EEHPERT2HEENREL 2RI, 1 EEIERL X
BHER1/2 L 2 HNPE L RLMHER 1/2 DBICEIDEX6N2DTH -7,

E&E 241 FRALFERBPRIUTH 2 LIE, KPED IO ZFIZWS.

A, B e 2%,

P(AN B) = P(A)P(B),

e 2DDHERNPHWICHEK TH 2 Z e 3 EEEKR LRV, EE, AnB =10, P(4) > 0,
P(B) > 074513, P(ANB) =0 <P(AP(B) TH3. koTAL BIIHIcldnw. HK
HRZ TRIRRICZEZ 50 E0WSERTHWKELTWA.

o Ay, ... A, OMVEEIRICEDERT .

P (ﬂ Am.) = HIP’(A,”), {ni,...,nm} C {1,...,n}.

fFlfE 2.4.2 4 2o 1 EFETFEITICBWT, HEMBRTHZ2EREHEN 3 OFEKTH S
HRIMVITH B Z L 2nt.
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fRds. ZoRITICMINT HERZEM (Q,P) XdBAA Q =1{1,2,3,4,5,6}, P{i} =1/6,i € Q, TH
5. WHMBTH2ER% A, HEN 3 OEHMTHL2ERE B TERITZLICTS L,
P(ANB)=P(6} =, F(A)=j, PF(B)=P{36)=.

EoT
P(AN B) = P(A)P(B).

B 243 ¥4 a2 [ IRTORITEEZS. 2o &, WHT MR (Q,P) X Q = {(,5) |
iaj = 17273747576}7 ]P(A) = |A|/367 AC Q’ TH2. %2%

A={2EHIZ1 $7132 $7213 5 B35 ),
B={2HHIZ4 %7135 /36 25},
C = {2 E o HORA 9}

BEZD. IDLE,

P(A) = P(B) % P(C) =
<BY,
(ANBNC) 316 _ P(A)B(B)P(C)
s,
P(ANB) =< # { = B(A(B)
P(BNC) = o5 # 7 = F(B)E(C),
P(CN A) = % ” % — P(C)P(A)

o T A, B,C 3L TIER0.

EE 244 ZODMEREK XY DI THZ 21X, RHBLHILDE ZiZn.

PY =y), ze€Q¥, ye¥.

o FERAR X, ..., X, OHZHFKICEIDERT 2.

m m
P ﬂ{Xm:xm}>:HP(Xm:xm), Tn, € Q% {ng, . onmy C{1,... 0}
=1 =1

TFIE 2.4.5 MERZH XY, HR A, B I LU TR D LD,

(1
(2
(3
(4) *E

XY < P(XeEYeF)=PXeE)PY €€F),ECQX FcQY.
At BPHIL = WERE 14 & 1p AL
X 2 Y L = f(X) & g(Y) M.

MR X, Y 2T = E[XY] = E[X|E[Y].

~— — ~— ~—
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FEBH. (1) (=). EC QX FC QY #{TRicr 3. FR{X € E,Y € F} 3HKFEROME LT
(X € E,)Y € F} =U,ep, yer{X =2,Y =y} t RSN Z0DT,

PX€EYeF) = Y PX=zY=y= Y PX=xPY=y

reE, yeF reE, yeF
=Y P(X=2)) PY=y)=P(XecEPY cF).
zeE yer

(<) FBD 2z QX ye QY ITHLT, E={z}, F={y} 2ExuI k0.
(2) (=). FHR AL BOMHELD,

P(1y=1,15 =1) =P(AN B) = P(A)P(B) = P(14 = 1)P(1p = 1).
Xz, A=(ANB)U(ANB°) &b,
P(AN B°) = P(A) — P(AN B) = P(A)(1 — P(B)) = P(A)P(B°).

£oT
P(la=1,1=0)=P(ANB°) =P(A)P(B°) =P(14 = 1)P(1p = 0).

At BOEEEANEZSZET
P(la=0,1=1)=P(14 =0)P(1z = 1)
IS, X5, EH214(4) 2 A BoMXD

P(A° N B¢) =P((AUB)®) =1 -P(AUB) =1 — P(A) — P(B) + P(AN B)
= 1 - P(4) - P(B) + B(A)B(B) = (1 - P(A))(1 - B(B))
= P(A°)P(B°).

Lo T
P(14 = 0,15 = 0) = P(A° N B) = P(A°)P(B°) = P(1, = 0)P(1 = 0).

(). ZoFRIX
P(ANB) =P(la=1,1p=1)=P(14 = 1)P(1p = 1) = P(A)P(B)
EDES.
(3). EC QX V) 2IEicr 5. @225 kb, QfX) = £(QX), Q9 = g(Q¥) T
Ho, f[FUE)CQX, g7 (F)C QY THs. ko TAHAEH (1) DFERED

P(f(X) € B,g(Y) e F)=P(X € fTH(E),Y € 7' (F)) =P(X € fTH(E))P(Y € g~'(F))
=P(f(X) € E)P(g(Y) € F).

(4). £ 2.3.1 (3) DI L [FEkIZ LT,
EXY]= D EXYV{X=2Y=y}= Y Y  XwYwPw}

zeQ¥ zeQ¥ we{X=z,Y=y}
yeQ¥ yeQ¥
=) wPX=zY=y) =Y PX=z)) yP(Y=y)
zeQ® zeQX yeQy
yeQ¥

= E[X|E[Y].
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BlRE 246 YA anzEm+nAiR2 2 &, HHO m ENCHZBORMEHZD n [MNCH7-HOHE
WHNTH B 2 ERE.

fRE. X, 2 iMEHOHHEEL, X = (X1, ., Xn), Y = (X1, s Xonan) 2BL. 20 | f(X)
¥ g(Y) MY TH L Z e BB L. 2L, B fg 3ERER f(z1,.. . am) = Yo T,
g1, yn) = [l v KK DERT 3.

T, X1, Xy DHILTH 205, ZODHERNZ ML XY 3 TH2. ZhEhE
&S, WEOEFET{L,...,m} Cc {l,....om+n} EEINL, z, € Q5 i=1,...,m,
LT PX, = 21,0, X = ) = P(X1 = 1) P(Xip = ). AR, P(Xpi1 =
Ttls s Xman = Tman) = P(Xmt1 = Tmt1) - P(Xongn = Tomgn ) P(X1 =21, ..o, X =
Tman) =P(X1 =21)  P(Xpnin = Toman) DERD 2, € QX i=m+1,....m+n, ITRLTHK
DiLD. o7,

P(X = (‘7717 <o 7$m)7Y = ($m+1, ce 7«Tm+n))

= P(Xl =T1,.. .,Xm = a:m,Xm+1 = Tm+1y- - -;Xm—i-n = xm+n)
m+n
=[] P(Xi =)
i=1
= P(Xl =Tl Xm = l‘m)P(Xm+1 = Tm+1y- -+, Xm+n = xm—&—n)
=P(X = (21,...,2m))PY = (Tmst1s- -« s Tntn))-

o T, EH 245 (3) &0 f(X) & g(Y) 3HNITH 3.

25 FHfTEIHER

glEfix, (QP) 27 T ICHIET 2 HERZER L T 5.
PA) >0%2FRALERBLIINL, ADRTDO BOXRKNAIHEEP(B|A) %
P(BNA)

P(A)
WEDERTZ. ZHUT ADIEZ ZHHET BRI 2R MINTE 5.

I 2.5.1 People v. Collins = (fil 1.2.1) ZHERZEMZHWTHAL, FX (1.2.1) Z1EY
b8 &.

P(B|A) =

fp%. Zo%E, BUTEE n oy b s 1 H2HEIERIMET 2 2 TH 5. MIST 2 HERZERH
BQ={1,....n}, P{i} =1/n,i € Q, TH3. TRV FATER=Z—T —VICHQLHVLIEL
HIOFEERLLEZBEANDS v VT, HEVHEIZES TEADEIRL TS EWIRHHE (x) &
B ACQRDy TV R () KART2ERET 2L, RELD P(A) =phKiec Qi
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HLUTHDILD., HRAB,C%

A = {BAR DR () 1B,
B = { AR FHA () 12 E 2,
C ={b x5 ETHZ IR () IcEES
YEDDBY, ROBMERIZP(B|A) THD, CIIHKEZOME LT
C=(ANASNASN-- NAYUASN A NASN---NAS U---U(ASN---NAS | NA)
YRINDG. XoT, hy FLBEOMIEID
P(C) =P(A; NASNASN---NAS) + P(ASN Ay N AN --- N AS)
+ 4 PASN--NAS  NA)
= P(A1)P(A) -+ P(AS) + P(AS)P(A2)P(AS) -+ P(AS) + - + P(AS) - P(A
=np(1 —p)" 1.

== {10)

n

[TPs) =@ -pm

i=1

Ko TEM214 &b,
P(A) =1—P(A°) =1—(1—p)".

X 51T,
B=AncC¢, A>DC
CEM2.14 &b
P(B) =P(A) —P(C)=1—(1—p)" —np(1 —p)" .
MEXD,

P@”LM__WB):l—%l—mn—nM1—pw*{

FEIA =50 = @) ()

ST FHERIIMERAEZ EFRT 5.
FE252PA)>02F5%. 20X, Pao(B):=P(B|A),BCQ, 3Q LOMETH 3.

FFRH. €% 2.1.3 © 3 &R HEIrDIUT I V. FED BC QXL T, LRI
PA(B) =P(B|A) > 0.
BNC=0%3EED B,C CQIZXLT,

PA(BUC) = P((Bm]g(j)(cm)) _HB “AI)P&I;(CQA) = PA(B) + Pa(C).

X 51T,

W ZAEBD ERDIUES . O
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RAZDRAD 2 VERNA ZDOFEEOHL TIIEN 2 RDFERIE, 5ol TR Ao FT, TR
K B O 2MRZEHET27ETHY, JOHERICERATH 5.
FIE 253 RAXDRHK) P(ANB)>0DL %,

P(A| B)P(B)

P(BI4) = =54

(2.5.1)

AEH. ANB C A 2EH 214 (2) kb, P(A) >P(ANB) > 0. [k P(B) > 0. fit-T, (2.5.1)

D i_cilEm{\%%*‘j ‘6’ ]P( ‘B)]P)(B) (A B) ( ) _
7] P(AN P(B A
i A o _ 5 ) )~ P(B|A).

NA ZDNROMANZIEHE LT, MEOHFREEZ TAXS.

BIRE 2.5.4 (BREDOHIFR) H2H5 A WXHE>TWEAD 9% 5, MEDFER, B L Hk X
Nzr52. ), WRACES> TORWVAIRDOWTD 2% IRETHER LA H 2 &5 5.
HBMETIE, 1000 ADS B 1 AR A>TV, D E, METHEEERLEZA
DFEFFRITIRR A I > TV B HERZRD K.

fss. IERIRIINT 1 NERE T 231T2E R, D& 20 AR AICE->TWa) HE, T
Z BAETHEZRT) FReT5. RELD,

1
F(D) = 1555 = 0-00L, B(T'|D) =099, P(T|D)=0.02

THB. KDZDIZP(D|T) TH3. £F, T=(TND)U(TND) ZHREFEROME DS, i
RONMEE FHA EHEROER LD

P(T) =P(TND)+P(TND =P(T|D)P(D)+P(T|D)P(D°)
=0.99 x 0.001 + 0.02 x 0.999 = 0.00099 + 0.01998 = 0.02097.
Ko TRA XD CGEFE25.3) &b,

T|D)P(D) _ 0.00099 _ 11 _ -
P(T) T 0.02097 2337 T

ThOE, BHECHEINTD, ERTHK A IHE > TV AHERITN 4.7% 1B Z 0.

P(D|T) = 2t

o« MBEOKEDEV UHKDAD 99%, EERLAD 98% ZIELSHET 2) Kb 2rbbTH
HRRBPENDIE, ZdZHIRKUTHE > TV DI APV, TROBEFER P(D) 2V/hS Wiz
OTH5. FEE, BEFEDOEIS 0.02097 D55, EIZHKTH 5 AOHEIE 0.00099 kKb b, f&
R DTG L 72 - 72 NDEIE 0.01998 DIT A2 A ITKE W

o ZODXIIC, FHHiERP(D) kEBET, P(T|D) BDRENZLZI2S P(D|T) dRKEV
CHIBILCLE SR D Z2EERDIRE (base rate fallacy) W5, P(D|T) & P(T| D) &
HYITH 23 e IcERE K.
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BIRE 2.5.5 HRZIRDE ST =S MT5. #F61,...,N D—2Ii2 100 HFHNPA-TH
D, BYiZ (=bl) TH3. Hu3fzr—ORBRNZENTES. ARFRICANYED H»
HoTWwa., FlziE, DR 2ERIL TS, ZORETYZ) ORIZ1/N TH . H
KB 0P B E BESH1ICH  LAOKZRIT 5. 223 bLAA->TWDS (AIRE
Y720 OFEBT RV, 2T, ZORETOYZD DOERICONT, ELVLOREE L ?

(1) A DFED—DE o T=h B, b DHERIZ1/(N — 1) 12 Edio .
(2) AIRBEINNOFE LT R0 S, M7z h OMERIIED SR,

. B 1AM DT, BN ISR TIRES L LUTRERER LS. A, 2550 28R
HG, B, RAIREN j€{2,... N} BERXFRL TS, COrE, P(A)=1/NTHD,

P(B; | A;) = .
N_ (i #1)
Thsb. XAXDONKN GEH253) &b,

P(B;j|A)P(A1)  P(B;|A)P(A1)

P(A; | Bj) = =
(] ]) P(Bj) Zi;éjP(Bj’Ai)P Ai)
. S 1 1
_ N-1 N _N-1'N
S A
i#1

WA, BRI (2) T, YD OHRIILED LR,

2.6 KEDZEH

TIZTRE(QP) 2 nEaf ARTFEITOMREME T2, {X;}, ZHIZES# (Independently
and Identically Distributed, IID) T, P(X; =1) =P(X; =0) =1/2 Zifi’z3T & 35. $2bb,
RERZERE X, .., X, (R T, % X OIEP(X, = 1) =P(X; =0) = 1/2 ckh 5265 L
T5. ZLTC, S, =X1+- -+ X, BE, X, b08M¥EH S, /n 2EZ5S.

EIE 2.6.1 (NILX—- (Bernoull) OABDZER]) EFED e > 01THL T,

n 1
lim IP’(S—’>€>:0.
n—oo

n 2
EX; =1/2TH»2H» 5, ZOEMIES,/nBEX; & T3 BEEINIVEWVD ZEEARRT
W3, FlilBRz e, nditaokEnwe s, afroReEIT (X3 RALEETHERETZ WS,
WIS YARE EbN 2 Z e P BEANCHELWVWE WS T2 Z/RLTWVWS.




H2FE ARGUT

26

1.0

—— HX1]1=172

0.8 -

0.2

0.0 . . r r
100 10! 102 103
n

2.1 aA YBFCBITB S, /n OEARE (6 4). n BRKELRZION S, /DB EX =1/2
WED < BT, BEENIO R r— L.

FH2.6.1 DFM. A, = {|Su/n—EX1| >e} £BL. we A, DL E, 1< [Sp(w)/n—EXy|/e
Y

PA) = Y By < 30 S ZENEp ) o 5o Sal)/n DN )
weA, wEA, weN
2 n 2
— ?IE i 521@ {(i ;(Xi—IEXi)>

E2n2{ZEX EX;]” + ) E[(X; — EX;)(X;, IEX)]}

i#]
ZZTV[X;]:=ElX; —IEXZ-|2 =1/4THYH, EH245 (3),(4) &b, i #jITHRLT
E[(X; — EX;)(X; — IEX]-)] =E[X; — IEXZ-]IE[X]- — IEXj] =0.

oT, n—=>00DL X,

Eﬁﬁﬁﬁma
B 2.1 (1) (Q,P) 22 HREIT T ISHIST 2MERZEME 35, Ay, Ay, A3 CQITHLT
P(A1UA2UA3) = P(A1)+P(Az)+P(As)—P(A1NAs)—P(A3NAs)—P(A1NA3)+P(A1NANA3)

M DILD Z & ZFEAE K.
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(2) 300 N\OHEAD S B, 185 NIFHERFE S 7 X, 90 NiZ7 w27 3 V73, 160 NiZE Y+ R
~F—BEEZELTCND. AR 0S5 I S OMAEEZE L TVWIDIE 48 A, T
FIVIZLEYRART DM 42 N\, ERFL LI XA F DM 103 A, 3 F#HET
NTEZ#BLTVWDEDIE 2T NTH 5.

%, 300 A5 1 N2 BAERITER. ZOANDRL D 1 DOFHPEZZH L TV S HERITNL
S5 ?

M 22 nHHHEOHEEEZEZS. BkOA vy X3 1471, THD. Tibb, BEIiC AMEBII-5
BEDIVERE L ST

(1+m)A (k351 1),
0 (kA5 2 I F).

n

<1

P 14w
DD >TWBEIRET S, ZDOLE, BRI S5HTZ07?

(O, P) % HRATORRZER L L, fFEO w e QI LT P{w) > 0 RRET 3. Z2ThnHR

ACQ URERER X ITHL,
E[X, A]

P(A)
FHEADTTOD X OFMHATEHFEL VLS. X5, BEEREK X, Y IIXL,

E[X|A] =

EX|Y]= ) E[X|Y=yllyy_y,

yeQy

Y DBEZ5NETRTO X O ZHAREL WS,

B 2.3 (Q,P) ZHMRAITOMREHM L L, FEDOwe QI LTP{w} >0 %2KET 2. X &5
MERZH, YV FHERENZ bl L, X 2 Y 333, ZorE, f:QF 5 RixfL,

E[f(Y)X[Y] = f(Y)E[X]
M DILDZ & ZRnt.

MR8 24 N ElaAf U BIFRITEEZS. Saa4 oRFEMzIe L, RoHsEREZ pe (0,1) & F
. ZORITICNIGT 2MEREM%Z (Q,P) 2 L, 2D LOMERELKI Sy, S1,...,S58v BERD X1
EFRT 5:
u  (nEIEHHMRK),
Sn = Sn— e
1X{d (n[E HA3E).
72721, 0<d<1<uT, SyldEHLT5.

(1) E[S3|S1] Bk &.
(2) HEED 1 =1,..., NI LTE[S, | Sn_i1] = Su_1 DK D 7070 OBE+ 3542 RD X,



ly

W
9

-'IJ.IIII

D EZ AN HIFHHE A

(Qn,Pp) Z nHa g ATRITICE T 2HEREME 55, S, 2 ROE2EIG T2, EH2.6.1
(N R —A4 DRBDEAD &0 limy, 500 Pu(|Sn —1/2] > 6) =0 Th o7z, EENIE, dok
i<, Tw ZT2i2) lim, e Sn(w) = 1/2 L LE S TH 3. LirL, BEEMNE, Q, En BZE
TLOAERSINLTVWARVWDT, nERRKDO L ZOEARIEZ NV, ZOMEZBIRT 2729,
Qoo = {wiwe -+ | w; = 0F 2T} ZFEZNF IO LAV, Zor X, flziE, £TRIH
BHERIL (1/2)° =075, BTRT IO, TD O ZIERBERESZDOT, RIEOPHAT
W, FEREOEAZRFOER AL T, ADPRIZHEE =|A|/2° =co x 0 72 H BEHE D
BV, P(Qs) =1, P{w} =0THDH, PnEHXTETE) =1/2" %, BERIIE>TWT, »D
P(lim,, 00 Sy, = 1/2) Z2EZ 5N 2 K5 RIERAEZER LWV, BIE X D —RVRIEGRZHEET 5
ZETZOMWIZER 3.

