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P

N={1,2,...}.

7 = {0,+1,£2,...}.

o RY: dkgea—2 v REEH.

o Z4={(zt,...,x¥) 2" €7, 1<i<d}.

o R™>d: 5 m x d 524K,

o C: HERE2lk.

oz z€RIDEE, 2 DI—2Y Y R/ ILA.
o |S|: SHEADLE, S DHEFEH.

e r, =max{z,0}, z € R.

o B[X]: MERZE X DOIIFHAE.

o VIX] =E[(X — E[X])?]: HEREE X DK
o [, RMX™m DEAI1TH.

o GEHA*: WIERDERIZFHAMRIETL TH JWVEEHHD Rt L.



f"l\'lﬁ

Bl B

AR~ )L O 7 B8

—fi%1Z, FEEBFE (stochastic process) &k, HRZEBDIE {Xa}rer THHO, N7
A—=REL A DR EIZE > TEERA TSN EDDZ 2 WS, Kz, A =NU{0}
DEE, {X, 122, MR ERERER, A =1[0,00) D& E, {X;}i>o &EbRrEHERE
BEIPS, TN TNARMMECICHIRLTERASZ 2L b5\,

RFETIE, BEEIFMESRERE DN, BEBIRER <L 2 782 O REHIT b 2 JEREH < v
a2 7EHERS . LAY, BN SMERAR, WMRERIIe THERZER (Q,F,P) Lobo L
T5. BB, HRRORBEFEEHZOVWTIIfAHE 2230 L.

1.1 <JLa7M8EBEEsE~ L 7 EE

S ZmEmcaHES (e, SIFARESD D VITTRERES) 35, i,j € SITHL
T pij € [0,1] ARIEL TNV T

sz]:l, 1€8S

jES
AT L E, P ={pi;}ijes % HWBHER (transition probability) £\ 5. 7z, RISIxIS]
DITFIEF—HT 5 & &, P 2#ERHEIRITHI (transition probability matrix) &5\ 5.

EF# 1.1.1. S fEfERERE {X, 12, 2, EEDOn =0,1,... EfEED j € S, BLO
]P(XO = io, 500 7Xn—1 = in—lan = Z) >0 BRB5EED io, 500 ,in_l,’i eSizHLT
P(Xn+1 = j | X() = io, 000 ,Xn,1 = ’L'nfl,Xn = Z) = Pij (111)

i3 &, HBMER P25 O<I)La7:&EH (Markov chain) &\ 5.
o Zff (CTT) & 1
P(Xpi1 =7 Xo=1d0,..., Xpn1=in-1,Xn=19) =P(Xps1 = j| Xn =1)
Thd. 0 X1 = J OFREMHERITERO X, DIEIZDOHMETL, ZHLAFT

DERECITEERIZIF LI 2ERLTWVWS., ZoL5 Bz 27O 7
M.



o S DILEIRELITL.

o WILaTHBHDEE & ZES S ZREBEEDH 5 VITKREEEL VS,

o {Xn} BVNIATHEHDOLE, P(Xnir = j|Xn = i) En KELEV. ZOK
T {X,} Z—# (time-homogeneous) <)L I 7HFE L H 5.

Bl 1.1.2 (MSZERAT). S R {X,} 22 H 54 (Independent, Identically
Distributed, IID) ##3RZ %% T,

P(Xo=1i)=p;, i€S
DL E,

P(Xnt1 = ing1| Xo =0, .., Xpn = in) = P(Xpg1 = Ing1) = fips
= P(Xn+1 = in+1 | Xn = 'in)

LRBDT, {X,} EYLaATHPETHS., 51T, |S|=m<ocoDEE, S%{1,...,m}
CE—HT L, HERBRER P 131751 LT
1 [ - pm
P=:l: :
LRING., TIT, KFOBUIREBESG S ={1,....m} DILEHLRLTWS. T4
Hb, LEOTHIFRRED, p11 =1, ps2 = ps FLHD 5.

Bl 113 (T &b Tx—2). {Z,}2, 2 ZUMETID & U, Zh%IKIH OMEREBFE
{Xn}nto &

Xo=0, Xu=)Y %
k=1

WCEOEHTD. ZDLE, Z,41 & {Xo, Xq,..., X} FHNIZROT,

]P)<Xn+1 = Z'7),4»1 ‘ XO = 07X1 = 7:17 s 7Xn = ZTL)
= P(ZnJrl +in = Z‘nJrl ‘XO = OyXl = i17 .. an = Zn) = P(ZnJrl = Z‘nJrl - Zn)
= P(Xn+1 = Z‘n—i—l ’Xn = Zn)

FoT{X,} EXNVaTHBETHD. ZOLIITERIND (X, } 2T VXL - Tt —
7 (random walk), &2 WEELE, BSHE WS, RKIZ, Z; BEEAIPSEZ 1245 2d
DR MVIZEHRIZHNALTVWD L E, (X, } 28BSV L - D +—72 (simple
random walk) &\ 5.

Bl 1.1.4 (Fv v 77— OBERE). % p=0.47T100 HOBH, R q=0.6 T 100
MOET LRI EMBOBUITI T —L2EZX LS. 2075 -4, TL1Y—0Dk5
LT B D, 100 x N HIZR o TR TICZRZ2bD e T5. 4, n DS



ex X, £T5L%, 0<X, <100N %2oiF

o Xu 100 (R 0.4),
"X, — 100 (R 0.6)

Thbd. bL X, =007 —LFKTLTWER, BERAWIZ X,,1 =022
29 5. HRRIZ, X, = 100N D& &EH X011 = 100N B2 LITT5. ZDLE,
Xo = 100Ny (No € {1,...,N —1}) & FHZ, {X,} IZREEA {0,100,...,100N}
WA TEPEHTHS.

Bl 1.1.5 ({EFEEH). H2EF[HTIE, TOHDOMKDDIZHENDOERE T A O 0 Hh 1
iz, A DA 6 MIZZRd X5 IT/ETS. A ZBATLIEIE1HIZO,1, 2,3,
4 NDENPTHY, TNEFNMER0.2,0.3,0.2,0.2,0.1 TERIETEHETS. £z,
BT ANLETOWAL, FrUVERRIEH, EVPHECINCES DL TS, n HOMHA
JERHZIEIZ D B EHE A O E X, L9568, {X,} XV Va7#HTH D, HBHE
RIFHNIIRD & 512705
0 0 01 02 02 03 02
0 0 01 02 02 03 02
05 03 02 0 0 0 O
03 02 03 02 0 0 O
0.1 02 02 03 02 0 0
0

0 01 02 02 03 02
0 0 01 02 02 03 0.2

(=21 QTN UCRE R en)

$72, {X,} BROWLRIZ L EIND:

(Xn - Dn—l—l)—i—a Xn > 17
Xn+1 =
(6 - Dn-l—l)-l-) Xn <1
772U, D, i3dn HHOEDHBELE, T70bbn HHIZE T 2FH=& % DATEY (Z
OHITIF L) KT,

Hl 1.1.6 (M/G/15B175)). X, %52 —DDEMNZEIEDOREL n TOAKE L, Z,
ZHEG n THEZITATHNC D o = A e § 5. BINZBARRTEEIEI 1 ATOY—
C2EBRML, {Z,) INU{OVMEIIDFI T3, 0L E, X, = (Xu_1 —1)s + Zn
THY, {X,} 1PREES NU{0}, HBHER

poj =P(Z1 =j), piic14;=P(Z1=j), i>1,j>0
ZEHOYIINaTEHEE LS.

Bl 1.1.7 (N1 8=V ZERT). Web A=Y % S5V X LIBT3 —HFEERL LS.
9, 2-YHPHETLAEEOH S Web R—VOEAEFEMNITS ={1,...,N}
ICEDRT. i€ SITHL, Web "=V i DY v 7D Web R—YDELE F(i) &b
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KU, F(i) #0 2EST 5. Zhiddabs, VY IEDBRNR=VFELZVE WD
WETH 5. n; & Web R—=Y i DFFD ) VI HR—=V DL L,

1 X

— (iP5 DY Y IWBFEET DHE)
bij =

0 (25 DY YIREFEELBEVEE)

LEET DL, Zjesp,-j = Zjep(i)(l/ni) =n;/n;=1TH505 P ={pij}ijes \TH#E
MR %2 EHRT 5.