3.1 #ER&ESHETHL
AREEORELT 5.

. ADEREATHS LI, ACETZTOM A DERED L 21205
. BESLHREGLELS.

. HRESTHEVWES ZERES LS.

« ANTHEETHH L, AdSEREEERNAORHIHNEET 2L 21205,
. ANBREEESTHE LI, ADARESEHETHEEDOL 21205,

. ABKTHESTHS LI, ANEHLATEESTRVE FTWS.

BIFE 3.1.1 BHEKROEE Z ZrBEETH S I 2N D K.

s, N2 o ZADOEREPHFET 2 Z e 2neidlv. fl2E,

0 (n=1),
f(n)=< -k (n=2k, k>1),
E (n=2k+1, k>1)

YEHETLY, f:No ZIZSHETH 2.

28
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WRE3.1.2 (1) AXEAAEES, BC ARSIE, B bmAAEES
(2) A,BhEAAEEELBHIE, Ax B bEAAIAES
(3) &ne NIINLTA, E4AEEEGLRSE, U, A, bEAAEES

AERH. (1). ADEREGOL ZIZHLD. ANAHESGL T2, AEYLR2HN f: A > N
DGz T, A= {a,:ne N} DETEREINS. a, € BRDnZIFKREML, NOEIF
n(l) <n(2)<--- 21E3 L,

{n(k) :keN}={neN:a, € B}

THb. EoTB={ayu :keN} tRINZDT, ThRIAHEETHS. AVARESDEHE
YHETC, MR, BEEATRESTHS.
(2). A={a,:neN}, B={b,:neN} T HLEZ,

Ax B={(apbe): k0 € N}
Y#3 5. fAxBoN%

f(ak,bg):%((k+£—2)(k+€fl)+2€)GN, (ap.be) € A x B,
CEDERTHY, CAURRMITHS. FHE W OBIELTAS Y,

flar,b1) =1, f(az,b1) =2, f(ai,b2) =3,
flas,b1) =4, f(az,b2) =5, f(ai,b3) =6.

—RD kLWL T, E+0=nlBEEL, k>12056 k=112 Tk%Z12FT2EOHLTWVL
% flag,b)) =((n—2)(n—1)+2(n—k))/2=N e BHX, k>1Dt %,
1
flag—1,be41) = 5((71 —2)(n—1)+2(n—k+1)=N+1

%%, k=1FTRELk+L R 1DEPL, k=ntdT3. 5L,

flan,b1) = %((n—i—l—?)(n—i—l—l)—|—2(n+1—n)) = %((n—Q)(n—l)%—Q(n— 1)+2)=N+1.
B 2R/ERnhrs. RCEFEZHEEL LS. T(m) = (m—-2)(m-1)/2 eBL &,
C=n—k U =n—F ZH\VT flar,be) =T(n) + L &FE T 3. f(ar,be) = flaw,bey), T72DBE

Tn)+L=Tn)+, kK 0 >1, (3.1.1)

DPRDNOEET S, Tldm > 2 ETHRFBHFAYEMT T(m +1) —T(m) =m —1 27,
n=n"RBoTn)=TMN)ED L=V, XoTk=kK. n#n ERELTFELES. MHMELD
n>n', $bbEn>n+12 LTI, ZOE=E

T(n)—Tn)>Tn +1)—TMn)=n"—1.

{5, (3.1.1) XD T(n)—T(n) =€ —0<f —1<n' —2 (REIEK >1 X0 0 <n'—1). BE
s n —1<n -2 OFE. XoTn=n'k=Fk.
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(3). BELSHREAZRATUUIEINDT, 4, BEETAIRESRELTEV. EEY

n—1
Bl = Al, Bn = An\ UA]‘, 7?,22,

Jj=1

ZEZDH. ZOLZE, B, EFAEWICHER T, & B, PEAHEGTHL. IHIT,

U
n=1 n=1

BB, % By ={bpp ke N} 2RTEE, f(bug) = (n, k) 1Z U2, By 25 N x NANOHSHTH
3. M5, f(U,B,) CNxNTHaRE, AME (1) X0, (U2, B)) B&EAAETHY, f
GHSZOT, UL, B, bEATREEATH 3. O

ol 3.1.3 AMEAR Q BIMHEESTH 5.

AR, Q = {n/m :m,n € N} bRZN 3. 7270 n/m 3B BEL T2 f: Q> NxN*%
Fnjm) = (m,n) CEDERT Y, F(Q)CNxNTHD, fIREHFTH2H0, ME312 XD,
QUEEAMNEELSTDHS. QIFHLIMCARESTIERVWOT, MEESTHS. O

el 3.1.4 R o A VT EUTOEARZER Q = {wiwe -+ |wy, € {0,1}, n € N} (ZIFA[HHE
REGTDH 5.

A, Q BHEREATRVORHLY. QPABEEGLRET S, Q= {0, w® ...} &I 3.
% wl) %

w0 = oD .
ERT LTS, ZOLE, O=W01low3- &

= 0 (W =10y %),
Tl WP =o0o e ),

YEHETDY, 013w 0@ Dy —E LRV, Thbb, ¢ Q. ThUFQHIAEEST
HBZLICFET 5. O

3.2 WERIFEKZHDOES

B2 X5, MREI A VRIF DD DAL Q ICHYZHRHELZERT S5 H
TE2. L2L QO2TOWHEACH L THEEZERT I EEITERL. — I,
{HERDPERE D OES} C 22 Th 3.

DF, Q2EEOETRVESEL T 5.
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& 3.2.1 Q O EEHE F 2 o-E£81E (o-field) F7213 o-IiEHK (o-algebra) ¥ I1ZRDZE
otz &5 & Xi2nS.

(1) Qe F.
(2) Ac FablX A° € F.
(3) A1, As,... e FRBFIU,—, A, € F.

¢ 220,00} 3T Q Lo o EA/KTH .

BIEE 322 ACQLT3. ZOLE, o(A):={0A44°0 3 QLD EEKTHE R
e .

R . M.

FHE 323 A% QOEREOHSESEKEL T, ZOLE, A2BUCRIND o-FEK o A] Hi—
BEINCFET 5.

oAl B ABBERENG Q LD o-BEKY A,

B 3.2.3 DFEEFH. XD (A1), (A2), (A3) Zifi/=F o-BREWK o[ A] B—HICFET DI L ERT.

(A1) A C oAl
(A2) o[A] 12 Q L0 o-EEKTH 2.
(A3) AZETQ LD oAWK BIHL, ofA] C BTH5.

ZOHWND®
H={BcC2? | B> A, BiZo-£5&1k}

REZD. VAR o EERTHEDE, 2V H. BT, HAD. HEH={Blrr £ET

ZricLT,
Al:= ") By
AEA
BERDL. IWDBKRKDLZHDTHEIERED.

¥, EHLD, TEOAcAMLT, ACB\THB. 5T, AC(\yepBr =0l T7
bb (Al) BiliEn5.

RiZ, B A2B0 oc-HREaKE T2, ERELD, olA 132D XS % o-HEEKOEEH T TH 2
e, oAl C B. TbbH (A3) HHLD IO,

(A2) ZIRT 72D o[ A] DIEFE 3.2.1 D 3 &M 2l ToMEL L 5. & Byl o-REKRRDT, (£
BONEANHLTQEBy. £oTQEMNyepBr=0lA] TH3. AcolA KoIE, TED A A
LT A€ By THB. By 3 o-EAKTHENS, A°€ By, koT A€o Br = o[A] TH
5. Ap€o[A,neN, t32E EEDOneN, N ARINLTA, eByTHd. HUOEB\D
TEGERTHB L RS L, & AMTHLTU, A, € By, W21 U, Ay € Nyep Br = oAl
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BRIz —BHERZS. C2 A28URND o £EKET 5. Thbb, Cid (Al), (A2), (A3)
BT LTS, COrE, oA ORMELCOALD, oA CCTHE. Ct oA DEEEA
NEATC ColA £185. o, C=olA] O

xiz, R LORHEOEEE
Z:={(a,b]| —oo<a<b< +oo}
RPEATS. 722U, (a,4+00] & (a,+00) ZRTDDE T 5.

o« BR):=0[Z] 7 (1 XJ0) KLILEGHEL WS,
e BR) KET2%EE%E (1 T) RLILEREWVS.

FEED a,b e RITHLT, [a,b],(a,b),a,b) € BR) THD. FEFE,

o= (wr- ]

n=1

EBR) D o-BERTHZ 2R3 Hh 5. BRI EoT, BR) EE4AIEMED XD S
ELNZEEHEL MIRL T L.

BIRE 3.2.4 {JEFERL) € B(R) Zre.

s EED 2z e REneNIZHLT, (v —1/n,2] € BR) TH3. £o7TC, {z} =, —,(z—
I/n,z] € BR). $7&bb, 1 AEGRIRLAEETHS. ME 313 L0 QRAIREATHL75
Q={q,q, -} tEI2. w2cQ=U " {g} €BR) THbH, t>T, Q° € BR).

ZRITDRVNVEESEZERLTBIS. 1 XoBE& L FEKIC R 0EEK
Za = {(a1,b1] x (az,ba] x -+ x (ag,ba] | =00 < a; <b; < 400, i=1,...,d}
REAT 5.

o B(RY) :=0[Zy) & d RITRLNVEEKL NS,
o BRY) KET2HE% dIILRLAEG LN,
e SCRYUIZHLT, B(S):=BRHNS 1S LD o-EAHIKITKS.

3.3 HEXRAE - RO

QB2 ThWES, F2Q Ltoo-E£E5keT 3.
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& 3.3.1 F LORGHB P TROSEM 2T b D% (Q,F) LORRRE 3 HIcHEE
WV,

(1) fEED Ac FizxtLTO0<P(A) < 1.
(2) P(Q) = 1.
(3) J-bﬂ?ﬁ'l‘ii AZ S ]:, AiﬂAj :® (Z #]), i,j € No)t%,

(0a) - S0

o BRFAfTOL EDMEE (EF 2.1.3) 2 lo-MEMN) B EHb-oTWVW2 Z 2 ITEREYE £.
e ONHRESDL X, HRONMEMLY o-INEEIEFIETH 3.

o 3O (Q,F,P) ZRERERGL VS,

o MEFZEM (Q,F,P)ZEZ TV E, QZRIBRERM, AcF 2BEREMR.

HERRNE DO Z WL ODFTFTTE I 5. MELZHOIREZM FTERIN B HERIE 2HERDH L
MERNZ ¥ HZ0.

Bl 3.3.2 (BER—1RDH) N >2 2 HAK L 5. S:={1,2,.... N} &%, 25 LoEAEK %
_ Al s
/’L(A)_Na A€27
WEDERTS. ZOrE, (5,25 p) ZHEREETH 5. u 2HB—FPHEER. N=20Dr %,
(NF7R) a4 ARTORITICHIGL, N =6 Dk X3 (WNFR) 4 aafiFichiss 3.

B 3.3.3 (NILX—19%) 0<p<1r3T3. 200U FoBEAEH L%
1) =0, p{0} =1-p, p{1} =p, p({0,1}) =1,

Wk DEFRT L, ({0,1},2000 1) 3HERZEMTH D, IR KROBITISHIET 5. 1%
RNILX—A (ZIB) DH LR,

Bl 3.3.4 (R7Y>91) S:=NU{0} ={0,1,2,..} & X, &necSKMNLTp, =e"/(n!)
B RELcREERY 5. 29 FoESEE L %
w(A) = an, Ac 25,
neA
WEDERTS. ZDrE (5,29 p) IZHEREMTH S, p2RTYORHEER. K7 Y Vil
HERANE, Wk eET LT3 2IckHOLNS.

Bl 3.3.5 (—KEDH) a,b € RIZFTIET, a<bZilirzTeds. 2o, ([ab],Blab]) Lok

I 1T,

y—x
b—a’
BT b ON BT 5 GEHES). 1% [0,b] FO—BTLITR. [a,b =[0,1] DL 20 4
ERACIAR—=FRAEE WS,

p((z,y]) = a<z<y<b,
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B 3.3.6 (3EBHDH) FIE5EDRFA—& X >01ZxtL, ((0,00),B(0,00)) LOHERRE 1 T,

b
u((a,b]) = / Ae Mdr =e " —e AN 0<a<b,
273 OB —RBICFET 2 GEIK). p 2EESH R, B
p(z) == Xe ™, >0,

EHRBOIMOBE X I3BERRE WS . 50 IEA XY F 6 RDA XY+ TORHEERD 7
e LTHVWLNS ZEhZ\w.

B 3.3.7 (EBH7) 50 m e R, v > 0124 L, (R,B(R)) LOMEHE 1 T,
b o—(z—m)?/(20)
a V27

723 b DR —RIFEET % GEHIZ). p Z2FE m, 78 v DERDHED 2 WIEH T X0 L I
N, B

w((a, b)) = dr, —oo<a<b<oo,

o (—m)?/(20)
p(x) =, T € R,
2mv

ZIERDMOBE S -ZBERBLEVS. m=0,v=1Dt XD p ZRITIEEERD LS.

TR DIAEE E ATV S
S8 3.3.8 (O, F,P) RHERZME T2 L &, LIFAHMD 7.

(1) P(0) = 0.
(2) A; € F, AlﬂAJ:w(Z#j), z,jzl,,n,tﬁf)obi

(3) A, Be F2 AC B %iild & &,

(4) A,B e FizxtL

(5) A, € F,neN, IZHL,

FEAA. (1). A1 =Q L, n>2KHL A, =0BVT, PQ) =1t P okl (E#%3.3.1)
25 &,
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iE-T, P(0) = 0.
(2).i>n+1IHL A =0F2, HifD (1) DHER»S, i >n+1XHLPA;)=0.
DI LHERD o-NEEL D,

(0n) -#(04) - S - Soon
(3). Ay = A, Ay = B\ A ¥ UCAME (2) 25 &,
P(B) = P(A; U Ay) = P(Ay) + P(Ay) = P(A) + P(B\ A). (3.3.1)

EF3.3.1 (1) Kb P(B\A) >0. XoTFEETIHEXDD LD,
(4). Ay =A\(ANDB), Ay =B\ (ANDB), A3=ANB ¥ LTAEH (2) BLU (3.3.1), Thb
L5 CCDRBIEP(D\C)=PD)-PC) 2> &,

(D

P(AUB) =P(A; U Ay U Ag) =P(Ay) +P(Az) + P(As)
(A\(ANB))+P(B\ (ANB))+P(ANB)
( ) =

( )-

A)—P(ANB)+P(B)-P(ANnB)+P(ANB)

P
P
P(A) + P(B) — P(AN B

(5). Bi= A1, B, = A, \(A1U---UA,_1) (n>2) ICXDHERY {B,)>°, 2EXTS. 2D
X, BNBj=0(i#j) THE2056, HRD o-MEMEE AdE (3) &b,

P <§1An> —P (G Bn> = iP(Bn) < TiP(A

n=1 n=1

R 3.3.0 (REDBEM) (O, F,P) 2HEREMY T2 L &, LUFHSHKD 7o,

(1) {A,)00, C FHARFMEMOL &, ThbH A C Ay C - DL E,

(U >_n152019>,4)

(2) {4}, C FAEMABO DL %, $hbb A DAy D - DL E,

(ﬂ )‘JE&PA)

A, (1). Bi= Ay, By = Ay \ An_ 1 (n>2) WX DERHI (B, )2, 2EKTSL, BNB; =0
(i#£7) TH2E205, HRD o-IEMEL @& 3.3.8 (2) &b,

P (G An> =P (G Bn> = iIP’(Bn) = nan;OZH:P(Bk)
n=1 n=1 n=1 k=1

= lim P (U Bk> = lim P(4,).

k=1
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(2). B, =AS (n>1) XD ERSNLZERYN B, )00 IHAMMNTH 2. koTAME (1) %
AL,

P (U Bn> = lim P(B,).
n=1
7,

ﬁ A, = (G Bn> (3.3.2)

THE0H,

P(ﬁ An> =1-P (G Bn> =1— lim P(B,)=1— lim (1—P(A,)) = lim P(A,).

n— 00 n—00 n—00
n=1
J
BB 3.3.10 (Q, F,P) 2HREML T2, £nec NIZHL A, € FBPA,) =1 %H=T
& x,
P (ﬂ An> —

n=1

DD IO Z L BRE.

. (B}, CF 2 B, =AS kD EETSHL, P(B,)=1-P(4,)=0TH3%. 2ozttt
i 3.3.8 (5) &b,

P ([j Bn> < iP(Bn) = 0.

n=1 n=1

P<ﬁA> zl_p@lgn) -

(3.3.2) ZHWT

2195,

3.4 FEXRTH

LR, (Q,F,P) ZiERZEM e 55, WREHEIX, WX, Q Lo#ozeTths. HilZi,
HHHFHT 9 RHC BT 2 A KR (°C) IIMERER L AE S, ZOHE X(w) =30 R LS
N5, BARNGERT 272D120F, X CHEBRTIEEN P OERKTH 2 FIBESRITUIVITR
V. BRI, {X > 25} € FTHRVE P(X > 25) ZERTERL.

EFE 341 X:Q > RU{+oo} PEREHTH 2 LI,

{X>a}eF, acR, (3.4.1)

DTz I D & FITWD.
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CDERDND, MEREBICEE T AIEAREEL F BT TS, RLLESEHWEN
B (4) 120V TR OHGRD BB 72 2 D THEHIEIG .

B 342 X :Q > RU {foo) BHEREMTHZ L=, LIFHRD 1.

2D B e BR) IZHLT{X € B} € F.

)
)
3) 1£E-®abeR&JdL'c{a§X§b}eF.
)
)
)

AERA. (1). X D HERZBO L % (3.4.1) DD D, ZOL EFEED a € RITHLT,

EoT (1) AR D ID.
(2). (34.1) &b, FED a,b e RICHLT, {X >a},{X >b} e F. kb, {X <b}=
{X>b}ceF. &oT
{a<X<b}={X>a}n{X <b} e F.
(3). A (1) OFERED (X >a} € F. £oT

{a<X<b}={X>a}n{X>b}°€F, abeR.

(5) 1 {X = oo} = (2, {X > n}, (6) 1 {X = —oo} = (2, {X < —n} = (2, {X > —n}¢
EOiES. O

AR 3.4.3 X EBED ¢ 21X, (3.4.1) @ (1)-(4) OWINe bRMETH S, FEBR, mdE 3.4.2
(1) Do TVE T2, FEDaeRIIMNLT,

{X>a::U{X2a+i}€F

%7, ME3.4.2 (2) BRDTOL E,

{X >a} = U{a<X§a+n}€]—", acR.

n=1
G342 (3) BHESHAR

oo

1
X = —<X< F R.
{X >a} U{a+n_ _a+n}€ , Q€

n=1

M 3.4.2 (4) DR ENBHEE, FLAEEL LT B = (0,00) BZERAUZ L.
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B0RA 3.4.4 {X, )02, ZEERZEI|I T2 L &,

sup X,, inf X,, limsup X,,, liminfX,
neN neN n— oo n—00

BETHRERTH .

FERADETIC, EMRER lim sup & FARRR lim inf OEFRZMHER L TH Z 5. FEHI {a,}52, ITH LT,

limsupa, := lim supa, € RU{£oo},

liminfa,, := lim inf a, € RU{xoo}.
n—00 k—oon>k

feE 3.4.4 12 & D, BREEINCIE THERZEBA|OMR O HEREK THS | L FZ 5.
A 3.4.4 OFEH. FED a € RIZXH LT,
supX,, >ap, = X, >al, inf X, <aj;= X, <aleF
{n;l) } Ut >a {ing } Ut <a)

THEDD, sup,s; Xp & infysr X, 3L SIHREMTH 2. ZOFHEL

limsup X,, = lim sup X = inf sup Xy,

n—00 n=0 p>n n2lg>n

liminf X,, = lim inf X, = sup inf X

n—00 n—oo k>n n>1k>n

XD limsup,, ., X, & liminf, ,o X, b & DICHEREHTHZ2 00 5. O

Rl 3.4.5 X BEMEREZH, [ RoRZEEE T2 E, f(X) IIHEREHTHS.

AH. a eR &35, HEEHROERLD, f~1((a,0)) IZHEETHS. 2 TR DITEOHES
BHLT, B=",(an,by) %% an,b, €R, ay, < bp, n € N, BEET 2 (ZAUTDWTIEHA
21X, [10] D 15 ®EEAK). ZOHEEE B=f"1((a,00)) L THEAT 3 &,

o0

{f(X)>a} ={X € f((a,00)} = [J{X € (an,bp)} € F.
n=1
f:Ro>R2RLILEKTH 3 i3,
{f>a}={zeR]| f(z) >a} € BR), acR,
M7z TN & FITWVS.

o HGTRERL, PEEXBIBUIAR L VBT H .
o TRE3.4.5 DALY LT, KA D LD, X DBEMBREHDO L &, [EEORUVIVEEL £ 12k
LT f(X) DEMEEHCTH 3.
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ZRTCHRD R L VB ZEA L TEBL. f: R S R AXITCARLLVEBTH B & X,
{f>a}:{x€]Rd|f(:n) > a}t EB(Rd), a € R,
D ENE L EITWS,

o Xi,..., Xg BEMERER, fEdRXTRLILVERETZLE, f(X,...,Xq) dEMBREHK
ThH3.

o {R? KRS C {d KITA LIVEIEL.

o XY BEMRERIT2E, FED a,BcRIIHLT, aX + Y, XY dEMHERERT
H5.

RIC— R DIERZLMNC B MERER O HEEZ LS.
X "EMERERHET5. DL X,

px(B) :=P(X € B), B e B(R)
(R, B(R)) LOMERAEZERT 5 @il INziErd ).

o ux % X ODTEE2IZRESRER LT,
« XA SHE (SCR) DEE, ux i3 (S,B(S)) LORLHETH 5.

ROEHIRT X1, EMEREE X O0MHIEPla< X <b),a<b IZXo>THREZINS. FFHA
WZOWTIEEI 213 [10, EHE 3.3) A K.

EIE 3.4.6 ZDODFEMREH X, Y 1220V,

Pla<X <b)=Pla<Y <b), —oo<a<b<oo,

BRD oL &, LHEORLAES B e BR) 1M LT ux(B) = uy(B). $hbb X £ Y
DEEE L

o EHRZHOHHIE (R, BR)) LOMRMETIEH 37, INERET 27D121E BR) &4
S 2 EBXEOBKE L = {(a,b] | —o00 < a <b< +oo} BWIEZIUI 772 2 EH 3.4.6 138
NTW5.

« REMX LY ODFRELVEE, X2V v B H 5.

o WERAR X THL,

b
Pla < X <b) = / p(x)dx, a<b, abeR, (3.4.2)

T p AT DL E, p % X OBRFEEERD 2 VITHICBERRE V.

o FHEBNZEEBEBOZLIZIR LOXHEREKTH 2. 20 L5458, (3.4.2) DA
WOFME (RF) V—~rFne LTRSS, DUF, FICHiSRWRD, AZETHNA
HAED BRI (R Y —~ U ESIRERBERERE L Tt D 5. LR— 75y O
WA TV BFHEIILR— 2D LTURRT U LV, ZXRTDHE TS AR
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Bl 3.47 meR, v>0%F5ET5. X OEEEEp»

e—(z—m)?/(2v)
p<x) = —7 x e R?
2mv

WKEDV G265 %, X 3P m, 7ilv DIERAHE AT IAMIHED W0, X ~ N(m,v)
EEL.m=0,v =10 ZDERTMEZRCEBEEERSHETR. Z ~ N(0,1) 2Hid
X :=m+\vZ ~N(m,v) TH%. NEWVe>0IHLTY ~ N(0,6?) TH2 &S RHEREHY
ZHROBM 4 X, HIVIIHEREL AT I LDZ0.

348 a<b7% a,be REFTGLT 5. X OBERE p

1
a<z<hbh),
p(x){b“ eso=?
0 (zhL,

CEDEZBNBLE, X 13 [ab] EO—BEDRIAS L, X ~ Ula,b) £ EL.

FHERZER X 1T LT,
F(z)=P(X <z), ze€eR,
X ODWERL VWS, EH346 BT, X OOMBEEICED X oo (HERZER]D 135
RICREZINDZEDTh5.
R 3.4.9 MEREH X ODHEE F I IRXROWE Ziii7-3.

(1) limy oo F(z) =0, lim, 0o F(x) = 1.
(2) (HFAM) 2 <y = F(z) < F(y).
(3) (HdEmtE) limy . F(y) = F(x).

At {zn} 2 2, — —00 RABMEEDOEBINE T 2. yp = supys, vx B L, {y,} (FHFAIERN
T, Yp — —00. £oTC, ME338 LD 0<P(X <ux,) <P(X <y, Thbh, WRHELME (W
339 Xb,

nh_}rréo PX <y, =P (ﬁ {X < yn}> =P(0) = 0.

{2, } BWHEEE 572D T, limg,_o F(z) =055
R AT} & Ty — 00 BAIMEBOEBIHIE T 5. §, = infy>, T 2BL L, {Gn) FHEHAIERED
T, Jp —00. £2oTC, P(X <g,) <P(X<7,)<1ThHbh, BUMRDOHERMELD,

lim P(X < §n) =P (D (X < gn}) =P(Q) = 1.

WRIZ im0 P(X <Z,) =1THD, {2, FEEL572DT, lim,o F(z) =1 %2155%.
TICHRAMEZHERT 2. o <y%olR, (X <z} c{X <y} TH2»5, mE338(3) &b
Fz) =P(X <z) <P(X <y) = F(y).
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BRICHEGREEZRT. 2 e RIIMNL, 2, > x, lim, 00 ¥, = z 272 TEES {z,} ZERIC
5. ZOrE, HRELD, F(r,) > F(x) TH5. )7, y, =supys,zr B, {y,} FH
FAIEEINT, vy, w2 EoTF(2) < F(z,) < Fly,) THYH, TheELROHFAELD,

P(a) < lim P(X <y,) =P (ﬂ [x < yn}> <P(X <) = Fla).
n=1
W22 limy\ . F(y) = F(x). O
o M 3.49 D 3KMEMLT F R — [0,1] 1TNL, H2HELIE 1 FEEL,
F(x) = p((—o0,z]), z€R.

o X OO F oL =, X 3EHGNHEEE o0,

B8 3.4.10 X ~ N(m,v), 0<a<1Dr %, Fa)ZkdX.

g, B e R—-R %

P Tl
(I) - . m Yy
WEDEDD. THUIMEEER M S RER O MR TH5. corE, Z~N(0,1) &7
3,
r—m r—m

5. O IFEB OB HFEM T lime 00 P(x) = 1, lim, oo () = 0 Ziili/z 32 HHfE R
WREE &L DFET 3. o T, EED a € (0,1) ITRL
T —m
\/17
il e RP—BICEETS. X ONHEE F REIGEG W F~ BEET 205,
(3.4.3) &b

— &7'(a)

F (o) =m+ Vod Ha).

o MERZH X FRECX2SMEEOHLFELRTEHREL, =099 T2 %, F1(a)
1% TR Z2HAKDIELR L AT 3.

FIE 3.4.11 MEREH X O0MEAM F I3 R HEGicoRBEHRFAEME L, U ~U[0,1] £ T 5.
corx X L P-Y).

FEEH. fIE 3.4.10 OB TRLZ X512, F OGN F 1R > RBFETS. FEDa< b
WL, F ORBEFAMELD

P(a < F~Y(U) < b) = P(F(a) < U < F(b)) = F(b) — F(a) = P(a < X < b).

o, EM3.46 £ X & FHU) GRASHTH 3. O
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o FH3IAII B X DY YT VITDOHEERLTWS. Thbb, X OfMUELEEREXES
7ici, U OFUEEEREXE, F7LU) ZEETRE XV,

BIRE 3.4.12 (1 RITRBEEIR) Ffa) <ax << ap, by <by <--- < b, BEZHHLTV
2255, {1,...,n} LOEEDIEH o 1R L,

BEZD. Ihei/Mes s o 2K X,

% Clo) =07+, 07 =23 aibyy L EHEIF 20T, HIH-HB22HI 012X 5T, 3, aiby()
ERAILT 2 o ZRDIUT L.

o PEEIEFITHRWERET 2L, H2i<jToi)>a(j) R2EOBEET 2. (i) & o(j) %
AN R85 % o £ B L,

D arborny = Y arbo(r) = iba(j) + ajbo(i) — @ibeii) — ajbo(s)
k k
= (aj = ai)(bo(iy — bo(jy) > 0.

REDAEZIE aj > a; & boy = bo(yy (0(i) > 0(j) & b DHFNE) 22605, Tabb, ANEL
KX DRI S 2. e RS LEFNRS] (2TO L o(i) =4 &R 2E%, 5T id
eEL) KHET DT, HAMHE o =id TERESNDS. Lo TRMED 0 =id TERSND.

o PIfE 3.4.12 13 1 XoRBEHZXBBEOBENRTH 2. ARES {a1,...,an}, {b1,...,b} L
DB = L3 6, v=213" 16, BFEZ, P(X =a;,Y =byyy) = 1/niC&D
(X,Y) OFRMDEEDZ L, X ~p, Y ~v D

E[(X ~Y)?) = ~C(o).

FTHbbHIE 341213, THUSHE uv CEELEEE (X,Y) ORBSfiEEY, E[(X —
V)2 EMET 3 BB #ED 5. o =id &, MEEIEMY S LTHIBRANY TV
(monotone coupling) IZXIGT 5.

o HIDMAHUCOWT D FEIFEDIERNM D ILD. X & Y A2 2 s e e 35 BB hn 20 4 BY
BF G%ubb, EXP<oo, EYP<ooF3. U~U0,1] £BL %, #3411 &
D F YU LX, GHU) LY THE (FYU),G U)X LY OW#H vy 7V v 2
YIER). zor® X' L2X VLY il EEORESf (X, YY) SN,

E[(X' - Y')’] > E[(F~'(U) - GTH(U))?]
DI D L0 GEIIBER R 0 i am 2 MR ICRIX T D D2 5. 5EflliZ [2, Theorem 2.9] %
AL).

o FHA Wy (p,v)? =E[(F~YU) -G 1U))? = fol(F’l(u) — G Y (w)?du 51 p ¥ v DR
@ Wasserstein-2 EEBED 2 ¥ M0, SAHEOEHEZH 2458 L TASHWS 5.
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T 3.4.13 EEREZH X1, Xo, ..., X, BBIITH % 213,

n

P(ﬂﬂu<Xﬁﬂﬂ>zIIMw<X@§m,cthKizlwwm
=1

i=1

NI RVASR -SRI N

o X1,..., X, PHIIT, X; DFMAPETHU & %, MIIFE2% (Independent and Identically
Distributed) TH 2% W\, 1ID ¢ &L (id, iid & HFL).

EFE 3.4.14 EHEREZH X, Xy, ... BDIIITH 3 213,

n

P<HMpC&§mQ:1IM%<XﬁM& ai,bi €R, i=1,....n, n€N,
=1

=1

DB DIDE ZITWVS,

o {X,15%, PHNIT, X, DB ETHL L &, MIIFRHEINTHZ 0.

HR A As, ... DL TH 2 21%, EED {iy,... i} CNIZXLT
(A1) - T
k=1 k=1

« HEACFIEPA) >0 RMETET 2. W2 EL RIS, ADFTO B e F D&M =5

DR DITOL X2V S,

P(B N A)

P(BIA) = =5 p

WKWEDERT .
o ST EHEREHVS Y, AL BN < P(B|A) =P(B).

T 2.4.5 LAIMEIZ, ROERNBELND.
FIE 3.4.15 HE Ay, A, ..

- DRSNS

LN — 1A1;1A2,~-

72, ROEMESEFETITIARTEZS.
IR 3.4.16 EMWRELH Xq,..., X, P TH 2 72D DBE+T 7541

n

P(ﬁ{&eBﬁ):Iﬂ%&e&% B;i€BR), i=1,...,n.

=1

B 3.4.17 (ZIBR) pe (0,1) &35, { X}, 3 P(X;=1)=p=1-P(X; =0) Zi/3 IID

Y33, DL E, HEREH
S=X+ -+ X,
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YA X n, NRIA—Rp DZHEBEREH L W, S OOz ZBRHL WS, SiEn BT Eaq
YO TEPHMEBEERLTED, 200X

|
P(S =k) = n 'pk(l—p)"_k, 0<k<n,

kl(n — k)
WKEDhEZoNDTH 7.

Bl 3.4.18 (RfE9DH) p € [0,1] £ T 3. {X,}°, 11D T, LBEOFMIEP(X, =1) =p =
1-P(X, =0) 2lifil-3r35%. ZOr%E, MEREK

T:=inf{lneN: X, =1}

387 X=X p OBADTHIHED WS, 72720, infl = +oo. T & NU {+oo}-HEMRLTH D,
a4 YDPRIEBIEPDn ZRLTWDS. pe (0,1] D x, Rf5MIE

P(T=n)=p(l—p)"", neN,

ICEDEABND. B, P(T=00)=0THD, p=10r %X, P(T=1)=1TH5%. %7, p=0
DEEFP(T=00)=1TH5%.

PIRE 3.4.19 RF X=X p € [0,1) DE[II % & OFERZRL T 1IRDEIRE

P(T>n+k|T>n)=PT >k), nkeN, (3.4.4)

fRE. p=0Dr % (3.4.4) EMH 0 THIZT 3. pe(0,1) D& &, ZHF(TEMHEROERLHI 3.4.18
X,

P(T>n+k) BT k-1
P(T>ntk|T>n) = znth) PT>ntk-l)

P(T > n) P(T > n)
_ m\ntk—1

o HEEMOERIZ [CNETIREBIEE o7, ZhAL ST 2 ETICETIEBL, —h
FTORMEE 2 I ZEI RN, |

BIRE 3.420 Y ~ N(0,1), HIZP(H=1)=PH =-1)=1/2 #%/zL, Y & H i ¥
T3, ZOrE, X:=H+Y OMEREERKZRD X.

f%. ¢ ZREEERDMOBEERKE 5. 2o, YV e HoOMVMLD,
Pa<X<z)=Pla<X<z,H=1)+Pla< X <z, H=-1)

Pla-1<Y<z-1,H=1)+Pla+1<Y <z+1,H=-1)

=Pla-1<Y<z—-1)P(H=1)4+Pla+1<Y <z+1)P(H=-1)

1 rz—1 1 z+1

3] owars [ ot

-1 +1
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XoT, X OEERME pIX

p(x) = iIP’(a <X<z)=

T da (ple—1) +¢x+1), zeR,

N | =

EhEz6n3.

o« ZOWIED X OB REERDREVD.

I THRDERNEMHMALTB I S.

FIE 3.4.21 (DEOAER)) S, 3T X =& (n,p) DML T 5. Tibb, {X;} & 1D
THEX BPX;=1)=p=1-P(X; =0) 273 %, S, <X+ +X, bIET 3,
p = pp D lim, oo np, = ¢ > 0 {7372 513,

ecck

lim P(S, = k) = . k=0,1,2,...

AbPA. (B —BekE). —c, FES {an}, {bn} 7% an — 0, by — 00, anby, — ¢ 27T 5,
lim, oo (14 ay)Pn = e BED LD, EBE, log(l+2) 2 2 =0EFTT—7—EHT 2L

log(1+ ) =2+ O(x?), z —0.

Zh&b,
by log(1 + ayn) = apb, + O(ab,) — ¢, n — co.

CEZB. RELD, kE>21TLT
nn—1)---(n—k+1)pk= <1_1>...<1_k;1> (np)* — &
THh, HEREOFRLD,
(L=p)" " =1-p"1-p " =e

WZIZ, EEDE>0I1IIHLT,

O

DEOERNZ XD, K7 Y Y3z flio TABRHE, SBosfizET7 VLT 5 2 e E4LE
N5, fle LT, 1 REBOBICIRITISR 2 AOATHICOWTEZ LS. n A HoRkEve &, KX
[0 —1)/n,i/n] ORICK S AE X EEWVIHIIT, X, =0FkE 1 tAkEs. IHI2X, =1
DOHERIn ITKIBIT 2 EZTEN. ZOLE, & X, FRVX—A4 5k, P(X;, =1) =c¢/n
B TIEER c PEET 5. EH3.4.21 &b, 1REOBOBIE AN X1 + - + X, 1IN 8
FR—=R cDRTY VHHITHD. £ 3411385 X —% (100,0.03) D_IHFH LRI X—X 3D
R7ZY e L7bDTH 5.

X Y REMERERE T 5.
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£3.4.1 “IESH B(100,0.03) ¥KE7 Y V4 Poi(3) DI

k| P(X = k) (ZIESH) | P(Y = k) (K7 Y > 5970) | o
0 0.0476 0.0498 0.0022
1 0.1471 0.1494 0.0023
2 0.2252 0.2240 0.0011
3 0.2275 0.2240 0.0034
4 0.1706 0.1680 0.0026
5 0.1013 0.1008 0.0005
6 0.0496 0.0504 0.0008
7 0.0210 0.0216 0.0006

o 2 RICHERANZ bV (X,)Y) Ofi (HERERD o2 X v Y ORKAmELI3EEDH
ERES.

o« BT X, Y OpMERBATmENS.

o FEX

]P’(a<X§b,c<Y§d)—/ / p(x,y)dzdy, a,b,c,deER, a<b, c<d,

R TR p FET L E, p=pxy & X &Y ORSBRBERK - 3EERRE
EEKLITER. 350 L, ANEERREIIEEBERBL TR bW,

o B X, Y OMEREEMM px, py PFEET DL %, Zh oz EANRREERKD 2 VIE
REDEERBE V.

o (X,)Y) OREEHERI p PIFIET B L &,

px () —/ pxy(z,y)dy, xecR,

— 00

X OBBEREBTHE. YIZOWTHREETH 3.

fAd 3.4.22 2 JUThERNZ PV (X)Y) BHEEE pxy ZROLIRET 2. 61T, X OF
BRI px &Y OEERBE py IR LOEHGMBTHD, pxy FR? LoOEREKE 5.
DL X,

XYY <= pxy(r,y)=px(®)py(y), =,ycR

FERA. (=). EED a<x, b<yITRL,
z oy
/ / pxy (@, y)dd'dy =Pla< X <z,b<Y <vy)
a b
@ y
—Pa<X <oP0<Y <y = [ px)as’ [ poviy)ay
a b

WA 2,y TR L, pxv(z,y) = px(x)py(y) 2155,
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(). BT ZRRER AL TE, FED a<c, b<dITHL,
c pd
Pla<X <ecb<Y <d)= / / pxy (' y)de'dy
a Jb

c d
= / pX(x’)dx'/ py (y)dy' =Pla< X <c)P(b< Y <d).
a b

BIRE 3.4.23 WK~ LU (X,Y) ORISR p 2

2 (0<a<20<y<),
pl,y) = 2
0 (& DAth)

WEhEZLNTWVWEET S, ZOLELTOBWIEZ L.