A—HPIFHEMRFET LT DD Web R=YZBEL, Vv 2% Web R— U NERERTE
BdaelEdsd. FZlnlZa—P»HELTWSE Web R—V% X, 12X bhERTZ &I
T5&, POEHLD

P(Xn+1 :j|X0 = i(),. . anfl = Z'nflen = 'l) - ]P(Xn+1 :]’Xn = Z) = Pij
ThHY, (X} REBHER P 250V 7RI RS,

Bl 1.1.8 (BT ET V). EORZE, HAAKRFKESRTT 2EHOKMITIZON
THEZELD. HBEOMAFIZE o T, KMNITOEEZERNICHET S Z LIXMEHY 22
EHO—DOFE L5, H2HEFOKMITORRS { X, } eI 7HEREL, &
JOHEAE S = {AAA, AA A, BBB,BB,B,CCC,CC,C,D} ##% 2 %. ZZT DI
SIPDOERTOEBAET (T740 ) 2R3, ZoeE, {X,} 35 2REEM LT
L7 YIRS,

AAA| AA| A |BBB| BB | B |CCCC| D

AAA 91.0 0.9 0.0 0.0 0.0 0.0 0.0 0.0
AA 0.8 94.2 | 5.0 0.0 0.0 0.0 0.0 0.0

A 0.0 1.8 | 94.5 3.5 0.1 0.0 0.0 0.1
BBB 0.0 0.0 3.8 93.4 2.6 0.0 0.0 0.1
BB 0.0 0.0 0.2 8.2 86.4 | 2.6 0.1 2.5
B 0.0 0.0 0.0 0.8 9.8 | 77.3 0.8 11.4

CCC-C 0.0 0.0 0.0 0.0 0.0 4.4 88.9 6.7

F1.1.1 HARERTHMED 1 £dH72 D ORI EE R (%, 1978-2014). &
AN v 2 —RfF L KR—F (2015.6.30) £b. CCC-C % CCC, CC, C DA%,

YA T HEEDERE N SEBICH I FREMNALTHI 5.
M 1.1.9. {X,} ZXAI7HEPLL, n>0,m>1EF5. ZOLE, iy ... inim €
Sz,
P(Xn =lnye-ey Xn+m = Zn+m) = ]P)(Xn = in)pinin+1 * Piptm—1intm

A T, P(X, =d,) = 0 ROERTAREEFRNEIWEL 0 THRLT 5. EoTP(X, =
in) >0 Z2EETS. k=max{{>0:P(X,, =in,..., Xpnse =inse) >0} 2B L E,



TN TEBEOEEID,

]P)(Xn = in’ s 7Xn+k = 2n+k)
— P(Xn—f—k — in—f—k: |Xn+k:—1 — in+k—17 E) Xn = in)]P)(Xn—i-k:—l — in+k—1> C) Xn = Zn)

= pin+k_1in+kP(Xn+k—l = in—l—k—lv s 7Xn = Zn)
ZDHFmEMOIRT I EIZLD,

]P<Xn = inv e 7Xn+k = ZnJrk) = pz’n+k,1in+k e 'pin+1in+2P(Xn+1 = in+17 Xn = Zn)
= Pipypvingr " 'pinin+1P(Xn = Zn)

¥/, A TVEDOD T DERTOIEENRK D 7D,

i 1.1.10. xVa7EE{X, } EmneNZ2FZX5. P(Xog=1ig,...,Xpn=1pn) >0
RBEED 10y yin €S EEED J1y-oyJm €S WZRU,

P(Xn+1 :jla---aXn-i-m :]m|XO :io,...,Xn :Zn)
:P(Xn+1 :j17~--7Xn+m :]m|Xn :Zn>

LA, e 9 288 0K LW T,

P(Xpi1 =71, Xngm = Jm | Xo =0, .., Xp = in)
~ P(Xo=vo,..., Xn =tin, Xn41 =1, Xntm = Jm)
N P(Xo = ig,..., Xp = in)
_ P(Xo = i0)Pigis " Pin—rinlings " Pm1im
B IP’(Xo = io)pioil o Piy i
= DPinj1 " " Pim—1jm
P(Xy = tny Xnt1 = J1s -+ s Xndm = Jm)
N P(X, =1iy,)
=P(Xpnt1 =71, s Xntm = Jm | Xn = in).

WD ZAZAREDRE D . O

KDL, (LRI G 2 0I5 ﬁt%@%i%%ov»:7 9 % IR R
BREEAEEZD. ZOWNEAHEOBIEIHARIZL TS L.
%%@tb,S:NuﬂﬂtTé.ﬂ%ﬁﬁ%u:{mﬁ%?,%%%%%P:
(pij}ijes W& D RT.

9, (U}, % [0,1] OB 2 B0 5 TID 5L T 5.

Xo =) Klgr-t, s (00
k=0

EEUS =0 eSS, Z0rE, Xo=ke Yl u<Us <X &0,

P(XO = ki) = Uk, kes.
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Thbb, Uy Ialb—ra i) p THOIMRLEH Xy 2> Iab—vavT
5.
Wiz, BB S x[0,1] =S %

Zkl(zj 0 Pij» j= opw]( )

EOEETDHE, f(i, u)—k<:>z] Op”<u§2].:0pij THd. Z0O f 2HNT,

MeREE (X, } &
Xnt1 = f(Xn,Upt1), n2>0

WZEDEHET S, ZOLE, IRMBKDILD.
EH 1.1, { X, 300 o BHIHANAE p LHERBHER P 25OV 7#EHTH 5.

AEBH. n >0 ZEEL, dg,...,0In_1,1,] €S ZHBETIZLE. ZDLE, fOEHEE U,y
NN HTHEZ L, BLY Xy,..., X, DUy EHNITHEZ XD, FMHEAHTD
HEDMERMPIE L DIKED T T,

P(Xpt1 =7|Xo="jt0,.., Xpn_1 =in_1,X, =1)
:P(f(Xn7Un+1) :]‘XO :i07-'-7Xn—1 :in—laXn :Z)
:]P(f(Z?Un"rl):j‘XU:ZOa;X lzin 17X :Z)

=P(f(i,Uny1) = J) <szk <Up41 < szk> = Pij

2135, HilD g, .. i1 WHERFELBRWZ ERS LT TWHERRES. O

1.2 HEBMEREBOEERSE

Hraa 28wtz >. N=5&2352&, 2O 7EBEOHERDEEFIXIROEHD
X0z, REZTEA, REHBZEMLLTEEMI 7712k TRITZENTES, Z
ZTC, BIZMEIN TV AEEIZHBERTH S, 20 LI RHE IO 7 HEOHTEE
bl PN

1.0

1.0
0.6 0.6 0.6
OGRS
0.4 0.4 0.4
5 —DOHBMOMAEZEITLES. TZADAATOWRIL, (X1 7L —22BE%EH5 0N

LEIX) TOHBMEZR OV I ZHEEIZL > THRTE2ZIENTESL. 22T, p,qli
zhEh, V1Y —A, 7VAY—BWERA Y NEWMBMERTHY, q=1—-p ThH5.




WIZ, P=(py) RiEBHERET 5. P2=PP O (i,j) BN % pi.) ik h RT L&,
pg) = sz‘kpkj- (1.2.1)
keS

ZIT, HBMEROERID, Y pibr; <D ppik =1 ®XIT, SHEREATH-T
b (D) O4BRIES 5.
FBez, PP = PP>=P2P O (i,j) 5 pl)) itk h KT e &,

P =3Pk =D panl)
kesS kesS
THY, &0, PP =P P =PP" 0 (i,j) ik p ik kT L E,

p =3 o Ve =D punlly Y (1.2.2)
kes kesS
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Ths. £, PP =) &

(0) (i =j),
P _{0 (i # J)
kD EHT .