(1) (X,Y) OFELZEREE KD X.
(2) X ¥ Y 1 3HIH?

fRE. %7,
2 1 3
/p(x,y)dxdyz/ / ~ydydr =1
R2 0 0 2

XD p 3HEPICEERBRBTHS. X Y OEEEZZNEN px, py £T5L, 0<2<2DE X,

o0 3 1 2 1
px(z) = pz,y)dy = 5 | vdy=g
—00 0

ThD, s <0FFIE2<s DL px(a) =0. THbB X 1% [0,2] LO—HAHHS. 25,
0<y<liHL,

py(y)=/ p(z,y)dz = 3y°
THD, y<0FRF1<yDr = py(y)=0.

%72, plz,y) = px(@)py (y) PMEED 2,y e RICHLTHD IO 6@ 3.422 kb X ¥ YV I
W TH 5.

O B E OB E RO — B L W Z2FTHE 5.
B 3.4.24 (X,Y) OREELERE p 5
21 , ,
—XY €T S Y S 1)’
0 (Z D)

WKEhE5Z6NTW32T%. ZorE, —1<z<1iZxL

> 2122 [* 21
px(x) = / plz,y)dy = — /2 ydy = §x2(1 —a?)
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THY, e <-1FRiF1I<zDEZpx(x)=0. THIZ, 0<y <1 IITHL,

o 21y [VY
Py (y) :/ p(x,y)dr = 4 o

—00

7
200 = Loq5/2
redz 4y

THY, y<0F2RF1<yDEE py(y) =0. XoTHBBAMIUI p(x,y) # px(2)py (y).
BRI, MY RHEREROMOEEREBICOWTARNTEZS. ZHUILIRTAS L5112, Th?
NOEEEMOBHAHLL LTHREINS.

BIZE 3.4.25 (MIOEERMK) X & Y ZIHTC, ZACIEEMI px, py 2bDLT 5. 2O
LE, Si= X +Y OEEEK pg 5

ps() = [ pxlpr(s—nar se®

WKWEhEZBNZ I Z2RE.

. X Y IIMNI7Z0 5, @ 3.4.22 X0 (X,Y) OREEERBUE px (2)py(y) THS. Xo
T S oL, ERDZRBRFED & AR LT

&@ZPM+Y§$=/Z+<fﬁ@W@MMy

= /_OO px () </_: py(y)dy> dzx

LRIND. Wld%x s THIT 2L, NMAIOEDD s ICBT 2D py (s —2) THEZehH,

o0

m@:%@=/ px(@)py (s — z) da

— 00

2195,

o FRXOBEIZE px & py DEHFAFH LWV, (px * py)(s) &FHL.
o X Y OBENIHFED S, ps(s) = [T px(s—t)py(t)dt EFENTD &,

BIRE 3.4.26 (—EDHOH) X & Y BV T, &b [0,1] LO—RATIHS & T 5.
Si= X +Y OEEREERD k.

%, px = py =11 TH205, HlE3.425 &b

00 1
ps(s) = / Lo,y ()1, (s —t) dt = / Ljo,1(s —t) dt.
o0 0

WREDBEBS 1 e R2DIF0<s—t<1, ThbLbEs—1<t<sDLEEHL, FENLESHIFH
F[0,1]N[s—1,s] THB. £oT,

e 0<s<1D¥Z%, [0,1]N[s—1,5]=[0,8] TH2H5 ps(s) =s,
e 1<s<20k%, [0,1]N[s—1,s]=[s—1,1] THB05 pg(s) =2 —s,
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e s<0FRkiEs>20r%, [0,1]N[s—1,8]=0TH2H5 ps(s) =0

5. Thbb,
s (0<s<1),
ps(s)=¢2—-s (1<s<2),
0 (Z Dfth).

E, [Jsds+ [(2—s)ds=1+1=1ThHb, HrIEEERICE>TVS.

o ZONMEZANHLVS. BEMBO /I 7N s =1 %2HEHm T2 _FH-fAFIcksZt
k3.

o BAABEHVT, P(X +Y <s) ZHAIEATFE (0,12 NO=AFOHE L L TEETHEL,
s THH LT L.

BIRE 3.4.27 (FBEAHEOM) X & Y I T, 2BIAATA—K X\ > 0 DIEHIHIHKS &
T3, 5:=X+Y OBEREERD X.

5. px(t) =py(t) =Xe ™ (t>0)THYH, t<0TIEOTHS. s>0Dr X, fiIfE3.4.25 D
BB 0 THRVDEt>00Ds—t >0, I2DbBO<t<sDEELEDND,

ps(s) = / e M xe A g = )\26_’\8/ dt = N2se ™.
0 0

s<O0DEZETps(s) =0ThH 3.

e MUGHEZMEDIERT (BUEWIFMNIE) &, MIUFDZHTRNI X =2 X\ OFERATHITHES
X1, Xy OF Xy + -+ + X, OEFERIED
)\nSn—le—)\s
7@_1)! , §>0,

WEDEZONZZ e h s, ZO0HEHYIDH (37— 071 v,

3.5 HRfFME

Aiffiics EHE, (Q,F,P) 2 EEOMRERE T5. i, QIFARES HRESEE LD
BbHD1E5. ARGTOMREMIBNTIE, HBRER X OHIFHEIX EX] =3 oo X (w)P{w}
WEDERINDZDTHoT. ZOEITEEIND DI QPAEREEEH S X DRIRINCHERLN
WEZ & 20 TH 5.

QOPHWREESDLETDH, X DEBNOELEEFRICHIGEZERTZ L. Thbb, @EYLRFEK
ay,as, ... PWFAELT

X(w) = Z anl{x=q,} (W)
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LRINBGEIC, ZOMFEEX] %

EX] =) a.P(X = ay) (3.5.1)
n=1
CERTLDEIHARZRIETHAS.
s, X 2EHGENRGE, $205 X WEERE p zd 058, TOURHEEX] &

E[X] = /00 axp(x)dx (3.5.2)

PERTHILHERTH 5.

T, X AHERME $EENE B SARVEEIRESIZ250? 2, HEPH =0) =
P(H=1)=1/2 %7 THERER, Z~N0O,1) L, H Z3M7rr3%. ZOE X :=HZ
REZ%. Z7=00WHRI0EH,S

MX:@:PHH:OMHZ:M):MH:@:%.

o T X W3HEBGEHNE IS RVL, EEDbL>0I1IxL

1 b —x%/2
PO<X <b)=P(H=1,0<Z<b)=BH=1P0<Z<b) = e%r
0 T

ERINDDT, BEEEITHIRV. TD KD RHERZBIIR L THRNZD D TRV LIZRM A
5. ZOLEMFEL (3.5.1), (3.5.2) EBELDHETHERTH I LIETERL.

PURTIE, F3MEEOMREEN U CHEHAMRERE CHIHELZ EERT 5. £ L TZOERDH
¥ LT, BERBIZRMERZRNTN L TiE (3.5.1) 2307 L, EFEH R HER AL L Tid (3.5.2) 2307
THIrhD.

dzx

BT HICN T 2 EER
X DPBEMERTR THI 21, X PilEYRa ¢ R, C, € F,i=1,....,n, ZFHVT X =

E[X] =) aP(C)
=1
WX DERT S,

BT T IER
JFE DRERZR X 1T LT, HMERZROBFIERDI { X, 122, BFELT,

X(w)= lim X, (w), weq,

n— 00

LTE3. flZI,

n2" E—1
Xn=) on Lkt ax gy T dixzn
k=1
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rIUXEV. ZorE,
E[X] = lim E[X,] € [0, o]

n— oo

CEFRT D, TOEFRITTEMAERZZIN DI D 7K S e GERIIG).

—ROEREHIINT I ER
— D R U {+oo}-ERERZR X 1ML T, X1 :=max{X,0}, X~ :=max{—X,0} £ 5.
E[XT] <00 2 EX ] <0 Dt &,
E[X] =E[XT] - E[X ]

CERT .

o E[X] % X OHAFFE X 7213 FHIE L FESN.

o EX]iE+oo B D B2,

e EXT] <0022 E[X ]<oodDk %, X IAEDE/IFEAREE V.

HARFEI BRI R HER AR O 5813 RIT, SRR E3EsTREIN5.

i 3.5.1 X 28 NU{O}HEERZH O L %,

AEH. X, o= klxogy 2E RS, {Xn )02, BHFIERD RHERZRFIT, lim, oo Xn = X
TH5. Tibb, {X,}E X OPEMERERIITH 5. X o TIFAMRELIHN T 2 HARHE
DEFRLD,

n—oo

E[X] = lim E[X,]= nlim zn:k:IP’(X =k)= ikIP(X = k).
= k=1

ZDHERIGUDBHEMT 255D 3. O

i 3.5.2 EMERLZH X DEEMEB p 2o 35, oL %,

/00 |z|p(x)dx < oo

72513 X \IA[HED T,

FERA. & n > 10 UCIEAMEREH X T &
n2™
k—1
X =S v
k=1

CERTDE, { X0 13 X T O LEMERERSITH . Lo THIREDER LD

E[X*] = lim E[X].

n—oo
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a>00rE (Xt >al={X>al E2b

k-1
X;_: on {k 1<X<2k}—|-n1{X>n}
k=2
&b
n2™
k—1_[k—-1 k
EX ] = P <X < — P(X >
n2" k 1 k/2 oo
= Z — / p(x)dac—{—n/ p(x)dx
— 2" Jk-n/2n n
el
00 n2 k/2" 00
/ zp(z)dr = / xp(x)da:—i—/ xp(z)dz
0 b1 (k=1)/2™ n
X,

= /01/(2") x)dx + Z /k/2" < 2_n 1> p(z)dx + /00 (x —n)p(x)dx

1)/2m™ n

< o ), p(x )dx—I—Q”Z/(k b)e p(:n)dx—i—/ xp(z)dzx

1 n o
= o p(x)dx +/ zp(z)dz.
0 n

HiEn > 00D E 0 IWINETZDT,
E[XT] = / xp(z)dz
0
DHES. FRRICL T, .
BX ] = [ (-ap(o)ds

218%. WZIZ X FAESTHD,

RO ZODMBEZFNRZENGE3.5.1, 3520~ fRILTH Y EHTH 2. iFHIZKET.
RE 353 X & Z-HMRER, 721 >R 3%, ZOr X,

7L, FHEEL, AL o RARETHIMLS HRET, Z20ENI-HTLIL
ERENKT 5. f2EERS, FSEMEE BT +o0 ERDGEEZET.




B3 E RERER D BRI A

R 3.5.4 X X d JUTHERZBCEERE p 2o 35, Zor &, R Lo f i
ML,
E[f(X)] = / Fap(a)dr.

TR, FHEEL, AL o RARETHIMLS HRIET, Z20ENA-HTLIL
ERERKT 5. f2EERS, FSEMLE BT +o0 ERDGEZET.

EX]? <o Dk &,
V[X] := E[(X — E[X])?]

Z X DTEE VW,
Cov(X,Y) = E[(X — E[X])(Y — E[Y])]

XY OHSEE WS, Fz, Cov(X,Y)=00r %, X 2 Y IIEEETHI V.

B 355 Z~N(0,1) D&, ze /2 PHBKTHZ L 2bd

oo e—x2/2
7 /_Oo —

XoTV[Z] =1
X ~ N(m,v) Dt %,

0 ,—(z—m)?/(20) oo e~y /2
IE[X]:/ xdx:/ (m + Vvy) dy

2T V2T
vo [ e,
=m—+ v
/—ooy V2T Y
=m.
7,
oo —(z—m)?/(2v) oo e—v?/2
IEXEXQZ/ xmzedx:/ vy)2—d
(X B = [ @mm)? Wy
00 —y2/2
g€ Y
= v d = .
/—ooy V2T Y

X 5T V[X] =v.
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5l 3.5.6 X 38T X —& X\ DIEEAMITHES £ =, M 3.5.4 kD

E[X]:E[X+]:/ er_Azdx:/ z(—e ) d:c—/ e dx
0 0 0

1
R

BlRE 3.5.7 K7V ¥ MITHE D WERZ DG L 7% KRed K.

fRE. X BRI AXA=R c DRV VIMICHESI 55 (ZDZ % X ~ Poi(c) ELZ LD
H5),
P(X:n):e_cc—, n=20,1,2,...
n

ThHb. Zh &b,
BX] =S nB(X mn) S ey
[ }—nzon( =n)=-ce nzl(n—l) ce z;)n'
=c.
%7,
E[(X —¢)?] = Z(n —¢)*P(X Z 2 & 202 n c? Z o
n=0 n=1 n=0 n=0 ’
o0 —c,.n—1 > —Cnn
_ e ¢ 2., 2 _ ¢ 2
_anln(n—l)' —2c¢" +c —c;(nle) ¢
=clc+1)—c?
=c.
Lo TVX]=
1
BlRE 3.5.8 X ~ N(m,v) Dk &, PeX < E[eX]) > 5 ZhED D K.
R, i 3.54 kD, ,
00 o—(z—m)?/(20)
E[e*] :/ R —
o 2mv
THh, )
(x—m)* 1 5 v
Ty T @A) amag
THHPH, ,
oo —(z—(m+v 2v
E[e*] =6m+v/2/ e tmr )dx:em+”/2.
o 2mv
£oT,
mtv/2 = (z—m)?/(20)
P(eXgEeX)—P(X§m+”)—/ ¢
2 oo 27v
1 /m+v/2 e—(z=m)?/(2v) p 1
==+ e —dz > .
2 27w 2
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o Y =X O % REIERDH L .
HWAEINE SNERDETET LT 2 %, FOERIZT 71213 DEGHEEINU R o
BUEB B2 %) e REKRLTWVWAS.

BIRE 3.5.9 X ~ U[-2,2], Y := X0 1Z2oWT, X ¥ Y IZEMHELD, M Tldhnwz %

kot
(mwXJU:E{X<Y—@§]=0

ThbL X &Y IXEHETH 3.
_‘ﬁ’
PX>1L,Y<1)=P(X>1,X°<1)=P(X =1) =0,

P(X>1)=-, PY<1)=P(X|<1)=

=

FoTO0=PX>LY <) <PX>1DPY <1)TH225 X &Y ZBHTTEARL,

MAFFEOEAIHEEA TN S
I 3.5.10 X,Y ZHEMERLZHM T2 %, IRHBKDILD

(1) E[X|<oo, ElY|[ <o D& &, FED a,8 € RIIHNLT
ElaX + Y] = aE[X] + BE[Y].
(2) X <Y T, E[X] & B]Y] 3 ET 2 & &,
E[X] < E[Y].

(3) E|X| <ol %,

[E[X]] <E[X].

AL (1), HERANZ bV (X,Y) OREEEERE px vy BPEFET 2HEITRE 5. — kD5 E DI
dﬂ@%[]ttﬂﬁmmﬁiﬁ@ FRAMEZROZE. ZOHE, X LY OBEMK px, py B
FHEL, Theh

oo

px(x) = /_OO pX,Y(xay)dyv py (y) :/ PX,Y(%?J)CL”U

— 00
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WEhE5x6Nn5. ZoZry, midE3.5.4, BXUBETOBENEID

ElaX +BY] = /Rz(owc + By)p(z,y)dzdy = a/Rz zp(z,y)drdy + /RQ yp(z,y)dzdy

—a [ apx(a)de+ 5 [ yov()dy = oBIX] + GEIY)
R R
(2). Z=Y — X £BL L, Z 3IFEMRERT D o WHHOER X D

n2™
E—1_ (k-1 k
E[Z] = lim {Z o IP’( o §Z<2n)+n}P’(Z2n)} > 0.

k=1

CHEAEH (1) ofiRE D E[Y] - E[X] =E[Z] > 0.
(3). [X|=XT+X" eFHI2. X, X 3 FaZ»oAREM (2) OfRE D, E[XT] >0,

E[X~]>0. 2hs L HIfHEDER, #BELD,
E[X]| = [E[X*] - E[X ]| <E[XT]+E[X ] =E|X].

o EF3.5.10 &b, EX],E[X?] B bIFET DL X,
V[X] = E[X?] — (E[X))2. (3.5.3)

BTORTa—— 2 avAVOLRER (R3.521) 25, EX2 <o Dt %, E[X] D
FET2DT, (3.5.3) DKo, I, E[X],E[Y],EXY] B TXRTEFLET S & &,

Cov(X,Y) = E[XY] - E[X]E[Y]. (3.5.4)
ZhUCOVWTha—y— a7 LVORER (£3521) 25k, EX? < oo, E[Y?] <00
Dr %, EX],EY],E[XY] TR THEET 2DT (3.5.4) HK D 7D

. E[X,A]:=E[X14], A € F.
e PX=Y)=1Dt %, XY RIFEALHERIC (almost surely) FLWVEWVW,

X =Y, as.

&L

il 3.5.11 X, Y 2V AlREERER L $5. ZOL &,
E[X, Al =E[Y, 4], AcF,

ASSY >
X =Y as.

. Z=X-Y B HneNIHL, B AT ={Z>1/n}, A; ={Z < —1/n} 2%

3. ZOL X,
1

0 =E[Z, Af) > ~P(A}),
n

0= E[Z,4;] < —~P(4;)
n
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DD D., XoTEEDn e NIIHLT
P(A)) =P(4,) =0.

WE-T, RO (ME3.3.9) XD,

P(Z #0) =P(Z > 0) +P(Z < 0) = <UA+>+P<UA>

= lim P(A4}) + lim P(4;)

n— o0 n— oo

=0.

R 3.5.12 X I3IFEMREKTEX] =0 %2335, ZOrE,

X =0 a.s.

A, FEneNIHLTHER A, ={X >1/n} 2EX5. DL X,

0 = E[X] > E[X, A,] > %P(An).

FoTEED n > 1 IR LTP(A,) =0. ZhiERoEkEL D

P(X > 0) (U >—H1L%P(An)—o.

R 3.5.13 X DIPATREMERZHUZ 51X, | X| < 00 as.

o MIF DTS, HIZE, Z~N(0,1) 2 LT X :=e? 2EZL.

fied 3.5.13 DFEHH. A = {|X| =400} e F&BL. ZOrE, FEODwe AL N> 11THLT
X(W)|>N<Ths. hib,

o[, 4] < B

N 500 b LTPA) =0 %185, 0

By 3.5.14 VIR RERER AR X ITHL,

(X - | TB(X| > 2)da

AEHI O, 7 v =@ I X D IEAERERITN T 2 IfHE L By D IEFAES I ESkEns. 7
L= DEHIZOWTI [10] % [8] & CHRIERAHERRDO 7T F A P DL VEAR—THTDTF A M2
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Ak, IhzeHws L,
|X] oo o
E|X| =E / dx| = E/ 1{|X|>m}dl‘ = / E[l{‘X‘>w}]d$
0 0 0
:/ P(|X| > z)dx.
0
O

MERZH X DNU{0}EZL 2%, n<z<n+1RZ5EPX>z)=P(X >n) TH5.
£oT

00 00 n+1 00
/ P(X > z)dx = Z/ P(X > z)dx = Z]P’(X > n).
0 n=0v" n=0

WRICHE35.14 DR LTI ELNS.
% 3.5.15 NU {0}-fERERZE X 1T LT,

E[X] = ip(x > n).
n=0

AR 3516 % 3515 BRXDXSWCLTEEEL D TES. X ¥ NU {0}-HEREL T,
pn=P(X =n) tBLLE,

E[X] :ann:p1+2p2+3p3+“‘
n=1

= an "‘an "‘ZPn + -
n=1 n=2 n=3

=PX>1)+PX>2)+P(X >3)+---
=) P(X >n).
n=0
Al 3.5.14 1%, HEEEDPEMRGE TOMOMRI Z 0 VIARHEIGTE TX 2 A THEHT

H5. mME - RREZZOHMAIHITH 5.