RDMETHSL &I, n AT v TROREOMER 2 FHR T 2 72D 3B HERITIID
n FEFFESIX I,

i 1.2.1. n,m e NU{0}, 4,5 €S £T5. P(X,, =) >07%51F
2 = P(Xppm = § | Xm = 9). (1.2.3)
. n = 0,108 & ([R) BRI TE2OEMS»THS. BiFhn e NIZHLT
(C23) DKL ERET B &, P(X,, =i) > 07K 51E,
IP)(AXn+m+1 =7 ’Xm = Z)
=Y PXpsms1 = s Xogm =k, X = 1) /P(X,, = )
k
= PXpime1 =J | Xngm =k, Xy = OP(Xpym = b, Xpn = 1) /P(X, = ).
k
ZZTkeESIZDVWTORIEP(Xpym =k, Xpn =i) >0 2 THOICELTE 3.
ZORBUZIEHL,

IP>(‘Xvn—‘r7n—i-l = ] | Xn+m = k‘, Xm = ’L)

_ Z P(Xn+m+1 :j’XrH»m = kaXnerfl :Z’nflv'-meﬁLl =11, Xpm = Z)
P(Xpim = K, X = 0)

B1yeenyin—1€S

_ Z pk:]P(Xn—f—m = k‘, Xn+m—1 = Z.n—la v 7Xm+1 = ila Xm = Z)
P(Xpr i = K, Xom = 1)

01 yeensin_1E€S
= Dkj

Thod e ImMEDIRESLD,

P(Xnimir = | Xm =1) = > prjpiyy - (1.2.4)
k

ZIT, ke SEPXyym =k X, =1) > 020727 BDICREINT VAR, Z0

1 ply) > 0 LABAOT, ([C23) OHLOMIE S DLTOLICE-TE 5L LTE

V. ko T, (2X2) &Y

P(Xntm1 = j | X =14) = 7+,
W AIMEDFRIREI NI, O
sk prtm _ prpm A A TEE Ty

Pt =", ijes (1.2.5)
keS



11

b, InEFryy Iy - A)LEIOT7AHRERX (Chapman-Kolmogorov equation)
CIEEN TV 5.

1.3 KEODE: EiEHE
i,7 € SITHLT,

o pi) >0 BWRTES 0 > 0 BEIET B L &, REE j IR i 7 5 BIEAAE
(accessible) TH B &V, § — j &FEHL.

o JRAE i LARFE j WEWVIZHEEARED & &, ¢ & j I3EHE (communicate) LTW5 &
W, g j 2 EL

#l 1.3.1. ¥+ > 77 —OWEME (Hlr1a) OBs, BHSH»IZ20— 0, 100N — 100N
ThD. X512, &nell,...,N—1}IZHLT, 100n — 0, 100n — 100N TH 2. %
7z, mne{l,...,N—1}, m#n, D& E, 100m & 100n IFEHEL TV 5.

i 1.3.2. S DILDH DR « ZFEMEBERTH S5, TRDLUTAKD LD,

(1) i <> 1.
(2) i j 561 <
B)ivjhDjeokbiXie k.

G () @ pY =1 & 0fES. (2) BEWHTHS. 3) 2RTHDIio j, ] k 21K
ETB. ZOLE, isjjokED, BB nm>0EFEELT P >0,p5) >0
%é.::?,%vvivy-:w%jn7ﬁ&ﬁazm)ibéﬁw)2é?é?>w
ThHhENS i — kDS, AROHERLY, k—j, joirdkoidEo5ns. O

S DHPELE CIZXHLT,

e EEDicC,j ¢ CIZHULTp; =00 DEE, CIZE (closed) TH5B &
W,

—RES i} PHATH L L E, i ZIRIVIREE (absorbing state) &\\5.

i €S PRIRETH27-2DDME+HEMEEp; =1 Thb.

MO, jeC i | 2ilrTEE, CEEH (rreducible) THD EWNS.
S HYEDMEHDOE E, ZOXN I 7MEEZBERE NS,

SAFBERIMEICB T A AMEEIC K> THETE S, FTMYR i € S 2R, by &k
TEETOREEZEDEAE Cy L BL. WIZ, BFRi e S\Cy &b, iy &k
TEETOREZEDELEE2 CL 2 T5. ZOTHE2IRENVEIRL INS X THild
5Z&iz&D,

S=Jc, anc;=0 (i#j)

7

Z i 72 3 FAEE Co, Ch, ... DMEONS.



12

il 1.3.3. ¥¥ > 77 —DWEME (flr1a) THZAIEN =3 054, REBELSIX
S = {0,100,200,300}, HeRHeRI

Yib, ZokE, BT 3 REMEEI {0}, {100,200}, {300} TH b, 0 & 300 43
RICRETH 5.

Wl 1.3.4. HEBHER
0/02 08 0 0

~1[03 07 0 0
“2l0 0 07 03
3\0 0 08 02

P

EROY LI TEPOBA, {0,1) & {2,3) AWK OB L ELTH S,

1.4 BEEM
e Sz LT,

o I(i)={neNU{0}:p\™ >0} 25X,

o I(i) DERAANEE di) LEFEE, i DRHL V.

e d(i) =10t %, i \ZIEEHAB (aperiodic) THBH &\ 5.
e p;i >076 e SN TH 5.

Bl 1.4.1. 1 RTHEHZT VXL - O4—2 BITCIZ) 2F25. ZOLE, S=ZTH
D, Piit1 =Piic1 =05 THB. n WMELLS neI(0) THY, nhass n ¢ 1(0)
ThdNo, REODEHIZ2 THEZ W15,

JANZ DOWTIZA N OMEPEARNTH 5.

i 1.4.2. i, € SDOWVWT, i+ j 46X d(1) =d(j) THS. Thbb, i & jIEAL
A%+ D.

A ALY, BB k0> 0DHEL, pf) > 0,p)) >0 THB. ne I(i) ILHL,
Frv Iy aredn LD,

n+k+~4 4 n k
ng ) > p§i)p§¢ )ng) > 0.

£oT, nt+k+lel(j). 2OFEFEL0€I(@) £V, k+0=0,n+k+¢=0 (mod d(j))
PHES. ThE D n=0 (mod d(j)) THDh 5, & d(j) 1T 1(i) DAKETHS. o
Td(i) > d(j) &7 5.

i OBEEANEZ TR UEREZ TSI Td()) >di) bBESNS. O
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M 1.4.3. FED i SITHULT, D n, e NBFEEL, TRTDm >n; IZHLT
md(i) € I(i) TH 5.

FERH. {n/d(i) :n € I(i)} DERRRNEN 1 THENS, HD ny,...,n, € 1(i) BEEL
T, {nad(i), .. n/d(i)} BPENCEE BB, EoT ... 0, € ZAEIELT

ling + -+ lgny = d(i)
Lib. ZDLE,
N :=|li|ny +- -+ [le|nk € I(i), N+d(@) = (|61 +1)n1+ -+ (|| + Lx)ny € 1(3)

Thd. FEBE —MBInmeli)mbn+mel(i) &6 THb. £>T, n> N?
LU, n—N2=tN+r (0<r<N)&&T&

nd(i) = (r + N2 +tN)d(i) = r(d(i) + N) + (Nd(i) + td(i) — r)N € I(i)
ThHb. PRIIn, =N?T35ZLTmEDTENREIND. O

o i BIAMKOL F, AEIAR LY, THKERRTO mIZOWT Pl >0 &
5B, HoT, PIATSHOHET P > 050 pd) >0 Thsz espvh
i, tAKERETDAT Y THmIzowTp™ >0 THBIL 005,

# 1.4.4. HEREX

0.5

D (D@ (D)

ZEOCN I TEBEOEE, 3ATY TELIFZSATY TTREVIZESTLS5DT

1(0) = {0,3,5,6,8,9,10,11,12,.. .}

THO, REODFEIZ1 &2 5.

1.5 BlEk

ZOEHITIE, HELRELSHFE LN I 7THEDREOZOREBIZE>TL 25, &
WO MBEIZOWTCHRT 5. TDOIT, FRELASHERET IV 7EFZERL T
BIO. EBDie SITHNUTP(Xy =1i) >0 %¥i7zL, #BHREP = {p,} 2&F>
wIa7EE (X, ) BEZDS. ZHIIHL, {Xo =i} CETEIRMMNEHRE P, &
BL. Thbb, P(A) =PA|Xo=i), AcF. Z0OLE, Pi(Xo=i)=1THH,
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]P)’L(Xl :il,...,Xn:in)>0’5:?ﬁ§7’:‘§"i1,...,in65KjGSGZ’)L\’C

Pi( X1 =i1,..., Xy = in, Xng1 = J)
Pi(X1=d1,...,Xpn =1p)

IP)Z’(XnJrl :]‘Xl :ila-‘-vXn:in):
P(Xp =i, X1 =ity X = i, X1 =

P(Xo = i, X1 = i1,..., Xp = i)
:pinj'

7) = P(Xpgr = | Xo =iy, X = in)

Tbb, £icSITHUT, {X,} &P, O FRTHBER P 255, MR1Ti»oH
KT AYINATHEMTHS.
ZGS :ij‘br

e, =inf{neN: X, =i} &8L. ZELinf@ =00 &F5. (1; IIMEXRELHTH
5 Z LATHER.)

7 % i ~NOEERZI (hitting time) & PRI,

Pi(1; < o00) =1 DD & &, i IZBJEH (recurrent) TH D L\,

Pi(1; < 00) < 1 WEAZD & &, @ IXFEBIFM (transient) THD LW,

e SOETDIAHIBNTH S L E, YILVITHEEIPHJATHE NS,

IREEDOHIFMEIZ DO W TR S 72012

EEZD.

firdd 1.5.1. 4,5 € SITDOWVT,

=SSR, nen
k=1

AL p =1k n=10rEEWSH. n>208E, {X, =} C{r<n} &V,

%S, k<n-11ZHLT,

Pi(Tj =k, X, = j) =

Yo PiXa=in, Xer =ik, Xk = §, Xer1 =1, X1 = Jnko1, X = §)

ThHd. ZIZTihpy...,ip_1 WHATIHIEP(X: =41,..., X1 = -1, X =7) >0
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EiEETEHEDIZOVWTE 5. TNFNOMERIZ

Pi(X1 =1, s Xp—1 = i1, Xpe = J, Xpr1 = J1, s X1 = Jnt—1, X = J)
=Pi(X1 =d1,..., Xp—1 = g1, X = J)

X Pi(Xer1=J1, s Xno1 = Jnb-1, Xn = J | X1 =1, ..., X1 = i1, Xp = j)
=Pi(X1 =1, ., X1 = k-1, X = J)Pj(Xs = J1, ..o, Xomk—1 = Jn—t—1, Xk = J)
=Pi(Xy =d1,. ., Xpo1 = ip—1, 7 = B)P; (X1 = J1, ., Xnk1 = Jnk—1, Xk = J)

YEEBDT, i1,y ibotsfiyeesinb KOWTHIZEBZ2IZLD,

Pi(r; = k, Xp = j) = Pu(ry = k)P; (Xn—k = ) = f1'py; "

155, F¥7-,
Pi(X, = j, 7 =n) =Pi(r; =n) = fiI) = fi'p|)
ThHhdH5, DLEEMFETHEDFEIRE SN, O

M 1.5.2. R € S BERIMTHZ2DOBEFHEME Y pi =00 TH 5.

A DT LD, N>1I12HLT,

=

n

}:ﬁM_1+§:ﬁM_1 E: U (nh)

—Hk= (1.5.1)

=1+ Z Zp(n k)fz(ik) =1+ Z fi(ik) Z p(n)_
k=1

k=1n=k

ITfi=1%KET5. LY Op“ ) < 00 51, () TN -0 & T 5L,
Zk 1 (k) fiickb

E:ﬁm—1+§:ﬁm

INEDO=1HEINTLEIDT, 20 pi = co TR TEAS R,
Wiz, 00 pi = oo AT B, (CED) £V,

Zp(n) ( Zf(k)> Zf(k) Z p(n)

k=1 k=1 n=N-—k+1
ThHdHo,
N
n n k
§:¢)1_ §:ﬁ>< 2:ﬂ))
n=0 k=1
YoTN 00 LToox (1—fi)<1ERD, ZRAHYLODE fi =1 D& FIT

5. O
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fl 1.5.3. 1 IRGCHHT > X LT+ =20 DGE, GHATY TTREBOICE-TL5Z L
EAWOT, P =0 ThB. BEAT Y FIZOVTI,

pCM — Py(n IR, n EEC t):cﬁn<;>n<;yi
EEL, O = ml/(m—n)l). ZZTAX—Y > ZOAR
nl ~V2re "2 05 o
B3 {an}, {bn} 1ZH LT, an ~ bu, 1 —> 00, 1& Timy oo (an/bn) = 1 % BT 5 2 &
EEGIZS) XD,

2n)! 4
CQn _ ( ~ , N
" (n1)2  /mn e
£oT,
p(Zn) L n — 0o
00 Jan’

THBENS T P = 0o 2135, WAICMBE LD L 0RIE 0 XERINTH 3.

Wiz, WREE j TN B ERE N, TR,

Ny =Y lx,—j
n=1
ThHbh, Znlx
= Pi(Xn =] ZW”
n=1

i3, TITE WP, O FTOMFHEEZRL, BAOES OB I IdamE A32(1)
ZHWE., METIS2 LD, i WERBKTHE-0OD0MBEFDEMITE,N,;, = +oo 72 5.
FHEZ T, N; ODHZDELDEPRINIZRD DL HTES.

EH 1.5.4. 1,5 € SITRHLT,
1— f; if k=0,
Py(N; = k) = g ,
RIEBH - ij_, ]P)Z(NJZ:U:IPZ(TJ <OO) f” J:D]P( —0)—1—PZ(NJ 21):
RIZ, 2 2 MEICEES B KX
7;(2) =inf{n > 7, : X, = j}
EEZDLE,

Pi(N; > 2) = Py(7(2) < 00) = > Pi(75(2) =75 +n)

n>1

= Z Pi(rj =m,7;(2) =m+n)

n,m>1
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L%, ZIT, miiP(Tj:m)>O’5:?ﬁﬁ7’:'§"%ﬁﬁf“<‘:2’bf+§3\“@%5. DL E, @
BIII0 2 #HL, 222 Pi(X,, =7) > Pi(r; =m) > 0 IZiHERET UL

Pi(rj =m,7;(2) =m+n)

= Z Pi(XP:’L.P<1Spgm_1)7Xm:j7Xm+q:jq(1Sqén_l)aXm-‘rn:j)

X ]P)i(Xm+1 = j17 .. meJrnfl = jnflaXern = ]’Xm = .7)
RS oI, mECOIEP(Xo=4)=1&D
]P)i(Xerl :jlu cee aXernfl = jnflem+n = .] | Xm :])

= DPjjr """ Pjn_1j
f— P](Xl :j].). .-7Xn—1 :jn—laXn :‘7)

£oT,
Pi(Tj :m,Tj(Q):m—f-n): Z Pz(Xl :’Lll,...,melzimfl,Xm:j)
Blyesbm—17]
X Z Pi(X1=J1,- X1 = Jn1,Xn = J)
J1sesdn—17#7
:]P)i(Tj :’I’)’L)]P)J‘(Tj :n)
Wz

Pi(N; = 2) = Pi(7; < 00)Pj(7; < 00) = fij fjj-

—MD k> 21T U TIE, kERIBICREETIRLAZEAL, (EHEZL) LR

MEITOZEIZED,
Pi(N; > k) = Py(1j < 00)Ps(1; < 00)" ' = fi; f (1.5.2)
PESNBEDT, ZHkD
Pi(N; = k) =P;i(N; > k) = Py(N; > k+1) = fi; /(1= f35)

ES. O
% 1.5.5.

(1) 4REE j € S ASEERI 5 1,

P;(N; = o0) = fi;.