BIRE 3.5.17 (R/IMlE - RAMBEOHAFE) X & YV IV FESHT, DI T X=X A >0 DI
BOMICHES 235, Emin(X,Y)] BXU Elmax(X,Y)] 2k X.

R, 2 >0 CRLP(X >2)=PY >z)=e M ThH3. £F, XY OHUMLD, 2>012
xf L

P(min(X,Y) > 2) =P(X > 2,V >2) =P(X > 2)P(Y > z) = 2"
min(X,Y) > 07%%6, @ 3.5.14 &b

o 1
E[min(X,Y) :/ e Py = —.
hmin(x.v)] = [ a
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(ZOFHHEIZ, min(X,Y) 23,85 X —& 2\ OFERIMITHES T & RLTWS.) RIZ, > 01
xf L

Pmax(X,Y)>z) =1 -P(X <z)P(Y <z)=1— (1 —e )2 =277 _ g=2A@

THs06, HUa#E35.14 &b
3

_ > —Axr _ _—2X\z _g_i_i
E[max(X,Y)]/O (2e e )da:f)\ 5y = 2%
e min(X,Y) + max(X,Y) = X +Y TH» 206, HMIHHEOHMENE XD Emin(X,Y)] +
Emax(X,Y)] = E[X]+E[Y] = 2/A TH 5. LTKDZME 1/(2\) & 3/(2\) OFITHE

P ZAUT—HLTED, MEICR->TVW3.
TG DIFMED 22 o T0AUL, HEREBERD IR THHIFENELE S 20D 5.
BlRE 3.5.18 X 13X [0,1] ITfE% & 2 HERZET, ZO0MmBEEK F X R ko

Fl—-z)=1-F(x), ze€l0,1],
il T eARET S, 2ok E, E[X] R L.

A 0<X<1&D, 2>21ICHLTPX >2)=0TdH%. Ko Tm@E3.5.14 kb

E[X] = /000 P(X > x)dz :/0 (1 - F(z))dx. (3.5.5)

REED1—-F(z)=F(1—2) THs»6, u=1—x LBHRLT

mxy_Alﬂ1_@dx_1meﬁm

fiss, (3.5.5) &V E[X]=1- [ F(z)de THH3. MlEMASL E[X] =1, $hbb

e REF(1—2)=1—-F@) & Xt1-X BRADTHTHLZY, ThbD X OOHH 1/2
WELTHIRTHZ2 Z e 2EKRLTWS., FEE F oMEEXD

Pl-X<z)=PX>1-2)=1-F(1—-2)=F(), ze€][0,1],

THENE1-X L X THB. ZOMHMEDIS E[X] =E[1 - X]=1-E[X] LEZTHH
UiE#E s NS,

MM & BARHE DO BIRIC DWW TIIRDEANTH 5.

FIE 3.5.19 X & Y iZ& ITFHRREMERZERT, EWVWIIHTI T3, 2ok X, XY ¢
ATRETT,

E[XY] = E[X]E[Y].
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e 3519 kD, X ¥ Y S CIRAES (e, EX]? < 0o, E]Y 2 < 00) %513,
V[X + Y] = V[X] + V[Y].

EM 3.5.19 OFERH. GE—BFE). £3, X,V > 02 KETS. MREHEY {X, 12, {Ya12, &

n2™"

Xn = Z(k — 127" Lf(—1)2-m<X<k2-"}>
k=1
n2"

Y, = Z(k — 1)27n1{(k_1)2—n§y<k2—n}
k=1

WEDEERT S L,
0< XY <XoYo <. <XY

N
XY = lim X,Y,

n— o0

BRD D, EoT (X, Y0}, & XY O LUAMAERERIITH 2. O IHIFEOFERL D

E[XY] = lim E[X,Y,].

n— oo

fthys, MAZELD,

E[X,Y,]
n2™
=K Z (k=1)(j — )27 {(h_1)a-n<x<h2-n,(j—1)2-n<Y<j2-n}
k,j=1
n2"
=D (k=DE-1D2"P((k—1)2 " <X <k27",(j-1)27" <Y <527
k,j=1
n2" n2"
=) (k=127"P((k—=1)27" < X <hk2™™)) (- 127"P((j—1)27" <Y <j27")
k=1 j=1
= E[X,]E[Y,].

- T,
E[XY] = lim E[X,]E[Y,] = E[X]E[Y].

n—o0

BB, XY B—fROGEITRT. H—BREOHRLD, EXY|=EX[E]Y|<oc. £oT
XY 3D TH 5. 612, HREOHRE X+, X, VT, Y~ =BIC#ALT

EXY]=E[(XT - X )(YT Y )] =EXY -EXTY | -EX Y +EX Y]
= EXTE[Y "] — E[X*]]E[Y |- E[XT|E[YT]+E[X|E[Y ]
= E[X]E[Y]

Z213%. O
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R, HRHEZFHIS 2 720 I AARAFRZ WL 02N Y 5.

EH 3520 (NLA—DOFFER) XY ZHEERER, pgeRIZ1<p,q<oco»D(1/p)+
(1/q) =1 %W/ TLF5. ZOLE,

E|IXY| < (E[X|7))/?(E[|Y|9)"9.

A, E|XP=00r &, 3512 &0 X =0as. Ko TIOHAE, mEOARERIIML 0 TH
VT EY|[I=00r 3K THS.
E|X|P >0, E|Y]|? >0 %2{RET 3. a,b>0ZEEICE > THEET 2. B

t?P 1
f(t)zi"i_*_ta tZO,
p q

WBt=1DZXRMEOER LS. XoTIEEDt> 01X LT f(t) >0. TheHEEXHLZ 2L,

tP 1
t< —+ -
b q
THbH, Widv? ZHIIFT
batp e
Vit < —+—, t>0,
p q
219%. t=ab/b? £ LT
aP b
ab < — + —.
b q

a=|X|(E|X[P)~VP b= |Y|(E]Y|?)~ Ve 2RAL, WliAfEE L %L,

BXY| 1 TIXP] L [Yle] 1 1
E[XPIEY[] e = p [EXP] g [EVT] Tp g

CTHRX D anEDIES . O

%3521 (A—>— 22T YDORER) XY 2FEHERLER LT L E,

E|XY] < (E[X)/2(E[Y]?)">

o =Y —+TaULVORERID, E X <ot &, X IFHRETHZ. ZOZLE
HIRHEDRIEME X D

V[X] =E|X|* - (EX)>.
X5, ElY?<oco#BlX, EF35.10 (3) ta—>— a9 lVvORERID

ICov(X,Y)| = |E[(X — EX)(Y — EY)]| < E|(X — EX)(Y — EY)

< VEX —EXPVE]Y —EYP = /VX]\/V[Y] < . (3.5.6)

Y QA TH 2026, HiF, WRHEOFIEELD,

Cov(X,Y) = E[XY] — E[X]E[Y].
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e (3.5.6) &b, HEEIREK

Cov(X,Y
p(X,Y) = (X Y)
V[X]y/V[Y]
=8
—1<p(X,Y) <1
BiZLTWS. 4, (U V) =EUV] 2HEEHR U,V © TWE, Ul = VEU2 2 U ®
(s bARTE (ZZTREEIFRICLELTH LW,
XY
(X, Y) = —0Y)
1 X |2/|Y |2

YRIZENTES, ZFPLX=X-EX, Y=Y —EY. ZHI2200RY F LD
DRY (aH4Y) OFELTVWS. ThLLHBFRIL, REX,Y 2 RZ ML) tak
Lt &0 (R3AORY) LMMTE2. Fg, p(X,Y) =411 X 2 Y PET) TH
22 (HWTEBGEOBR) 12, p(X,Y) =0 X 2V H MEZ) LTWwa I (EHEE)
AT 5.

% 3.5.22 EMREM X L 0<p<qg<oo Zi/zd p,g e RIIHNL,
(E[IXP)/? < (B[ X|9)".
FERR. X' = |XPY' =1,p =q/p, ¢ = q/(¢—p) TN LTANKX—DRERX (CEH 3.5.20) %A

RS
E|X[P < (E|X|p~q/p)p/qE[lq/(q—p)](q—p)/q — (E|X‘q)p/q.

IhEDRMELNS. O

FEIE 3.5.23 (RILITDOARFER) X 2 FaMERLKRE T2, 2ot %, fEED a > 01T L,

P(X >a) <

A, 1ixsay < (X/a)lixsap &0,

X 1
P(X 2 a) = E[l{Xza}} S E {al{x>a}:| S EEX

O]

o YNATDAERXDLHAD 1/a ZIREBEHRTHS. FEFE, P(X =0) =24/25, P(X =5) =
1/25 D %, P(X >5)=1/25 = (1/5)E[X].
B 3.5.23 IZRD LWL TES. AHIKIELAYRILAROTEHET 3.

EIE 3.5.24 (—MEXILATDARFR) X Z2FHEHERER, ¢ :[0,00) — (0,00) % HFIER B
B33, Zorx,

Elp(1X1)]

P(IX| > 0) < =000



B3 E RERER D BRI A

63

ROFTEST7DREFERDEHTHS. ZUI—Mb~ra 70 ARFERICI D EZITEL Zeh
TE5.

EHE 3525 (FEP T 7ORER) X IFHEREMTE|X]? < oo ZiiicT T2, ZOLE,
FED e > 0ITHL,

RERERZILT f(X) S PIARECRES 5. ZDL &,

JEX]) <E[f(X)].

3.6 HAFFIEDUNR

MERZEEAH) { X, 100 DHERZH X WCBINERT 2 1%, Plim,seo X, = X) =1, $&DB
lim, oo X, = X a.s. DIHDIIDOE ZITWVS.

Bl 3.6.1 (2, F,P) = ([0,1],B[0,1],Leb) BT, X,(w)=nw" &0 ICHICRT 3.

(X,} 2R ERERER X OELRMIERZHIIL 75 L &, MHHOEROBICAE XS,
(X} & X IR, 2 limp_e0 E[X,] = E[X] B D 170, Thbb, ZoHa

hnlEPXA::E[IHn;XJ (3.6.1)

DR DL 5TV 5.
— M DRERZEEHN N U THIRHE & iR D2 (3.6.1) 23K D LD 7 D+ 52N K 5.

3.6.
EIE 3.6.2 (BFANKREIE) X1, Xo, ... FIEEHEREZHT|T,

0<X;<Xo <. <X, <+ as.

£9%5. TOLE,

lim E[X,] =E| lim X,|.

o JEM 362 ICBVWTHAEDREIAENTHS. Hl2IX (Q,F,P) = (]0,1], 8]0, 1], Leb) &
BT, X,(w)=nw"" & lim, 00 Xy =0, a.s. Zii72 T2 lim, 00 E[X,] = 1.

E 3.6.2 DFEH. RE LD

A={weN|0<Xj(w) < Xo(w) <} = ﬁ{XnﬁXnH}e]:

n=1

WEPA) =1 %2727, we AIHL X(w) = lim,_0o Xp(w) EE®D, w e AR L TIX
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64

X,(w) =0 tHERL, X(w):=0rEDD. ZOERDF, FEDOwe QITHLT
0<Xi(w) < Xo(w) <+
5. ZOEIIC X, FEERLTDH
E[X,, A] = E[X,] — E[X,, A°] = E[X,,]

TH 206 HFHECEEL 52V, TRLBEBEZRD {X,} I U TEHREZ R L.
(BB, 3 EX] <o DBEAICRT. X, < X,y &

lim E[X,] < E[X] (3.6.2)

n—00

FBS . BIFEOERE D, BHRHIERD BARHERZERS) (X, )} BEEL, EX] = lim, . E[X,].
FoT, EEDe>01CXL k€ NWBEFEEL,

E[X] < E[X}] +&.
Y =X, tB%, A, ={X,+e>Y} 2E25. DL X%,
Y1a, < (Xn+€)1An < X, +e.

FHET X, WHFEERLPT X IR T2Ze, Y <X &),
Ay CApgr, n>1, | J A, =0
n=1

BT, YIRY,, ¢ilp, OIETREINZDT, MEROEMELD, n— co DMIRT,

E[Y14,]=> cP(BNA,) = Y P ( G An N B> = E[Y].
£oT,
E[X]—e <E[Y] = lim E[Y14 ] < lim E[X,]+e.

n—o0 n— o0

e W3EEF o705
E[X] < lim E[X,].

Zht (3.6.2) 2O TEHDOFERIMINES .
(B, E[X] = +oo D &, BFAIERD IEEHMIERARI] { X, } BEFEL,

lim X, =X, lim E[X,]= +oc.

n— oo n— 00
EoT, FEDON > 1LY = X, BfFEL, EY] > N. A, = {X, > Y} t BWTH B
CRCHEMmZITO ZIT&D,
N <E[Y]= lim E[Y1,4,] < lim E[X,14,] < lim E[X,,].
n—0o0 n— o0

n—0o0

N — o & LT,
lim E[X,] = +oo = E[X]

n—oo

2195, O
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HIRPREM DR LTABRLNS.
%363 X, X1, Xy, ... ZIFAMERZHE T2, ZOL ELIRAHD LD,

(1) HiIfFED R T 258390 T

E

> Xn] =Y E[X,].

(2) A, €F, AlmAJZQ(Z?éj) VAT

E !X, [j A,
n=1

ziiﬂXJ%L

AERH. (1). Y, := Y i, X 3EH 3.6.2 D&M 2T DT,

00
>X
n=1

(2). EHTOD (1) DR XD,

X7 [j An
n=1

E —E [ lim Yn} = lim E[Y,] = lim Y E[X,] = iE[Xn].

n— o0 n—oo n— 00

E =K

o0 [e.e]
> XlAn] =Y E[X14,].
n=1 n=1

EIE 3.6.4 (INR—TJOIRNRERE (BINREE) ) {X,} BBUICKT 2 ERLZ-S| T, »217Y

FIREIREL R ALY DIFIEL
X, <Y, n=12...

-3 eRETS. DL X,

lim E[X,]=E [ lim Xn] .

n— o0

n— o0

AERH. X % {X,} OBINERMIR 32, T4bE, X =lim, o0 X, as. 2OL X, MRSEFEEL
TWa25H, {X,} O LERE FHREHER 1 T35, SWikzsL,

X = lim inf X = lim sup X, a.s.

n—oo k>n n—00 >

#ZneNINLT, Z, =infysn(Y — Xi), Z, =infrsn (Y + Xi) 28, {Z,} e {Z,}drd
IR BRI TH D,

lim Z, =Y — lim sup Xy =Y — X,

n—oo n—=00 >y
lim Z) =Y + lim inf Xy =Y + X.
n— 00 n—oo k>n

Ko THFAIGER (EB 3.6.2) LD,
lim E[Z,] = E[Y] — E[X],

n— o0

lim E[Z] = E[Y] + E[X].

n— oo

(3.6.3)
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W, Z,, 2! OEFEED, 2 - Y < Xp <Y —Z,. £o<T
E[Z!] - E[Y] < E[X,] <E[Y] - E[Z,], neN. (3.6.4)
ftoT, (3.6.3) & (3.64) XD, 1ZXA5HOEMAEMEML,

E[X] = lim E[X,].

n— o0

O

o FEM3.6.41CBIMREMY HEBTLEND L E, IR—FDIHEM 2B RINVREIE L
AILbdH5b.

o & IRHED NI R DI & o TIEHLE N 5.

8 3.6.50 X % RMEMRER, I 2 ROHRXME 35, BB f: I xR - RIZ, EED
(t,x) € I x RUITH LTRSS (0/0t)f(t,x) BDEEL, f(t,X) PMEED ¢t € T2 L THEE
ZHEe 75D T 5. BT,

sup
tel

ot

St

EGRRE L RET 5. ZDE X,

GEUe =[x,

dt ot

AL ¢ e [ REEICE DEET 2. {h) % 0 IR 2 HEEOBGIL T3, 2oL X,

0 o ft A b, X) = f(,X)
o 20 = [, h

MERZOMR L L TRINZDT, w344 XD, (0/0t)f(t, X) FHERLHRTH 5. FHIHED
EHED, s,(w) € I BIFELT,

hn, X)— f(t, X 0 o
== hp, X X 0
Xn:f(t+ ns hj_f<t, )’ Y:S:éll? a'f(S,X)’

B, ME344 EIREID Y BABEPHEREMTHE. LoT, W R—JOICHEMH (EH
3.6.4) &b,

A RIft, X)] = lim E[X,] = E [ lim Xn] —E Pf(t, X)] :

X ZHEMERZR, I CREZRXEE T 5.
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DIFET I E, G2 X DE—XY NREH LR,
FE 366 X DE—XY MK GH I = (—¢,6) LHEAET 2 LSRN R e >0 sk
RETS. ZOr =, FEDn e NITHNL,

E[X"] = G™(0).

AEBH. t e I ZAERICE DEETS. ZOEE, —e<t—0<t+d<eZWMiZzTLO% 5> 0DEE
T35, 0>0HLERM2>0Tae < L BRDITD (2 27/ (ed) — v DF/MEE 2 =1/5 T
b, {HIX0). ZhkDb,

E[]X sup | =E

e X1l{xs0y sup e +(=X)l{x<o} sup etX]
t|<e/2

lt|<e/2 lt|<e/2

E
[t|<e/2 ltI<e/2

1
§5 I{x>0} sup e(t+5)X+1{X§g} sup e(t_é)X]
1 /o
:EﬂQwaWW%mX+HX@w(/Q®ﬂ

< e% (IE [6(5/2—&-6))(} iR |:e(—s/2—6)X}> < oo,

PE- T, fRE 3.6.50 AT,

d €

%wahﬂﬂXdﬂ, It <5
t=0rtLTG(0) =EX] 2155 FAO#EmEZHEDETILT, KD n e NIZHLT
G (0) = EX"] SR D D Z L bRt 5. O

I8 3.6.7 X ~ N(0,1) D2 &, =X ¥ MIEKEEH VT

w (=) (R,
X = {0 (N7

ZMEDD K.

fRE. £3, TEDteRITHLT,

oo —xz2/2 ) o0 o—(z—t)%/2 ) o0 42j
G(t :EetX:/ etme do = e'™/? —  dx=e"P= —.
R B T e Vom 2. 57

&b, E>11TxL,

GEF(t) = i (27)(2j —1) 2]5'23 — (2k — 2))t2j—(2k:—1)’
j=k :
G (1) = j;i (27)(2) — 1)‘é;;?j —(2k—1)) 251
j=k '
Ko T,
@k)!