#->T, P;(N; —oo) =1Th5s.
(2) j PIERIRIT7R S X

WoT, Pi(N; <o0)=1Tdh5.
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ALl § BEIREE TR e, BEREY fi; = Pi(r; < o0) = 1. o T (B2) & @
ATTd &Y

JPEERNOLE, f; <1 Thb, (I52) LamEB3A(2) &b

ZZR‘(NJ‘ >”):Zfij i = 1—]f~ < oo.

O]

WIZ, A% S DEPEGLL, IV T7HEN AICRHET SHERE2RkD LS. T4
HbH,
T4 =inf{n e N: X,, € A}

EPE,
f(@) =Pi(ta <o0), 1€S

2RODMEEZERS.
i—d;\’

:ZPi(Xlzj,TA<OO szj Z Xl_]7TA<OO>

JES JEA JjES\A
Thd. IIT, Xy=j AR LTERLL, YV THELD ERIITIE P (X, =
j,TA < OO) :piij(TA < OO) ThHh5. J:OT, Zm%%ﬁ&)j’bli,
f@)=Pi(ra=1)+ > pif(), i€S\A
jES\A
&b, fa S\AITHIRUZED flo\a BT HAREAE RaEs. WAL, 206K
REMLZLTiec S\ADPSHFIELZEED A NDREHERERDLZNTESL. Z
DI eEIEHEML &S,
REHL 1.5.6. S\ A LB g = fls\a FHEX

g(i)) =Pi(ra=1)+ > pijg(j), i€S\A (1.5.3)
JES\A

DIFE DD THR/NDIETH 5.
AL AEED je S\AZLVEETS. Z0EE, Pi(X1=4,7a=1)=0THDYH,

Pi(X1=j,ma=2)=Pi(X1 =4, X € A) = > pijpjj = pi;P;j(X1 € A)
J2€A

= pijPj(Ta = 1)
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ThH5bB. n>3IIZ/UTIE,
]P)z(Xl :j,TA :n) :]P),(Xl :j,XQ € A,...,Xn,1 ¢A,Xn EA)
= Z Pi(X1 =4, Xo=1Jo2,..., Xn-1=Jn-1,Xn = Jjn)

250 Jn—1€S\A
Jn€A

= E p’b]p]]2 o 'pjn—ljn
G2 Jn—1€S\A
j’ILGA

= Dij E Pj(Xl =J2, .y Xn_2 = Jn-1,Xpn_1 :jn)
J2s-ees Jn—1€S\A
in€A

:piij(TA =N — 1)

TLHdE,
]P)Z(Xl = j, TA = n) :pijpj(TA =n — 1), n > 2. (154)

fit-> T,
oo (o]
Pi(X1=j,ma<00) =Y Pi(Xy=jta=n)=p;» Pj(ta=n-—1)
n=2 n=2
= pi;Pj(Ta < 00) = pij (7).

D ZIZ flova 1& (C53) DIETH 5.
Wiz, S\A EOIAEE g Y (53) O TH 2L T5L, g(i) > Pi(ta=1),i € S\A
TH5. Ihz (E3) ITRATE, (C53) &9
g(i) 2 Pi(ra=1)+ > piPi(ra=1)=Pi(ra=1)+ Y Pi(X1=j,7a=2)
JES\A JES\A
:]P’Z(TAZI)—FPZ(Xl ¢A,TA:2):PZ(TA:1)+PZ<TA :2)

AR (C53) RAL,
g(i) > Pi(ta =1) + Pi(1a4 = 2) + Pi(14 = 3).

COFHMELMFEVIRTILITED,
g(i) > > Pi(ra=n) =Pi(ra <o0) = f(i), i€S\A
n=1
BB, GRIT flowa DRMENGES . O

Bl 1.5.7. HEMHER P 29

1/1 0 0 0 0 0
2101 02 02 02 02 0.1
~ 3101 01 03 03 01 0.1
400 0 04 03 02 0.1
5101 02 03 04 O 0
6\0 0 0 0 0 1

P
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&5z TE. ZokE, EEMIZIZHS I, wILa 7 EEANREE 2, 3,4,5
DWITNDRSHERELTH, PHRTEENCREL L 6DELLNMIBTEET S, 20l
ZEH 58 2> TEHETHIODTALD.

7, SEZLSL T540, REZUWOE R T

0.2 02 02 0.1 0.1
03 03 01 0.1 0.1
0 04 03 02 0 0.1
02 03 04 0 01 O
0 0 0 0
0 0 0 0 0 1

=N

0.
0.

vl
I

O = UURN WIN
o
—

2ExS. A={1,6} T2,

Po(X; € A) 0.2

R.— Pg(Xl € A) . 0.2
o IP)4(X1 € A) 101
IP)5(X1 € A) 0.1

THY,
0.2 02 02 0.2

9(2)
eV R R s
9(5) 02 03 04 0
LB einky, AR (CE3) &
F=R+QF (1.5.5)

rRIND. R QBT E [, b EL L E, [, — Q MPEAIZ S IF (T53) 1 — R
F=(I—-Q) 'R%Fb, EHILHE &V, TN RDDIEMRE G2 5. FEITEE
LTahdL
1.71523179  1.9205298  1.82781457 0.90066225
| 0.58278146 3.04635762 1.93377483 0.80794702

— -1 —
(I = Q) 0.54304636 2.38410596 3.16556291 0.98013245
0.73509934 2.25165563 2.21192053 1.81456954

YRD, £i=234580T (bFREERsEH) f(i)=1.0 L7545,

% 1.5.8. A% SOHAEE, h(i) Zi € ADOHIEL ADPSHRWIERE TS L, h(i),
1€ A, IZ
h(i) = Zpijh(j), h(i) <1, (1.5.6)
jEA
DIRKRETH 5.

#l 1.5.9. #lCrTA1ZHNWT, N>32L7T, A:={100,...,100(N — 1)} DIREEH» S H
FELU AT E 0D 2R, $hbb, 77 ADRKLEN SIHED T — L hviiE i < i
RERDTHLS.
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FfER (CE8) 1%
h(100m) = 0.6h(100(m — 1)) + 0.4h(100(m + 1)), m € {2,...,N — 2},
h(100) = 0.4h(200), h(100(N — 1)) = 0.6h(100(N — 2))
YA, ZRED, h(200) = (10/19)h(300) AE SN, HEIZL T, {LED m €
{1,...,N — 2} 123 L T h(100m) = ¢nh(100(m + 1)) 27z & > 7% ¢, € (0,1)
WIFAET 5 2 e h 5. £ oT, h(100(N —1)) = 0.6qy_2h(100(N —1)) TH b, fit-
T h(100(N —1)) = 0. ®XIAEED m € {1,...,N — 2} 12/ LT h(100m) = 0 & 7%
5. bbb, ¥v 75 —RETEHELIES 100N 25500 EL 51 TH 5.

1.6 EEOMW

ZOHiTIE, DAL S I L L3 7PN F OHEBIERIZ & o THRIKIZ
EDEIBRBMHIZHELEL DD, LWVWHHEEEALS. TDOIT, £TIIMHRNED
EHZEROVHLULTEZS. 7= {milics B S LOWERETHL LI, 7S EOIEA
BETHY Y, cqmi=120ETLEINIDTH- .

EFH 1.6.1. S LOMRNE 7 = {m;}ics PHEBHE P = {p;j}ijes 2ROV a7 H
HOEFE D (stationary distribution) & 2 WIEARZELD (invariant distribution) T
H5 L,

T = Zﬂ'ipij, JES (161)

i€S
MO DE ZIZWDS.

o P& RISXISI p (fEFR) f751%, 7% RISl (MEFR) 727 ML EFE—HT 3 &

&, (o) &
w=7nP (1.6.2)
LRES.
o (IB2) KVHEEDOMeNIZHLT
r=7nP?>=...=gP™,

o T BEENMGTHD WD Z LRI MBITH Z2MAEEHIETCELEDbS RN
EOBRIZ MV THBHI L E2ERT 5.

#l 1.6.2. o, 8 € (0,1) &3 5. HBHER
1/1-« «@
P:2< 8 1—/3)
RO~V 7EEOEE, S (ED) 1%

T :7T1(1 —Oé)+7T26
Uy :7T104+7T2(1 —ﬁ)
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ttﬁb, Ny 7T10é:7'('25 75:?%“5 Cﬂk%$®%4¢w1+m:1ibﬁﬁﬁfﬁli

I3 o«
a+ B’

T =

& 5ExO6ND.
#l 1.6.3. 1 OLHA T v X LY+ — 27 D6, FMF (Cm) 1%

_1 +1 € 7
™ = 27rz+1 271—1—11 1

timb. Zhb,

7TZ'=7T0+(7T1—7T0)7;, 1 €L
2195, M, {m} PHERAEIZRE7-01ZE m € [0,1] TRITFNUIERSR W, Ko T
T —mo=0&7%Y, mi=my, i €EZ, DMED. UL, mg DIEIZ»DST, X Z B
DOHERHEZERE LRV, #EE, LIRIGHEM T VX LD 4 — 7 ICIXEE DA IIIFEL R,

EHPHEDOFIAEL B OVWTHEMT 2720, 5D UENT TADRY MVTER
MWaEEZAHZLELHIELDH LS.
EH 1.6.4. S FOIEEBUABE v = {vi}ics VHEBTER P = {pi;}i jes 2ROV
I 7#EHDOARZAE (invariant measure) TH 5 & 13,

1€S

MDD E EIT\WND.
fﬁﬂ 1.6.5. 1 ‘{7\'7?3:5 ‘/ﬁA'?j-ﬁ%i%z’_é -é—fd:j/)%y S =7 VC“, pi,i+1 =D, pi,i—l =
1—p, i€ SOINATHEFHEEZEZRS. 7272L, pe (0,1) £T5. ZOLE, v, =1,
i€ SIEABHETHS. p£1/2054, THMAT, v=(p/1-p),icsS bR
ZHETHS.

Ti—l

vi=E: Y lix,—j (1.6.4)
n=0

EBLL v R THID TR S TL BHNC § ITHAE L 7ZEBOMFETH 5. it TRIZ,

EH 1.6.6. i € S AHRHWOL E, (IBA) TEHRIND v = {V,}jes RAZLWET
bH5.

EEHH*. ’f}i%ib, ]P),(TZ < OO) =1Th5. j#zc\:j_ét%, {Xo :]}: {X =
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jymi=nt=0&0,

v =B ) Lxuzjmon) = Ei ) L{xuzjmzn)

n=1 n=1

=pij + ZR’(Xn =j,7 >n)=pi+ ZZR’(Xn =77 >nX, 1 =k).
n=2 k#in=2

n=2,k#iIZHULT,
Pl(XQ :j,Ti 2 2,X1 = k) :Pz(Xn :j,Xl = k’)
= pixPi(X1 = k) = ppiPi(X1 =k, 7 > 2).

n 2 3, k 75 7 ‘:;ﬁfbf, {Ti Z n,Xn,1 == k} = {Xl 75 ’L'7...,Xn,2 7& 7;,an1 = k‘}
X0,

]Pl(Xn :j77—i Z n,Xn_l = k‘)

= Z ]P)Z(Xl :ilawaan :Z'n727Xn71 = kaXn :])

= Z piiPi(X1 =i1,..., Xpo =in_2,Xpn1=k)
i17'~~77;n727$7;

= pi;Pi(Xpo1 =k, 7 > n).

it- T,
o]
vj = Dij + Z Zpkjpi(Xn—l =k, 7 >n)
k#i n=2
= Vipij + Zpk:j ZPi(Xn =k, >n+1)
k#i n=1
Tifl
= Vipij + ZijEi Z Lix, =k}
k#i n=1
2135, ZZTILIZk#AiTHDI RS,
Ti—l
Vi = Vipij + ZpkjEi Z lix, =k} = Vipij + Zpkj’/k = Z ViPkj (1.6.5)
ki n=0 k£i =
b,

A, k#i & P(X, =k >n)>0%H~dn>11260T, E&EAKDERIC

Ay
Pri = Pi(Xpngt1 =1| X, =k) =Pi(Xpp1 =1 | X, =k, 70 > n)

WHES DT,

]P)z(Xn =k, 7 > n)p/ﬂ- = Pi(Xn-',-l =1,X, =k, > n) = Pl(Xn =k,1,=n+ 1)
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ZOHEREP(X, =k >n) =00 ELRITS. ko,

ZVkPkiZZZPi( Xn =k, 7 > n)pri = ZZP (Xp=k,7=n+1)

k#i k#in=1 k;éz n=1
(o)
=Y Y Pi(Xp=kmi=n+1)= ZP S =n+1
n=1 k#i

22T, —AEIEIS (@t mast CHUT Y00 e G = Snst Sost Gmn
THBZLEAVE. 51T, vpy =Pi(Xy =) =Pi(r; = 1) THEHS, ¥,

ZVkpki = ZR‘(%‘ =n+1)=Pi(r,<o0)=1=1y
keS =

MRS, Zhe (C6E) &0, v iE (063) i
BB vy < oo BRTS. BLj i %, H5m>1HEELT, piY > 0. i
5, v=vP &b, v=vP™ ko7,

1= z vy
kesS

550 p(™) THB Z LT D v, < 00 £135.
WiZj»ildd ZOLE, n<mIINLUTHELCIT LD

PZ(XTL :jvTi :m)
:P’L(Xn :]aXl #Za >Xn—1 #i,Xn-kl #Za aXm—l 7527Xm :Z)
= Y PiXi=J1, X1 = 1, X = 0)

= Z PZ(XI :jlann:]n)P](Xl :jn+17--~7Xm—n—1 :jm—lan—m:i)

THENS, joi kD B(Xy =g =m)=0,%5. £oT,

oo oo m—1
= Z Ei Z 1{X,L =j,i=m} — Z Z PZ - jy Ti = m) =0.
m=1 m=1 n=0
o THRIZ v, <00 2155, O

e i€ SHEn] <oco ZiiT &, i ZIEEIEM (positive recurrent) TdH 5 &
W,

o EfRNZSHIRINTHS.

o i € SHHIFNTIED 2V EHRKTHRVWE &, BHIBH (null recurrent) &\ 5.
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EH 1.6.7. <L 7HEENBNTHBRNO & &, AEHERZEELEE2BVWT—ENIZE
£, TATORTHEDMEETSHS. & 510, <37 MG TERRIO L
&, EHAM T = {m;}jes BBRITIHEL,

L E5Ex6ND.

FEHY. e S EZFEEL, ([BA) ICXDVEHRINDI v 2FERD. FED j€ SIZO0WT,
BRIMEL D @ = BOT, 52 mBFEELT pl) > 0. MOEHE Y v FALHETH
e v=vPm ERD, ZRED

vj = Z ukp,(gb) > pgn) > 0.
kes
WAIZ v IFIEMETH 5.
p=A{pjtjes EEROAZENE LTS, LEEUEMIZED, pu;j >0,jeSHHES.
pE p; CE->TTERMEELZEZEZ, ITNERFZWMALC pIt&ORTZLIZTE. §
TG, pldpu,=1,pu;>0,j€8 &I ALHETDHS.
AN
7>
Hj = Pij + Zukpkj, jeSs (1.6.6)
ki

&Y, pj>pij,jeSTHL. IThz (IHD) IZRAT L

My = Pij + Zpik:pkj-
k#i

ZNAEY (OED) TR AT 5 L,

kao#i ki#i

Hj 2 pij + Z (pik2 + Z piklpklkg) Dhsj

=pij + Z DiksPkoj + Z Dik1Pk1k2Pkoj
ki k1, ka i

(X1 =J) +Pi(Xy # i, Xo = j) + Pi( X1 # 14, Xo #14, X3 = j)
(X1 =9)+Pi(rs > 1, Xy =7) + Pi(1; > 2, X3 = 7).