GE=D(0) =0, G@(0) = - = (2k — 1)

2k
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3.7 fEBRBEIO >&IFZER

HERRE o A ARIPEARZER Q = {w = (w1, we,...) |wp, =0,1, neN} ZFEZX 5. Ki,, =0,112
L,

Qilig"'ik = {w = (il,iz, ... ,ik,wk+1,wk+2, .. ) | w,=0,1, n>k+ 1}

tiﬁ@é Ttib%, Qilig---ik = {1 @E == il, BT k IEE == ik} VC%% ?EO’C, :@%g% Qiliz---ik
DFER P(Qi iyi) 2 P(Qiigi,) =2 FICEDEDZDIIARTDH B, 512, Qjiyoi, T2HD
LIEONBREHRAZUTD LS ITERT 5.

{0

i=1

=EL,
T o= {Qiyei, |0 =0,1(=1,....k), k>1}.

A DEHRIZOWTIE
PA):=>"PI), A=|JLeA,
=1

=1
WK EDEREZNEGT .
R 3.7.1 PI3 A LT o-IENTHS. ZhkD, F:=o|A LOFERHEP »—ERIZHF
fEL,

P(A) = P(A), A€ A

o 2D (Q,F,P) MR ZMRE 2 £ LARFEMTD 5.
o FEBHICDOWTIZ [8] DEHE 2.4, il 2.2 2 A XK.

ROGEIPIERTERNACQ DIFELZEKT .
EoRE 3.7.2 FERR[Ea 4 ARFER (Q, F,P) IZBWT, P D 22 EAORIRIIFE LRV,

FERH DM . Z D K S RILRBFIE ST 2 REL, {X,} ZIID TP(X,, = -1)=P(X,, =1)=1/2
E35. Z0E, X =52 27X, ~U[-1,1] TH 2 (ZhZo>\WTiERbofE5.1.11
EAK). 22T, E%2[0,1] C E C [-1,2] TLeb(E) ERINLEVWERLTZE (ZD K
5% B 3IAN—ZIEAHIEA L IFEhTw2. HEICOWTIX 9] B, {X € B} € 2% =H

P(X € E) = Leb(E) 3#EH S Az, 0

SRMEE

fIRE 3.1 Q =[0,1] x [0,1] C R, A %51 (0,0), (1,0), (0,1) ZFEXR=MAI, B %5 (0,0), (1,0),
(1,1) 28X =AFL 5. 2o x, o{A,BY CEITZEATILMODELTRRE L.
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M8 3.2 2EKE AD 1 HIZE2 0 2KDKDOEEZ X (10kg 472D) 55, #EDEHADL2S X
Dt EETMEL, EANDOEZEME L. 22T, X OMEREEREE p

p<x>{<1+bw>2’ o
0, (x <0)

CEDEENS LIRETS. 2FL, a,bBIFEHTH 5. BEOELDS, BBEZP(X <3) =09
THB. NEMETES % abOEERD X

INV

ARFITOMER AR, —ROMERZEM (Q,F,P) ZBWTH, KT EiERE

P(BNA)

P(BIA) = —5 5

L E#T 5. 27U, A, BeFTPA) >0

RIRE 3.3 HERZ X 13T X —Z X\ > 0 DIEBOSHIHES 255, LUROMWIIEZ X.

Pla <X <zx+Azx|X >x)
Az
(2) WEEE: P(X >4yl X >2)=P(X >y), z,y >0, ZE.

(1) limasso =\ B,

R9SE 3.4 FeskZ2f ([0, 1], B0, 1], Leb) #E 2 3. 77 L, Lebld [0,1] LOAR—ZHIETHZ. =

DEE,
Leb(Q) =0

ZE.

IR 3.5 A TADMAL TV o EERMX, HEH (RIREER) 13 2 REEE D _ERAY 2000 /5
M, BE&#H) (REHD) 2510 FHTH 5. #HESNEEEL S HCEHED 25\ BRI E:
L Tdhbh . HEEIECAETU N RN L, ERM ERS ERA2 S HEAHED 25
WD NN 72 5. BRI,

o HEEMHEN S AL LN D,
o HFEHD 120 HF25 110 FHDIAW,
o FHEZED 2005 725 1990 /DTN

B, ZDEEROMWVIZEZ L.

(1) FFEMEREB X XV EEHERT 2T 5. XD RESY 2 X O e LTHRE.
(2) Y onfiBiEke, 77 7 oBEEH#T.

RIRE 3.6 H2AXRAEETIE, BRICHRETIZBEERLOHEIIRT VY VO HIHES LEZLNTWS.
B2 5 HOBEFRICEER S N HRARLZ

1,0,2 1,3

ThHoT-.
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(1) SOTF—=%05 1 ARDD DEHFHDOFGERKD, ZRTIDRTY YD ARFTA—X%
HEHE X.
(2) ZHRIZ 2 L EOFEHRHH Z 2HERE KD K.

IRE 3.7 (BEM) X,V 3HEMEREKT, EWVIIHT T 5.

(1) X &Y KR 7 Y U omichies & &, X+Y%+7V/ MACHED T & 2Rt
(2) X &Y P HITEREERSMCHES £ 2, X+ Y IEFH0, D82 OIERSHICHES 2 & 2Rt

FIRE 3.8 Fr v IARMDBELITS. HEREEY {X,)2, &
(nEIEH2 L),
(nlElEAE )

YERT S, SFHEOBBIIHTICRELZ L, En RN LP(X,=1)=pec (0,1) IRET 3.

(1) FIDTHOETICET 2
Ty :=inf{n>1| X, =1}
DHIFHEZ KD K.
(2) T % 2 E ETIRET 2R T3, ThRbb,
T = mf{n > T ’ X, = 1}
&35, u@t% Eﬁj‘?ﬁé&TQ*Tl 1FRT X — &p@x&a{j DIITHED T & 2Rt
(3) 2 W50 % Clo BB 7 FAIIE RO Kb &

fI%E 3.9 (Buffon M&t) & 2 HMKD FIcHiEE d ORIE T REMRIRAIICErA TV S, BEX/
DEEHBD LICT7 Y R LZHEET. ZOLE, $IPVTIIDOERERDIMHERERD XS,
ZD7DIZ, ¥34<dZRET S (AR 2 AKDHTIHRERDOLRVWEIIZT 5729). X &V
LSO R HERDITVHATIRE TOEERR, 0 2ol Tk Idiarss. XoM
WIZEZ K.

(1) & L7803 D 2 AT KD % 72D DREA 754 H3
X < gsin@

ThH? I rEHiAEX.
(2) X 1%[0,d/2] Lo—#5fh, © 1% [0,7/2] Lo—afiiczhzhfEs L, X & © 13Mize
WET 2. ZOREDRT, e LEHDPWTIrDFATRRE Kb 2ERERD XK.

fIRE 3.10 X,Y 13 NU{0}-fEfERZH T, MVRANME 35, &#n> 0L Tp, =P(X =n) =
P(Y=n)tBE, I5ICr, =0 ppBL. ZOLE, £3515%ffoT

E[min(X,Y)] ir

n=1

ZHEDP D X.
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FIRE 3.11 (EAPH) {X,)52, JIID T, X MR FX—& X >0 DIFEIMIHES £ T 5. MR
BN IZRTRX=R c DRT Y UKD, {X,} e 32 ($hbb, N, X, Xy, ... 135
). ZorE, Z:=Y"_ X, OWfFEr sEERD & 2L, Y0 =0rT 3.

Fﬂﬁs‘:«_ﬁ\ 3.12 %2&5” {ai ?:1» {Pi}?:1 X a;,Pi > 0, Z?:l D = 1 fd?(ﬁﬁfijtj—% Dk %, 4zt
YOREXTHNT, FERX

aipr + -+ anpp > aft - ahr
ZAAE X (B ¥ b P(X =loga;) =p; Zili7e THERZB X & f(x) =e* ZEZ D).

R9RE 3.13 MERZEH X O0ED 072518, X HFLAYHIEIZER THI e 2mE (LU @
3512 2HW3).

MR8 3.14 (EV T« - RA—ILBE) DRI ROLI BT —2ZBMT5: Fil,...,N D—DIZ 100
JTH, Bbidbl. fiz—oER ARXFRIEOWDULDD2H->TWE., DRLEH 2ERET
5. ZORRTYZD OMRIZ1/N. AIRE I oF 5% BRE 2805 « LSO (B 235 j)
ZHETA. Z22E b LB A-oTWS (AIXFEXY D OFIEHETRWV). 2o X, HRIIEX
D2ODFERD S5 B, —FHEERD.

(a) B ETRINCRALR | ZRIGERL 5 3.
(b) DT i, j LIS R k BB, Kk 2 RICERL T2,

& TY7 D OFERIZEL B ?

(b>b: F1DPEBICYLD T2, A 2bRENH i 2BIER, B 2AIREIH j
{2, ., N}\ {i} 2 BEXERL T2, LEPICRLILED, P(4) =1/NT, i=10r%
P(B; | A)=1/(N—1),i#1 D EP(B; | A) =1/(N—-2) Th%. O, 2LDTi,j Ls»o
SBAFID LD THEERL LT, P(C|B;)) & P(A; | Bj) ZH#FHIE X))

IR 3.15 (BRAR) Ay,..., A, ZHERr L, A=, A £B<.

(1) 1a=1-TT, (1 - 1a,) ZE.
(2) 1) ofaELZREFL, WAPFHEZ 2 Z2I12&D

P(UAJ: Mm%}:m&ﬂ&%kZ:M&ﬂ&ﬂAw~~+hD”T(ﬂAJ
i=1 i=1 i<j i<j<k i=1
e

fEIRE 3.16 FERZR X, Y IZFREEEY px v (2, y) 2RO 35, ZOLE,

px.y(T,y)
pxy(xy){ py (y) oy (W) #0),

0 (py(y) =0)

CED, pxiy(@|y) 2 Y =y DFTO X OFRHENSBELR. 22T, py BY OEEREKER
T, DLROMWIZBWT, B2 CHRHEX R THEES 2 LIRET 5.
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(1) m(y) = [ zpx )y (z|y)de £ B L E,
E[X,{a<Y <b}] =Em(Y),{a <Y <b}]

(2) R T 514 2D

~ pxpy(@|y)ey(y)

ZRE. 22T, px i3 X OEEREL
(3) E[f(X,Y)|Y]:= ffooo f(l‘,Y)px‘y(CL‘|Y)d.'E EBL. o, Xo2MHHE

EXg(Y)[Y]=g(Y)E[X|Y],
EE[f(X,Y) Y]] = E[f(X,Y)]

.
minEf|X — 9(¥)|"] =E[IX —E[X | Y]]

B, L, RAMEIE g BRLVAVERT oY) B RAEO L 25D DK TEZ 2
(BE¥ bk [ X —gV)]? = |X —g(Y)+EX|Y]-E[X|Y]? = (X -E[X|Y])? +2(X —
EX |[YDEX|Y]—-g(Y)) +([E[X|Y]-g(Y))? CREEL, HfHEZHLTAX.)
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R DEA

FBIFEDIEILDIZ, NLX—A DRBDOFEA CGEH2.6.1) Zw TIWHILLZS bRz 2
DETIFVEI WL ZDOENZRY. ZOLDITBEEMHAAIE 3 ETE2TRI . YT, (O,F,P)
R OMERZEM Y LT, BNAMREHIISTIOMREN FTERINATWE T 3.

41 KL - BT DA

AL s AYT U OBEBEIICRZFEH S 2720 D58 N7 EETH 5. HREDBXZENIZESHID
EMROERLHER L TBZ S {A } CcF L\-;ﬁ'b

limsup A4,, := m U Ay
oo n=1k=n
={weN|we A, 723 nHREED 2 }.
o limsup,_,. A, = {A,, i.0.} (infinitely often D) &

EE 411 (KL - hoTUDE—ME) {4}, CFEd5. ZOLE,

(A,) <oo = P <limsup An> =0

n— 00

FER. HER MG L I (M 3.3.9 (2), MEE3.3.8 (5) XD,

]P’(limsupAn) = <ﬂ U Ak> = lim IP’(U Ak> < lim Z]P’ Ar) =0.

n— 00
n=1k=n

o JEM4.1.1 OMIAIL LA, KBl (Q,F,P) = ([0,1], B[0, 1], Leb), A, = (0,1/n].

BISE 4.1.2 {X,)°°, WHTT, P(X, = 1) =pn = 1 —P(X, = 0) 3. cOL X,
S pn <00 %BIE, X, —0,as TH3ILEZIHHEX.

73
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fRgs. A, ={X, =1} BE, KL - A7 VOE—MELZEHT 2L, P(A,, i0) =0 Fkbd
%, B := (limsup,_,.o 4,)¢ = Ure Nrep, AL G P(B) = 1 %iifi/e 3. w € BRSIE, % n =n(w)
DEEL, k>n 2L, Xi(w)=0. £o7T, lim,oo Xp(w) =0. ®ZITP(X, —0) =1.

EE 413 (RLIL- AT UDOEZRHE) {4,152, C FERENIEROFIe L, >0 P(A4,) =
oo BRETS. ZDL X,

P <limsup An> =1.

n—o0

S P OGN {A,) OB, BXORER1 -z <e® (x> 0) 252,

e () ) =2 (U Aas) = e () a5) = i o (1 1)

n=1k=n k=n

n—00 Mm—r0o0 n—00 m—0o0

= lim lim J]P(4A5) = lim lim J](1—P(A))
k=n k=n

m
< 1 . _ -0
- nlggo 7r}g>noo exp < ]; P<Ak>) 0

BIRE 4.1.4 100D F —%2FfO PCOF—KR—FEEZXD. HIPAD—FRICT VR LITF—
XA TR T LTS, ZOLE, 147 W. Shakespeare (ZH1F 100 fHOF —I12E& %
N33 2) PiFe ACTHEEICEREHRNS Z & 2RE.

fRE. X, ZH D nBHIZRZA 7L FEL,
An = {X14(n—1)41" - X14(n—1)4+14 = W. Shakespeare}

rBL. ZorE, {A,} 3T, P(4,) =100"". B % 14 XEPNERABENZHERE T2 L,
{A,, 10} CBTH2. LXoTHLIAL - AYTVDE_MEXD, P(B) >P(A,, io.)=1.

42 KEDFHER!
o HERZSHO {X,, ) DHERIH X (CHERINRT 3 L3, L0 e > 0 1TH LT

lim P(|X, — X|>¢)=0

n—oo
DD TOY ZITWS .,
o X, X CHERIUET 222 % X, 5 X 2 #<.

T 421 X, X1, Xs,... 2HERER T2, Zokx, LURHBEDILD.

1) X, = X, a5 = X, — X.
2) X, 5 X = X,,, = X, as. RBEHH {np} LT .
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FERA. (1). X,, —» X, a8 £95. ZOEE,

:plLrgOP<ﬁ U {|X—Xk| >;}>.

n=1k=n

FEEDe>0INMLT, THORERp>1Te>1/phRdDBOBPLN5DT,

pIL%}P(OMU {\X—Xk\ >;}> 2P<ﬂ U {1x — x¢f >€}>

n=1k=n
[eo]
= lim P (kL_J {1X — X3| > e}>
> limsupP(| X — X,,| > ).
n— o0

E-T,
lim P(|X — X,,| >¢)=0, &>0.
n—oo

FTrbE {X,} i3 X CHERIET 5.
2. X, DX vF5%. COrE, HH¥n <ny<-- %

1 1
POXM—XM>%)<2k
iz &owcehsd. Ay = {|X,, — X| >27F} 2By, S22 P(A) < 0. koT, KL
WA TVDE—MELD, P(A,, 10.) =0TH%. we (limsup, o 4n)° = U —; Nie,, A5
BolE, B2 n = nw) PEEL, FED k> n LT [ X(w) — X, (w)] <27k XoT
limg oo X, (w) = X (w). R X,, = X, a.s. O
L 4.2.1 (1) ORI L7,
B 4.2.2 {X, )52, 1202 1 2% & B WREREHIICT, pp=P(X,=1)=1-P(X, =0) £ 35
QLE,
lim p, =0, an:()o
n=1

n— o0

R LT0B LIRET 5. COL & (TED e > 0ISHLTR(X, > ) <pn — 0. £5T X, 0.
=7, KL A7 VO _MELD, PIEREONTX, =1)=1. XoTPX, —0)=0.

NV R — A4 DR OFEA CEF 2.6.1) O—ALDRDOKREBDIGERTH 5.
B 4.2.3 (REDFFER) X1, Xo, ... (ZEMHET, m = E[X,], sup,>, V[X,] < C < oo &
T5. 3hbb, PHFEEZ-ETTRIIERL TS, Zob &,

X1+ +Xn p
—_— —'m
n




HATE RBOEN

AERA. S, =>"" X e BL. ZOLE,

Z

Sn

n

E

1 n
:452; v(Xi, X;) TQE:V

3\*—‘

<

sS1Q

FzbPz7DARER (EH 3.5.25) kb, FED e > 01THL,
2
2

Sn — 0, n—oo.
W R Sn/nim. O

n

Sh 1
nf>e)< e
n 3

o EM 423 DFFHTRL TS XS1Z, lim, oo E|S,/n—m[2 = 02D ILoTWVW5B. —f
2, limy oo E|X, — X2 =020 2 &, {X,} EX W L?PERT2L20.

B 4.2.4 (Bernstein DZIETGAELL) [0,1] FOEREO#EKEIEL f 132 THA

= k n! .
:g;f<n>m0%4mmﬂl—m Foozelo]

WKEh—HGElTE 22, Thbb,

sup |f(x) — fu(x)| =0, n — oo, (4.2.1)
0<z<1

DD LD T & Rt

5. f,(0) = f(0), fu(1) = f(1) BDT, 0<z<10HEEEZS. {X,} % {0,1}-ED IID T
PX,=1)=2&3%. ZOLZE, EX,)=2Td%. S, =X+ - -+X, 8L, KEDFIE
HlX D, S, /n—>x X DiE<, &M 4.2.3 OFFAFITR L XD 1T,

it

PEED ¢ >0, n € NIIZHLTHEDIZD.
77, Sy EZIEHZMIHED 225

n nc

Sn ‘ > ) < VX (4.22)

ThHbh, Thiy,

G GEREES ST R

FUE[0,1] E—B5EE2 DT, e > 0L, 6 > 0DBFEL, ly—y| <& |f(y) - f)| <e.



HATE RBOEN

XoT, M =maxoey<i |f(y)] £ BIE, (422) &b,
|f(z) = fn()]

ﬂ@—EP(%)
— |- (%)),

§2M]P’<

oj] w21 (3)

ViXi]=2z(1—2)<1 XD,

oM
— < =
OgﬁJf@)l&@N_ny+f

2182, FTn o002 LTHe—0235Z8T (4.2.1) DES.

BISE 4.2.5 (BRTBIUSKIZITE A CIROER) < € (0,1) ZEEL,
~ 0y 21
Ay ={a eR:Z(1-e) <o’ < S(1+5)}
FEZDH. O, REOFEREHWT

n— 00

o1 n
lim on A, N (-1,1)" =1

ZRE. 272U, |Bl & B OFE OLR=7HIE) TH5.

o ZOMRIZ, nBtAREIVEE, B (—1,1)" DEBEDIFE A LR \/n/3 DERD
BT A, OBBETED LN TWE Z L ZEKT 5.

f%. {X,} 21D T, & X, (—1,1) LO—EAMHIES> T3, ZOLE,

2_1/12_1 4_1/14_1
IE[XH]—2 71xd:v—3, IEHXnH—2 71xd:1:—5<oo.
{X2} H 1ID DT, KEOIFEA XD,

1 1
Pqnu?+~-+X@—3‘>Q-»0

1
lim |4, N (=1,1)"| = lim P((X1,..., Xa) € 4,0 (-1, 1)") = 1.

n— oo n—o0

4.3 KREDEZERH|

KB OFHEANIHNL R 5 A F OFEARFE P HFHEICHERIR T 2 22 Th o7z, ROKEDEER
GHISCRZREES 2D TH S, ZAUTED, nEDaAf YT TEAIHLEHE T w ZiC FEE 1
T) 12 XPBRT 2 Z e pRains.
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78

FIE 431 {X,}22, X 1ID T, & X, I3 FafaEL 3%, ZoL &,

1
nangon;Xi:E[Xl], a.s.