P;
P;

INEBORTZEIZED, FEOmM>21IZ LT

m

B = Zpi(ﬂ‘ >n, Xpt1 = j).

n=0

fhH, jAIDEE,

vi=> Pi(Xn=jmi2n) =) Pi(Xpn1=jm2n+1)
n=1 n=0
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135575)6, ,UjZI/j ﬁsffé5 ulzljzzl"cﬁéfﬁc), %?:t:)%, j—/\’CO)]ESL:;(ifL/VC
NjZVj fﬁ)é J:OT
1:Ni:Zij§?) szjpﬁ?):w:l-
JES JES
DAY s — )Pl =0 THY, 5T, LHED j € SITHLT (1 —vy)p =0.
ZZCHERIEL D Pl > 0B n BHEET B RS, (B jIHLFOIOES B TL
Dz H#EDD L T) pj=v; BESND. P& —FEMEIRES.
Iz, a7 EEPEN A O EHRNTH S & &,

Ti—1 Ti—1 Ti—1
ZVJ ZE Zl{X 7]}—E ZZl{Xn ]}—E Zl—ETz<OO
jeSs JeS n=0 n=0 jeSs

FoTm =vj/Eir, j € S BMERDMZERL, o TEEAIMTHS. &I 5T,
mo=1/E;r 720, ( FEEHOBRINERICEE L2 D700, #iE, £D0i %2 H
WTH 7k

1
i = E‘Ti
BT IR, ZNERRBOEEEEKEKT S. O

OB CIREENZ LI 7HEENFHBHNO L &, EEOGER—BEILFETLI I LN
Dot EiFFH Ak LD,

EH 1.6.8. MR~ L 7EBUIZN LT, EEDMAVR—RITGFHETEI L T RTOR
EAEHRRTHS Z L IZFAMETHS.

AEIIZEIZT 5. B2 (15, M 11.19] 23 o Z L.

1.7 #BREE
AT, a3 7EBEOREBES S IFERES (e, |S] <oo) IKET 2.

o H2neNHHHELT, T/RTD,jeSIERHLTY >00LE, HHHE P
HENFENEFFOYIL I 7HEPIITILT— FH (ergodic) £\ 5.
o Tabb, TVI—FHEIE, 5 (FAKRER) AT v TRITIE, WrkbIRE
WEER LSS I L 2EKT 5.
o HERSHESR P HIEFTHI (positive matrix) ZEH/KT 25 A, ie., P DEEAMVIEL
2556, <)V T7HEFIETILIT - NNTH 5.
o VKRB R FFD <)L 3 7iHIZ =)L I — RITIE AR,

e 1.7.1. IRDEM (1)-(3) ZFEIETH 5.
(1) v va 7EBHIFTILIT— RINTH 5.

(2) ¥ a7HEFIIRNT, TXTORBIIIEAPNTD 5.
(3) L a 7HEBIIBE T, FERMNREVIFETS 5.
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A (1) = (2) 22T, TAT—FEOEHL L 7EMEAMKTH S Z L IZHS
PTHD. £, EHEYD, BB ng BEAEL, FEED i, j € SIHLT P >0 Th
5. ZOLE, PIIEBHRTHLI»0, FEDic SITHLT Y cqpi =1&D,
pik >0 ZHi7=T kP EET S, £oTC, Fyyv vy - arEdu7 EALD
P =3 pnlly) > pupy” > 0.
k'eS

Oz &0, &R, EEDn > ng ITHLT p(n) >0,i,] € STHEZ LN N?
g bbb, EED i IZOWT I(i) DRRAKEBN 1 L35l L2FEkl, -7,
TARTORBIIFEFPHTH 5.

(2) = 3) SR, 3) = (1) 25RES. BHNTHEILhs, HEDI,jIT/LT
ni=ni(i,j) € NBEELT piY) > 0 2724, £72, ip € SHERAMBE S22, @

I3 & D, H>5 No = TLQ(Z()) eN b)ﬁﬁb,

ng = {rj;gé}é{nl(i,io) + na(io) + ni(io, J)}
LB IOXE, £ JITNUT 0= ng — na(iyio) — ma(io, §) > nalio) 25 Z B &,
BOFyy vy - aEI0 7 ARERE (C) &9

("0) > p(nl(Z 10)), (n) (nl(EOJ)) < 0.

210 pZQ’LO ’loj
0 i, j IKHRIFLARVWDT, ZAIED PRIV I— RUTHE I EDRDh5. 0
RDFEFIT OV 3 7HEPAD )V T — FEH L IFENT WS

L 1.7.2. RNV THEPEP TV T - RN TH DL &, EESM 1= {m}ics B—RILE
L, a3 H5EHMC >0, ve (0,1), ng € NAFLEL

b —ml <Gy, G5 €S, n>ng. (1.7.2)
o>T, ZTDr EHIZ
lim p( )—7Tj, i,7 €S
n—roo

N A RVASR
o EHMITA LY, v a7HPENTILI— RS I1E, THOMEIIHBHERTH O
REJFIZLIDELFHETE S, bbb, i€ S EERIGEATEZEL, §; 2%
&ﬁﬁl?ﬁb@&ﬁﬁ@t@é&iamﬂ@ﬁ&ﬁbwaﬁéa,+ﬁﬁ%a

n iz L,
T~ 0;P".
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EH T2 OHHDOZHOMEME L LS. £F, S LOMRHELAEKEZ P L. Z0
L, P OMRAEIZRS oAt s. Thbb,

P = {{Vi}iES:ZVi:L v; >0, iGS} c RIS

€S
Thd. Tl
Al ) o= 5 Sl =il v = {oidies, = {udies
i€S
E RIS oz E R T HOT, B, (P,d) 3MEMErTs 5.
ffid 1.7.3. LAY D SED.

(1) FEDveP EAEEDMeNIZHLTYP" e P TH5.
(2) PRIV I—FHDLE, BB nyeN& e (0,1) "FELT,

d(vP™ uP™) < Ad(v,u), v,pu€P.
FEAH. (1), £ (5FEED), P PHBHERTHLILE2RES. m =11 LTI
HONT, m>21Z08 LT P BHBHMRLINET DL, Fyy vy - a)LEINO
7R LD,

ST =3 pant V=S pa Y pr Y = szk—l

jes JES keS kesS JjeSs

oT, NELVEED mIZOWT P™ BB ERTHD. 2022 &b, vePiZ

XUT,
ZVPmy—ZZVzP(m) Z%Zp(m) Z%Zl

JES JES €S €S JES €S
Y70, vP™ e P IS,
(2). ueP 5. TAIT—FMED, H5noe NBEFAELT L >0,ij€8
THhs. SEHRESES2h 5, A=1—min jespl”) € (0,1) L% 5.

5,
ST Wi =l =3 <Z( — i PE?“) + <Z — Vi pﬁj“)
jes lies jes \ies . jes \ies .

Thb. £IZAD, vPw uPm™ cP &b,

0=>"3 " —u)pll” =" (Z( m)zﬁf“) -y (Z(M )pg”))
+
1

jeS €S jes \ies jes \ies

Lo T,

d(VPnOaMP"O):Z<Z( uz)prO)> : (1.7.4)
+

JjeES \ieS
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HUIEED j € S1200T Y1 — pma)pl”) > 0 518,

SN i - )l = Z(Z( uz)pig")) >0
.

jeSieSs jeS \ieS

Ly, (CM3) K FET 5. 81T, jo € S WHEIELT, (z( uz)p£?00)>+:0.<liof

d(upno,upmzz(g s p5;0>) < 3 Y )y
+

J#jo \i1€S j#jo i@

ZZ(w—m STl =3 " i) (1 - )

J#3jo 7

<AZ — i)+ = Ad(v, ).

2T, EOESIF (CMA) LHRIZLTHEOND. O

EHCTA DM, vy eP % (1) =1, (1); =0, i ITEVEREL, v, =1nP"IT&
D v, BEHTS. ZOLE, WEILI(1) &0 v, P THY, (va); =pi)) LREN
5. EEMBELTAR) £, ng e N & A€ (0,1) BFEEL,

d(Vn, Vn+k) —d ((UOPn_nO)PnO, (VOPn-Hc—no)Pno) <\ (Z/OPn—no7 VOPn-l-k—no)
S )\2d (VOPn—QnO’ VOPn—Hc—QnO) S . S A" (VOPn—mno7 VOPn—i—k—mno) .