FERH. M = B[ XY < oo ZRELTAMT 2. —ROBEDFIIICOVTIE [8] % [10] KL%
Ak
—fBeE xRS Z e R E[X ] =0 2RETES. %3522 kD,

(E|X1]2)1/2 < (E‘X1|3)1/3 < (E]X1\4)1/4 — ML/

INEDE X, D2RXRE—XV M EX2], 3RE—XAV D+ EX] PEETZ I RERY L.
S,=X1+--+X, B, Zorx, ZIHEHLD

ZX4+4ZX3X +6Y XPXZ412 ) XEX X +24 Y XiX;XpX,

1<j NN 1<j<k<l
z;é] HER 2

rRIND. EH3519 L EX;]=0X&b, HERD i),k 0ICHLTEXX,] =E[X2X;X,] =
E[X:X; X, X,] =0. {E> T,
ZEX4 +6 > E[XZ|E[X?] = nM + 3n(n — 1) (E[X?])* < 3Mn?.
1<j

koT, v rarvoARELEFEHL,

S > ! =P Sn42n7/2 gn_7/2ESn4§3Mn_3/2.
ni/8

EoTY Y P(ISu/n| >n" V) <o THEDHRLA - AT VDHE—HHELD P(Q) =1. %
U Qo = Uysi Musn{lSn/nl < n™/8} 2@k Q ETE limy o0 Sn/n = 0. W ZIEHD
FIRDNES . O

BIRE 4.3.2 X1, Xo, ..., X, ZEELMEINAEART, B0 CGRMO) H/HEK F 2+
ERET S, ZorE, BROMEY F.(x) = (1/n) Y lix,<s), 2 €R, &

lim F,(z) = F(z), zé€R, (4.3.1)

Ziifzd. Theide X

A% EED z e R L, MRERI 1(x, <z, n > 1, 31D T, HBOWMRFMEIER F(z) =
Ell{x, <)) CEDEZSND. Ko TEM43.1 D (4.3.1) 2ES.

RBOFRFHN DM & LT, FROEREICHE S 2 LR Z2ENTE I 5.



B4 KRB ™

BIRE 4.3.3 (EREK) {X,}2, XD T, P(X,=0)=P(X,=1)=1/2 2#i=3rL,
U=y K
£ om

EBL. ZoErU~U01THE (BIESLIL ZAK). LTFOMOWZER XK.

(1) {X,,} oHEEHWTE[U] & VU] 2K, [0,1] LO—FkFMDFE - e —85 5
;t%%#@i
(2) nlgréoEZXk —% a.s. 2t

()XLiU®¥&§%@¢ﬁ%nu®ﬁ%fb% ZDZEIHERELT, (2) Ofbimx X
0,1] Eo NELACETOER ML OUEHL LTEW0#Z XK.

. (1). B[X,] =1/2, VIX,| =1/2—1/4=1/4Th 3. Uy =" X,27" B ¥, #ik
HOMBIE L, BN RHERERORMO D THOMIFE LW e (EH 3.5.19DF%) &b,
Y1 Iea1 1 1/4 1

2y VM=l oy 1—/1/4‘12

(N—=00). 0<Uy <U<L122UNx - UZEDPS, EU]=1/2,V[U] =1/12 2183%. f75, [0,1]
Lo—kkn ﬁ@?ﬁiﬁﬁﬂx—UZ mik v?dr — (1/2)2 =1/3-1/4=1/12 TH b, fEd»
=T 5.

(2). {X,} 121D T, 0<X, <1 eARELPSHHITHD, EX1]=1/2TH2. Lo TRHED
sRIEAI CEFE 4.3.1) XD ERHES.

(3). U~U0,1] 26, UWKEMLT MER1TRDID) ik M R=ZHEDOERT [0,1] D
EEAYRTORTHEN D) ZriftiZzsiwn. XoT (2) 13,

E[Un] =

l\.’)\r—t

[0,1] DIFL AL ETOFE 2 12OWT, ZOMEREFICHENS 1 OEEE 1/2 1R T %
e REKT 5.

o ZOMEZDLOEKE 2MERICHT ) ERBLETER. LoRRIE NEL AL ETOEYZ
ERBTH 2 e WHIRLUIILOERBERICAMZ 5720,

o« =T, BERINICEZ N BIZAE V22 1) BERBTH 05013, 2L0BA
fERTH 2. IFLAYRTOMEBEE P 2dD5) ZrI3RETH, BRNICEZ 6N
fEl 2 DIRD P 2 b 0h 3 DHEFEE LV, &5 HERGRNFEDHBN LR TDH 5.

SRME

IR 4.1 MERZERI {X, 122, ZRDO LS CWRMIITERT 3. Xo =1 8L, X, XM
[—|Xnl, | Xn|]] 207 X EIND. THROE, X,11/| X, & [-1,1] EO—kRSmIHEWw,
X1,.., X, 2 THZ. ZOrE, ntog|X,| 2D 2 EH c IR T 2 2 BaRE. X5,
CDERH c KD XK.
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80

MR 42 Xy,..., X, BHERER X hodr TV rrasnkdbords (e, {X;}}, Z1ID T,
X; LX), cors,

n

(X - X)?

j=1

1
n—1

ERRABME VS, 22T, X =n""37 X;. REEX]? <oo DF, RABWHIDZ L 2RE.

(1) E |23 - X | =]
(2) lim — Zn:(Xj —X)? =V[X], a.s



oo ol o w =i

B bHE

BH/OvER PR RE 12

5.1 H51ERIEK
P EREBENIE TS5 (% =—1). FEMRER X Tl
o(t) := E[e"*] = E[cos(tX)] + iE[sin(tX)], teER,
X OFMEREHE WS,

o BREUEAMERZE Z 12 L, E[Z] .= E[Re(Z)] + {E[Im(Z)].
e Re(a+ib) = a, Im(a + ib) = 0.

o MWHEHBE: a+ib=a—ib.

« latib] = ((a+b)(at B2 = (a® + 1)V

I BAHA TV £, FEBEBUIILTORERH 5.

o THOEREETET.
o JAZMEDRERRICIRALD.
o WEREBDDMP—BT 270, PORT 2008 5 HERT 2 & 215,

FIE5.1.1 p(t) 2 X OFMREE e T2 %, UMD T 5.

AERH. (1) (3BH & 20
(2). t e RIZXfL,
¢(—t) = Ele™"*] = E[cos(tX)] — iE[sin(tX)]
= E[cos(tX)] +iE[sin(tX)] = p(t).

81
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(3). a=>— 2V AYOARERLD, t € RITHL,
lp(t)]? = Ecos(tX)]? + E[sin(tX)]? < E[cos?(tX)] + E[sin®(tX)] =
(4). (LD s,t € RITHL,
[o(t) — @(s)]

|E[e?X — e X]| = |E[cos(tX) — cos(sX)] + iE[sin(tX) — sin(sX)]|
< E[(cos(tX) — cos(sX))? + (sin(tX) — sin(sX))?]1/2

E[2 — 2cos(tX) cos(sX) — 2sin(tX) sin(sX)]'/2

E[2 — 2 cos((t — s)X)]"/2.

cn — 0 2 BEBEDOEEH| {c,} 1L T, |cos(c, X)| <17EDHAR=FOINFERZHEH L,
lim E[2 —2cos(c, X)] =E |2 -2 lim cos(¢,X)| =0.
o T, limy,oE[2 —2cos(hX)]=0. Wz, EED e >0IIHL, §>0DFELT,
E[2 — 2cos(uX)] < &?, |u| <.
INED, t—s[ <05, |p) —p(s)| <e. TAUF o O—BREHKIEZERL TV 5. O
B151.2 X BRTRX=R c DERT Y VMWD & &,
o(t) = exp(c(e” — 1)), teR.

EE, EREBEDIHIET 2 L,

& inefccn . > eitc n ;
p(t) = Ze ‘ ¢ Z ( n‘) = exp(c(e — 1)).

n=0 : n=0 :

B 5.1.3 X 2387 X—& \ OIS & &,
A
o) =34
514 X ~ N(0,1) Dk %,
ot)=e"2 teR (5.1.1)

DR, ZhztErd LS. sin BEUIHEEZ DT,
oo —z2/2 00 —z2/2
:/Ooe’t”e Wer dx = N cos(t:v)e\/% dzx.
(0/0t) cos(tz) = —xsin(tz) TH Y, E[sup,er | — X sin(tX)|] <E|X| < oo TH 215, fnd 3.6.5
& Doy & WIRHE D 2 D3 AT RE

2
e~ /2

d
V2T v

o'(t) = /_OO (—zsin(tx))

DD ILD. HAETIT LD,

00 e—m2/2
o'(t) = —/ t cos(tx) dr = —to(t).



%5 HUDMERE R 83

ZOWMAHEREMRL 22T (5.1.1) 218%. FE,

d 2 2 2
= (gp(t)et /2) = (W)’ ? + p(t)te’/2 = 0

ED p(t)e!’/2 = p(0) = 1.
B 515 X ~ N(m,v) D& ¥,
o(t) = e e R, (5.1.2)
INEHEIDD2DIZ, Z~N0,1) XX ~m+oZ THRZexZBVHZS. (5.1.1) 2ff
2,
o(t) = E[eit(m+ﬁZ)] _ ez’tmef(t\/ﬂ)zﬂ
TH205 (5.1.2) 2155.

ZOHEHIDIX T DICFHERBEII A OEHRE R TEL L IBRTz. 2D Z 2IFRD Lévy ODREERTIC
XD

/UE516(Levyo>J§$n W) P(X =a)=P(X =b) =00t &,

1 T efzbt _ efzat .
Pla < X <b) = lim — / ———E[e"dt.
-T —1

T—o0 27

EF 5.1.6 DIFHD /= DI HiE % —DOME(F T 5.
HES5.1.7T EEDT > 01THL,

AERH. £ 9,

/ Lntdt / sint / T drdt = / / % sin tdtdz

rRINDZLIWEHL,

B BESICED,
T T
Jr(z) = / e (—cost)dt = [ (—cost)]d — / (—x)e " (— cost)dt
0 0

T
=1—e T cosT — x/ e~ cos tdt.
0

T T
/ e " costdt = [e” T sint]d + x/ e sintdt = e T sinT + xJp(z).
0 0
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Lo T,
1

1+ 22

o g /2
[ e[
o l4+=z 0 2

THE05, sup,so(l+z)/(1+2?) <2&D

Jr(z) = (1—e " (xsinT +cosT)).

x=tanf OZEHUZ XD

00 e—Tac
xsinT 4+ cosT)dx
| 5= )
oo
2
<2/ e Trdy = =
0 T

EH5.1.6 DFEHH. a < b ZEHORERTH-TDDETE. T > 011X,

T _—ibt —iat
e —e ;
Ip = / £ T R[e"Xat
-7 —1t

o0
< /( Tt
0 1+ 22

BEZD. WRESBEOERROT, BRHE Y B OIS (70 =0EH. [8] % [10) 2

ZHR) Thb. kb
b .
/ e”(Xx)dx] dt

IT_/ / Zt:cde ZtX / / zt(X x) d.’I)dt / E

_ /_T {E [sm(t(X —a)) — sin(t(X — b))] i [cos(t(X —a)) — cos(t(X — b))} } u

t t

. [/T sin((X — a)) — sin(¢(X — b>)dt /T cos(t(X —a)) — cos(t(X — b))dt]

=T 13 T t

+1E

g [/T sin(t(X — a)) — sin(t(X — b))dt] |

r t

REOFERZ ¢ 12BT 2B DPRE T BB TEETH S Z e hohitS.

iz, e RITHL .
R(O,T) := / sin(0)
ot

EEZLD. 0>008 =3 .
R(H,T)zQ/ SlTntdt
0

LE, kD, — D0 e RIZOVWTIE

sint

0|7
0

(0 >0),
sgn(f) =<0 (0 =0),
-1 (0 <0).
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0T,
) TIX=al ¢in¢ TIX=bl gin ¢
Yr = 2sgn(X — a)/ —dt — 2sgn(X — b)/ —dt
0 0

v B Iy = E[Yy]. W8 5.1.7 kb,

2n (a< X <),
Tlgn Yr=<(1n (X=aFZEX=0),
0 (X<aZFXkiFX>0h).

BT, sup,ep|sinz/z] <1 EHOMESL.1.7 &,

t t
]YT\§4sup/ Smdt'<4/ Edt—i—4$up

/‘d4<4+4( +2)
>0 2

W RN, AR—Z DU EHAEATAETH D, P(X = a) = P(X = b) = 0 #Z 54Uz

s>1

lim Iy = E [ lim YT] = 27P(a < X < b)
T—o0

T—o00
2155. O
X OFBBEBBHFIET 256, TOERIFEREO 7 -V IRERHICEIVEZI6NS.
8 5.1.8 FERAR X OMERBERIR p WEIET 3 L IEFT 2. oL E, [T |E[e™]|dt <
00 72 B,
_ i > —itx itX
plx) = 5 /_ooe E[e***dt. (5.1.3)

IR, a < b72% abe REMEICE 5. X OBERSHSHEET 20T, P(X =a) = P(X =b) =0
THb. a<xz<blTHL,

T
FT(:L’):/ e TR Xdt
-7

LB ZOLE, Uk (a,b) FO—RENCHE S RS L U2,

/julb€4mdek”X”t:1AbF%@ﬂ¢v=<b—aﬂMf&@0y

REXD, .
|ﬁ@ms/ mwﬂms/ E[e*X][dt < co.
-7

%7, -
lim Fr(U) = / e MUR[e"X]dt

T—o0

THEHNS, VWRX—=FOIHREH L Lévy DRI LD,

b— b— o0 ) )
Pla < X <b) = Thm —IE[FT(U)] . an [/ e~ MUE[¢1X] gt
— 00 oo

/ / fztacE ti

a, b IIMERERZ o726, ERIIEEREB p 23 (5.1.3) ITEDERANMND L ZEKT 5. O
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BERUI R R ROTEA T Z 3 REEARIILL R TE 2 60 3.
RE 5.1.9 TEOMRLEH X, TED a c RIZHLT,

1 T .
P(X =a)= lim / e MR X]dt.
-7

T—o0 27

. EEO T > 012X LT,

T T
/ e_imE[eitX]dt =F / cos(t(X —a))dt
_T -T

+E

T
/_T sin(t(X — a))dt]

=E /0 cos(t(X — a))dt]

=E 2T 1 x—0) + sin(27|X — a|)1{X¢a}] :

b
| X —al
o T, sup,ep|sinz/z| <1 EAR=FOIWHEM I D, T — oo DR T,

1 /T

- —ita it X — —_
5T _Te E[e"*]dt =P(X a)—i—E[

1 .
m Sln(2T‘X — a|)1{X7ga}:|

- P(X =a).

ZODMERZERDFRIIMT D 2 72D DB RIS T 2R -T2 TH 5.
EIE 5.1.10 ZODMERER X, Y ITHLT,

x1y «— E[¥|=E["], teR

EOYEIEERA. B 7% oS EBI B E LW S . ST, X LY A HIHEEREKE b
DEFWHNRD IO e 2R T 5. —ROGE DL [8] % [10] 72 Y, HIEGRIIHERRD 7 ¥
A+ EHE ZOREDTT, FEO 2z e RIEMLTP(X =2)=PY =2)=0Tdh3%. LoTE
516 &0, FEDa<biZOVWTPa< X <b)=Pla<Y <b). HLIFEMH3.4.6 ZHEHITN
X, O

BIRE 5.1.11 {X,}2, X IOD T, P(X; =1) =P(X; = -1) = 1/2 ®ifizTr33. 2O
LE,

0 Xn
Xﬁz}jg;wU}LH
n=1

% t e R BAERICE 2. U~U[-1,1] 2 F 5L,

} 1 1 it —it sin t
]E[eztU] — 2/ ezta:dx _ € 2.6 _ mn '
1 it t

lim, sosinz/z =1TH5H»5, ERFt=0DL XITHMIT 2 Z L ITHEEE L.
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s, W=7 DOINHER e AL D,

E[eitX] = E [A}im eithz'zlan—"} _ ]\}im E [eitzﬁzl Xng—n:|
—00 —0
N

— L E[ 2~ "Xn} _ oit2" omit2 "
Ngnoo H

te RIMEEE >7=h5, #5110 L0 X LU,

[ UFEE, Re 27" &3 2RO SMERET BRI —RICEMNTH 5.
BIRE 5.1.12 {X,}2, XD T, X; ~N(0,1) 23%. DL X,

iR K.

A%, B 5.1.11 AERRIC, A R—=ZOIGREM M LD, EED te RITHNLT

N

© n)2
Xy _ s it/2)X, ] _ (/2"
Ele"*] ]\}lm n:1E [e } | | exp( 5

n=1

THE0H,

E[e*X] = exp (J; i 41n> — exp (_(1/;)#) .

2k (5.1.2) X DFEHO0, 7E1/3 DIEHDMORMEREKTHZ. Lo TEMS5.1.10 X h X ~
N(0,1/3).

. DEZEITHIU, BOHEED VX] = 0 4V[X,] = 1/3 L EEIETE 2. Lok
Z, B X DPERDHICKS L EFTRLTWEEDPEETH S.

d RITHERZR X = (X1, ..., Xg) W5 2 R BIBUE
p(t) == E[e'Zim 50t = (1, tg) € RY

WEhERINS.
Lévy DREEANRDZITTHIIA T D X 5127425, FEBIIIET.
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FE 5.1.13 (BRTHRRELR) P(Xy=ar) =P(Xp=0b) =0 (k=1,...,d) DL &,

d
H ak, b))

7ibktk _ e*iaktk

E[ei Sy thk]dtl <o dty.

T—)oo —itg

Tkl

EH5.1.10 DZEXRITTHIILLTD X517 %. 25 6 B ArHIZIS.
EE 5.1.14 d ZITHERNZ bV X = (Xq,...,Xq), Y = (Y1,...,Yy) ITRL,

X4y «— E[e'Thar X = B¢ Thet 075 gy

. tg € R,

ROFERIZEF RO X 2 N ORI TH 3.
EIE 5.1.15 MERE Xq,..., X, R L TR D 7.

X1, X DY E[ez 2 k=1 thk H

A n =2 OBEDIFHEEZ2 5. X = X1, Y = Xp &BK.
(=) FED s,t cRE->THEET . 2O =, MLy

E[eitX+isY]

= E[e"¥e"Y] = E[(cos(tX) + isin(tX))(cos(sY) + isin(sY))]
= E[cos(tX) cos(sY) — sin(tX) sin(sY)] + ¢E[sin(tX) cos(sY) + cos(tX) sin(sY')]
= E[cos(tX)]|E[cos(sY)] — E[sin(tX)|E[sin(sY)]
+ iE[sin(tX)]E[cos(sY)] + iE[cos(tX )| E[sin(sY")]
— B[ X]E[eY].

(<). BERZRY 2Y LRASHT, (X,Y) L@3M7As0rT5. $bb, XY,V 3Ty
35, ETRLEZEE, EEHOREELD, EED s,t € RITHL,

E[eX*5Y] = E[¢"X|E[e**Y] = E[e"¥|E[e™Y] = E[e™X Y],
ko, EE51.14 kD (X,V) 2 (X,Y). ©xIc, EEORLIAES A BITHL,
P(X €AY eB)=P(X €AY € B)=P(X € A)P(Y € B) =P(X € A)P(Y € B).
fEoT X & Y IIMITH 3. O
d RICHERZR X = (X1, ..., Xq) DO ERERERL

—;ex —lx—mT Har—m
o) = i e (e =)V e =) (5.1
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RO E, X FZFEERY ML m, DEEDSBITH V OERDHICHKES 20w, X ~ N(m,V) &
=L 22T, meRY, VIR d KITIEEBERFITE, o' 3 a DEEETH 5.

(5.1.4) @ p BHEPITEEEBICZ->TWEZ Y, THhbE RY ETOREID 1ICELWI L2
HOTAHAES. VEMAL, V=PDP ' &3y, 22T PIREXRTH (e, P~'=PT) T,

Ae > 013V OEEETHS. 2 =m+ Py L ZEEHTIUS |detP| = 1 25

z)dx = exp | —=y"D™! > d
/Rd o) W/R p( Y Y
H/ /@) gy, — VIUD)
\/W det(V)

ZRTTIERD R ORI RORTEZ 5 5.
i 5.1.16 X ~ N(m,V) Dk &,

. 1
E[G’ZTX} = exp <imTz - 2ZTVZ> , z€R™L

FERA. B EEBRICV Z20AtL, © =m+ Py EZEBEWL, m = (my), P = (Pu) £RTZ &I
g,

E[eizTX] TmEzg + 1 Z 20Pokyr — \yk\ /(2Ak)

d
H exXp dyk
\/W / ( 2 )
\/W H exp (kaZk — i Z 20 Pyi;) /2> V21 Ak
m)dde

2T ML 2 P22 = 2TV B bR,

A det(D 1 1
E[ezzTX] — w exp (zmTz — ZTVz> = exp <zmTz — ZTVZ>
det(V) 2 2

BIfE 5.1.17 X & Y ZZNFNEREIEH DM S MU ERERER T 5. o s, TED
0<O <2 THLT, Vi=Xcos—Ysinh & W :=Xsinf + Y cosd IEEFIRDIAICHE
SHPWNTHERERTH D L 2Rt
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fRd. s,te R2EREICE 2. EM5.1.15 el 5.1.4 kb,
E[eitV-‘risW] -F |:ei(t cos 0+s sin 9)Xei(—tsin 0+s cos 9)Y:|

-F |:€i(t cos 0+ssin 9)X] E |:ei(—t sin 6+s cos 9)Y]
— e—(tCos@+ssin0)2/26—(—tsin9+sc0s0)2/2

_ e—(t2+s2)/2_

ZOFHEATt=0L1LT,
E[eitV] — e—t2/2

2183, oTV ~N(0,1). AEICLTE[eW] =e /2 XoTW ~ N(0,1). UEE&DET
E[eitV+isW] — E[eitV]E[eisW]
PEED s, t e RICHLTHDYIDZ e 0h 5. WXIEM51.15 XDV 2 WM THh 3.
F— XY MIEEDITFEET 2581F, U X BRI X 2RI RETH 5.

FIE 5.1.18 XY RERLEBE T2, Hdr > 0DPREL, EEDt € (—r,r) ITHL,
E[etX] < oo, E[e?Y] < 0o ZIRETS. TDE %, IR IO,

1) X2V = E[X]=E[Y], te(-rr).
(2) X 2 Y 2 = E[e"X Y] = E[e"X|E[e*Y], u,v € (—r,7).

EEH. (1), (<), EH3.6.6 kb, FEDO n e NIcHL E[X"] =E[Y"]. t € (—rr) 2EEICE 5
THEET 2. ZOt %,

(_1)n (tX)2n

n)l = cosh(tX) < et +e7tX

>

n=0

THDY, EleX] < oo, Ele™¥] <00 (£t € (—r,7)). o TAR—=FOIHER XD

Elcos(tX)] = E ;) ((;737 (tX)Q”] - no( é);)t‘ CR[x2n
- “éz;nEpﬂﬂ::E E:i;gT@Yf”
n=0 ' n=0 :
= Elcos(tY)]
X 51T,
Ele!N] = E[l{xs01e¥ + 11x<0ye ] < E[e!™] + E[e 1¥] < 0
Zhzek

(2n+1)!
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Mo, BUNALR—ZOIHEEMZEM L,

00 _1\n O 1 \n42n+1
E[sin(tX)] = E Z (2(n i)l)! (tX)2"+1] — Z ((zlrzj o E[X?" ]

nt2n+1

o 2n+17 - (_1)n 2n+1
E: (2n+1)! Tl=E ;%@n+nﬁﬂq .
= E[sm(tY)].

EoTHEED t € (—r,r) I LT E[e*X] = E[e'Y].
—HRDt ERIHLTI, to € (—7), h € R ZEHTRY, t=to+h LRT. X,V ORHEY
BEzhzhox, oy L /LT 5L,

— itoX - (ZhX)n h n ’LtoX hn dnSOX
px(t) =E e Z:nu] Z:n* = T;)n!dt”(to)

h" dntpy = A" oY1 iy = (IhY)?

_ _ 7E Y n ito z 0

Z n! dt® nZ::O n! [Y)"e HZ:O
= SDY( ).
WEICR FTox =py. HoTEMS51.14 X0 X 2.
(2). /EHE 5.1.15 OFEIA & [[ Uiz 21X K. O

5.2 EBINER

FERZRAN { X, o2, BHERZER X IEBIRR T2 2id, P(X =2) =0 23 EED z e R

IR,
lim P(X, <z)=P(X <)

n— oo

DD IDO L EITWS,

o« X, DX ICHEAET 222 X, S X v B, X, B X CHBERET 205,
o TERIGRIZ THERZRDOIK ) Tld THERZHODHOIHK] TH3. X, X DERS
NBHERZERNIE L > THTH XL,

G TP(X =2)=0) BRERLED. X, =a+1/n, X=aD& %, X, X1 R, LTV
2ARLIVD, P(X=2)>0%2%mzbFDTEAINRZEZ 2L, r=a D &,
0=PX,<z)»PX<z)=1
Lo TLED. Ko THMBBDY v > 7522 HBRT 27505 TR Z@EYNCRiRTE 5.
HERINTER B OEGE, ERICRIZBIREBHEROIR L [FfETH 5.
fhRE 5.2.1 MERZR X, X1, Xo,... 2T N-HMERZH DO L %,

X, 5 X == PX,=k) > PX=

k), ke N.
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OMmEIZ LD, DEoER] CEF 3.4.21) EHESESET Y U OMICEAIE L TWS 2
PEVWHZ AL NTX S,

o =

Ny

8 5.2.1 DIFMA. (=). e € (0,1) ITEICL 3. ZOLE, (TEOLe NICHLP(X =k+e) =0
THE056, THIRDERLD,

PXp=k)=P(X, <k+e)-P(X,, <k—¢) 2 P(X <k+¢e) -P(X <k—¢)=P(X =k).
(). FED x> 11ITHLT, |z) Te ZBIARVERRKOEREZRITLICT S,
) )

P(X,<2)=) P(Xp=k) =Y P(X=k=PX<ux
k=1 k=1

~—

L

RACR DV R DR Z B S 2 L3R S 2wv. —fRici, ERGRIZEEREBOICR I D %
500,

Bl 5.2.2 & neNIZHNLT, B

() = {1 +cos(2mnx) (0 <x<1),

0 (& DAth)
BEZD. X
/ pn(z)dz = / (14 cos(2mnx))dx =1
—0o0 0
D p, ZHERFEEERTHS. X, & p, ZEEELTHDLS RERER L T5. ZOLE,
z € (0,1) 1TH L,

PO <) = [ palu)dy = o+ T2
0

£oT, X, 3(0,1) EO—ERDAITHE S MEREBUTIRAINR T 5. f)5, % 2 € (0,1) ITRL,
pn(x) & n — oo TIRENT 2 D TR L L.

T, n — oo.
2mnx

RDAGRIGIERNR 2 RN 1T 5. SRR aGm 272 O TREBIEIE 3. TRl DWW TR R Y
MERFHD T F A A K.

IR 5.2.3 WMERELI { X, 120, HERZE X 120 U TN FE.

1) X, % x.
(2) Elei*%n] — E[eX], t € R.
(3) EHEDH IR f - R - RITH LT, E[f(X,)] — E[f(X)].

5.3 HUDEBIREIE

KB DN TID F| D FM A FIGEITIR ST 2 Z e TH o 7. FIBREERIZ Z DICROHET
285D URBEICEKL S 5.
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o Z~N(0,1) ZIREIR (HUR) BERTH LR,

EIE 5.3.1 (RORREIR) {X, )50, X 1ID TE|X |? < 0o ZiizT 5. m,v ZEREN
. , 1 & (Xp—m)

5@ D HARHE, 7 .3 = = . Z — ~— 7
EOMEHE, ST 5. Thbb, m=E[X)],v:=V[X)] oL, ﬁ; NG

(AR IE BUERZABUCTERINOR S %

FAMCROER XD, FEED a <bITHL,

_ 1 = (X —m) 1 /b a2
Iim Pla< — S I Lh | = — e zdx.
n— 00 ( \/ﬁ; \/6 - ) /27 a

B RZ2 Y, Z~N(0,1) 232%, +9KEknT

1 n
n n
k=1

n=1 n=2 n=5 n=30
04+ 1 1 1 — N(0,1)
0.3
E
1 0.2
0.1 A
0.0 T T T T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
n n n n
1 1 1 1

51 Xip~U[-1,1] (v=1/3) OIERULM =370 | X DA LTI 4 Q0 HH Y TL).
n R 21200, SHHBEEER S HOEE R ~NEoL.

EH5.3.1 DFAFHO =D ICfiEE — DO HET 5.
B 5.3.2 z e RITHL,

2 /01(1 —8)(1 — e™%)ds.

ALPA. WA FOHRAEH, B, HAEFOLEICLD,

T 1 1 t
e =1+ / ie¥dy =1+ zx/ etdt =1+ Zac/ (1 + m/ ei“ds> dt
0 0 0 0
11 1 4
=1+ir — 22 / / e dtds =1+ iz — 1,2/ (1 —s)e™ds
0 s 0
2

1
=1+ix— 2+x2/ (1 —5)(1 — €e"*)ds.
0
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SEPE5.3.1 DI, —fRIEEKS 2 ek, m=0,0=1%2ETE3. (5.3.1) &b,

e = — X, - — i
N R

1
W, = Xf/ (1—s)(1 —e=tX/Vmygs,
0
B w I LT limy, oo Wo(w) =0THD,
1 .
W, < X1|2/ (1= )1 — =X /Vilgs < | X, [2.
0

Ko TNR=TOIHEMZ#EH L,

COFLEL Xy 7260 1ID THD I b,
2 2 n 2\ "™ 2 n
E[eit(xl+---+Xn)/\/71] = <1 _ v + t€n> = (1 — t) (1 ¢ t°en/n )) .

2n n

TIEHEMEED, 2n >t BT RER n ITRL,
tlen/n \" - n! 2%, \"
<1+1—t2/(2n)> _1+;k!(n—/~c)! <2n—t2>

2t%e, " (n—1)! 2%, \"*
=1
n <2n—t2> Zk!(n—k‘)! <2n—t2>

k=1

n—1

=t <2nzn_t2t2> SO Dy 1()7(;—1)i —k)! <2it2—€7;2>k

k=0

22, \"!
<1+2%, (1 n
< 1+2t% < + 2n—t2>

2t25n>n_1

<1+ 2t%, <1+
n—1

<14 22,2t

t26 /n " 2
14+ —2 " ) —1| <2%,e2 5 =0 — 0.
’( +1—752/<2n>> ’— LT

5o t2\" 2
lim E[e! k=1 X%/V] = lim <1 - ) =et/2

n—o0 n— o0 2n

HEIZEM 5.2.3 ZHEHTAUT K.

fBIRE 5.3.3 a4 > % 10000 [T 3 & =, £ 95% DHERT, XOH 2 EIEULZ 4900 [HH 5 5100
BlOTH2. hziErd k.
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fRE. (X0, Z1ID T, P(X; =0)=P(X; =1) =12 %ifi3db0F3. ZOr X,
EX1]=1/2,V[X;]=1/4TH»YH, FuLMEREHELD, S, =X1+---+ X, £BLE,

Sy — 2
2 4 7~ N(0,1).

13

n = 10000 23+ K&V 3T,
P(££434900~5100[E1H %) = P(S,, € [4900,5100]) = P(S,, — n/2 € [—v/n, vn])
S _n
=P n_2
( Vi
P(Z > o) DMEFERPARZEDPSEHTE, P(Z >2)~0.0228 TH%. fE-T,
P(F£A34900~5100[AH %) ~ 1 — 2 x 0.0228 = 0.9544.

52> ~P(Z|<2)=1-2P(Z > 2).

BIFE 5.3.4 X7 ANBIKICED fo x)dr ZFtHR LW, Ul,.. U, ZMSLICHRESET

Zka /f )

0.1c XN TH2HERE 99% A 2T 270120, {afi < 6L\®EL;&%§%$§ FAUI IV ?

ln
p<
n
=1

0,1] Eo—REELE X LT, o2 = V[f(Uy)] EBL. L yid

s 1
;yww—Afmw

% n%RDB., n & LTHIRELRBZEEL THOMREHEZEHT T 5 &,

1 <~ fU) —E[fU)]| _ v\ _
- kwwm‘>m)wafm>
= 2P(Z > +/n/10).

> 0.1a> <0.01 (5.3.2)

@&m®Eﬂ:P<

7F L Z ~ N(0,1).
P(Z > 2.58) ~ 0.0049 < 0.0051 ~ P(Z > 2.57)

DT, Vn/10 ~ 258 ZifilzF n ZriUI L. ZHED n =666 HDEE T VWS e
b

BIRE 535 (I—BET7Y*  RAXANLD) L—L v "Fr—L%EZ3. L—Lv MIIX 37T DR

Ty RBBHY, FHFF1H S 36 ETDOSH 18 EIFZAR, KD D 18R, 03#kTH5. 7¥'—
LDEEYIF 2 TH 5. ThbE, PEsid +1x I TH 3.

%, BREFRCF v TR I REF 32Xy 77 —%F 2 5. 1369 =372 [Ar—n33r &, T
T3THRF v 72K 22T BH, ATROIERIK 16% H2 2 2L K.

fR%. ¥y 77 —-—0&EoNEE X, THIT &, {X,}>2, 1D T, P(X, = 1) = 18/37,
P(X, =-1)=19/37. Zh kD,

18 19 1
E[X,] = g —
37 37 37
1
V[X,] =1— o5 ~ 09992 ~ 1
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XoT, nEHETOIEE S, TET L, E[S,]=-n/37TTdHH, i>7T, E[Si360] = —37.
—77, HUDMRERER A L,

oS nEXa]  nE[X]
p<sn>o>—ﬂ>( VXD JW)
~P(Z>1)

~ 0.1587.

#®ic, REDEA e P OmREROBBRE, S, 2227 — L WS BRPOBEL TS

Y

T

I8 5.3.6 (FAIDHEBEPAAEFI) {X, )}, Z 1D T, P(X; =1)=P(X; = —1) = 1/2 %iifi
fegel, Spi=X1+-+ X, £BL.
Sn

u)a>U2®t%,;rio%%%.

Sn

(2) N 0 ICHERIBR LW Z & 2R
(3) (1), (2) 25, S, ® THAFZKEX | ZOWTHIHNE X 20,

%, E[X1) =0, V[X1] =E[X?]=1Tosb, ML E[S,] =0, V[S,]=nTh3.
(1). V[Sp/nY] =n'"22TH 205, Fzboz7DAREX (EH3.5.25) &b, FEDe >0

pun
n1—2a
Z€> < PO

a>1/2&01-2a<0755401F 0 IET 5. W2 S,/n® 0.
(2). HUDRRIRETE (EFE5.3.1) XD S,/v/n (XEEEHERZS Z CEANURT 3. ko TEED
e> 01X L

Sn
(|7
( IFHEAEEEF DA O AMBEE). TROBAEDE 0 WKPERLARWHA S, S, /1 & 0 IHERIGR L
AN
3). (1) &b Vn EDEIZKEVWRT—n* (a>1/2) THIZE 0WTEATLEY, (2) &) n
TH 2 L ENTICIBBERIERA e LTHRS. $hbL S, OMAIRNRKREXIE /n DA —X—T
H5.

> 5> —P(Z| >¢)=2(1—-P()) >0

e (1) Ta=1TIKREOFEA CEM 4.2.3) 2F5N 2. KEOEANX S, /n — 0 2\
5 T0ANDIR | Ui _nA, FubiRER X, n LW IELWR T —LTHliug S, ®
WO EPEHEERAHICHD L\, X OEERERESZTWVW3.

SRME

FEEBBUERERZR X IS LT,
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Z X OBRFHH L VS,

RIRE 5.1 FEEREERERZEE] { X, )50 X 1ID THBEOMEEK gx (2) b2 T 5. T %3k
ERBUERERZT, {X,) LT3, CorE, V=31 X, &

g9v(2) = g7r(9x(2))
BT I ERE. L, Y0 =0T 5.

MIRE 5.2 X1,..., X, 3MIT, & EICDOWVT X ~ N(my,0%) THZLT5. 2O =, Rk
EFHOVWT, X1+ + X, ~ N(m,5%) ZR_¥. 722L, m=my+-+my, 6 =+/0} +---+02.

BIE 5.3 m € R4 V € R*ZIEEMEMFFTHIE L, X ~ Nm,V) £T3. 2O &, Y =
B YX —m) ~ N(0,I;) TH 3 Z%hkmntE. ZIT BIZEARMIFMTFIT B2 =V 25330
T, Ig & d ROEAATHIE T 5.

ﬁﬂ54f%ﬂomyh®ﬁﬁ@%%ﬁtié r € (0,00) BIEREICE 5. {X,}02, F1ID T, #
BOTHIEINRTIRA—B DR VA THE LT 3.

(1) Spi=X1+ -+ X, DINTXA=K nx DRT Y HHIHED T & Z2RE.
(2) KE@5RIERI 2 VR — 7 DINHEI E FW T,

I :JEI;OZJ”( ) el

B, (kv b E[f(S,/n)] ZEELTHEL.)

R 5.5 {X,}o2, & IID T, X; ~U([0,1)) & 95. ZOLE, Y, :=n -min(X,...,X,) &
F A —& 1 QIERIIITHE S MERZEBOUTIEAINR S 2 Z e 2ng (b2 b P(Y, > o) 25tHET 2).

BB 5.6 (WD DRWV) a4 »% 900 F#F 5 &3 5. HOMRER%ZHWT, 495 [FDL ERDH S
MEEDELMEERD . 7271, Z~N(0,1) 2 F3L%, P(Z>3)=00013Th3IrEHNT
B &

i 5.7 HOMRERZ VT, .
. TL
dim S

2.
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