ZZT, miEn/ng AL VWRKOEHTHS. A, EED v,u e PIZHLT
div,p) < (1/2) Y, (vi+ ) =1 TH 296, KK, n>ng & k>0I1IZHLT,

AV, Vntr) <A™ (1.7.5)
LB, n—o00oDEEM— 00 THENS, (CLA) I {v,}22, »(P,d) Da——4]
THdILraEETS. o TRMMELD {v,} OWR 7 WELETSH. dDEFELD, T

DOPCRIFFRETHRILT 5. T80b5, lim, oo (V) =7, j € 5. & o TEIREOMR
EEZBHZEITED,

7P = lim v, P = lim v,41 = .
n—oo n—oo
Thbb, T IRERAHTHS. & UMD ARESH 7 BWFAET I,
d(m,7) =d(wP™,7P") < A\d(m, T)

O r=72S. Ko TARERMIEI—HTH 5.
oz, (CE) Thk—oocollm>—-1+n/ng CIERETBE

d(vy,m) < ATHAY™0)™,

W-T, C=22"1 y= /"0 332 LT (C3) 21535. O
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BA RIS BHOMEERTS. UF, Lg% RIS OBEGS, 15 &M
MERT 1D S| x |S| FHET 3.

EH 1.7.4. PRIV I—-RKHD L &, EHESMG I
T (1,...,1)(I|S| —P—i-].‘g‘)_l

&b E5EXons.
AE. EHAMOERLY, 7(ljs)—P)=0,7lg=(1,...,1) TH3. &5,
W(I‘S‘ —P+1|S|) =(1,...,1).

#oT, Bl Iis)— P+ 1) BEEAITH 5 2 L 2 mFEHOFHAFOND.
v RSN (g = P+1g)z=0%WTed5. Z0LE,

0:71'([‘5‘ —P—|—1|5|)x:7rl|5|x: (1,...,1)1‘

/C?)D, ﬁéﬂf, 1‘5‘.%':0. :@:ttxo){%f:‘é’%ﬁiib <I|S|—P)$:0. —é—iﬁ?b%,
z=Pr. $oTHEEDEeNIZHLTez=PrzThY, DI (1/n)Y_, Pz =1
CITRE I 2HWS .

1
Jm 5 2, P =1

EEL, IO G )) Rl n Kk 52503 (Fhbb, 8 IE8T ). hk
D, z=lz 2135. INEWRATRI L ;=) ,cgmz;, 1 €5, L&Y, A i 1K
FLRWZ Do, MYBRER cZ2HAWVWT, z,=c, i€ S, £EITE. LT AW,

0=(1,...,1)z=cl|S|

THENS, c=0. Thbbr=0%\E5. ZhL V48 (I — P+ 1) PIERTH
LIRS, O

#l 1.7.5 (PageRank 7). IY X L), flrIa 28tz 5. BES A + Google Tffib
NTW5 PageRank 7V 3V XL T, KOFITEZZT v X LIZ Web R—Y 2 HET
2a—Y% (INE2ITVRLY—T7—LIER) BET 2EEICE>T Web R—=YDE
BWEAMELTWS. XVIEHIZERIE, VXY —T7 7 —=2EHT 2L 7 HEHD
EHE DA {m ties ZRD, 1 2HBDHEDK/MNIE T, Web XR—=YDHEE S DT v 7 ft
FZ2{T-oTWA.
EHEDMERDDHEIZOVWTEIDLEATALS. TITIE, KOBFEMZ, Vo
TDRNR=VEFE LRI GE%2ER5. ZOLE, 0 LFEBKC P = {p}ijes
EERTDE, BT RTOLRBITEHMELED 72D, Pld—HRICITHBHERIZITR
570, ZOMEERMRT 5720, IV XLV =T 7 —OBEEIUATDO LI RINEEBL:

L IEEY%EL/‘/C\(\é Web /\o——/ "U /7%75)ﬁfbf&\l\7ﬁm, 7/&L\ Iz EE/Uf"
Web <— VBB 5.
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o BIEMIEL TWE Web R—UIZ Y V7 BWFIET 2556, IROEH) (1) £721% (2)
T N 2R a
(1) BUERIELTWVWD Web R—=YNDY V7% TV X LNTEIRUERT 5.
(2) BIEMIEL TW5 Web R—=Y WDV v 7 LEfERL, TVRLITEALEZR—
ZEMT S,

Web R— VM2 &M T 2HERIT T, X8 (1) 2ERTHRE de (0,1) 5L,
FURLY—T 7 =0 Web R= i 05 j NEBT DHEE g;; 1%

(d 1—d

;+T (1 6:')\/7%73)ﬁﬁb, jEF(Z) DIGE)
1-d .

Gij = T Gz I EBPEEL, j¢F()@bﬂj )
= (120 > 2 St HitE L s B

ey, G= {gij}i,jES SHERBHEREEERT D, X617, GREMFHTHIELSLTILT—
RTH Y, o TEEDMDP—RIZGFET . ZOEFEMAEOEHIZITEM CI2 DX
SRIEPEH [ OFN HRERZ R HIEREZH WD Z LN TES.

VA TEEN T T - FTH S & &, MIFEDHEFIDGE & FRIZ, KEDFIEL]
NI A RVASN
EH 1.7.6. Y VI T7HBEIIIN TN THELTEH. Z0LE, FED f: S > RI
XU T, MERPRORERT,

1 .
lim =~ f(Xp) =) fli)m
n k=1 1€S
FE. O BRI A MA T AETH B0, XUDHHS Y, f(i)m = 0 &K

ULTH—fikzLbwn. EHORERD, EHIIAIZBT5 C, v, ng WEETS. T
DE&E, MER3IA3) (FzbrzT7DAENX) £V, n>ny LEES N e > 01T

LT,
1< 1 & ’
IP’(an(Xk) >5> < €2n2]E< f(Xk)>
k=1 k=1
RNy Y B+ ey YD EFXSX,)
k=1 1<k<m<n 1<k<m<n

EIOH 12358 ZNENT, I, [ £5. ||flle = maxics | f()] £FT & =,

< — Z ||f”2 ||f||2 0, n—oo.
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AR
1 k+ng 2
2|| £1I% 20 f1% © 2[|f 5 (n — 1)ng
L= -5 5 > = o292 > D = £2n2 =0, n— oo
1§k2'r<n§n k=1 m=k+1
m—k<ng

ERHIT 2720, 3050 f(7)m; = 0 ILHERT HIZ

E[f(Xk)f (Xm)] = Y F)FG)P(Xk = b, Xm = j)

i,JES

= > FOFGP(Xo = io, Xk = i, X = J)
io ZJES

= 3 1O IGP(Xo = io)plip Y
io Z,jGS

= 3 FOFGPXe = i)l (0P — )
io Z,jES

2185, £oT, T2 LY, m—k>ng DL X,
ELF (X)X < % D P(Xo = io)pll) Ipi ™ —

10,1,jES

< CIfIZIS™F.

A,
n—1 n n—1 oo 1)
PR D DD D D DD D e g
1<k<m<n k=1 m=k+no+1 k=1 m=1
m—k>ng
THbHMN5, )
2C S -1
< ZOWRISh =1
en?(1 —7)
W ZAZEHD RIS . O

o T)I—FNUEDRED T, LIFARHOMEN ST 5. fEHIZOWTIE GUE®R
DIEMEABEETZDY) FIZIX [15] D 11 #ExE R XK.

1.8 <IN ATJESEEVTAHIAOE

X ZWEREH, [z X OREES LOBEKE LT, f(X) OWFHEE[f(X)] Z23h%H
WEHATAMEEZZ 2 LS. ZOMEIEIRS DR 7 71 F v ARE, 2L DRAILE
WCHETHD. X MWEE p(x) 2FO54,

) = / f()pla)de

THY, HGUOEADEFIIFHETERWGE, #2 OBIEMARICES Z 21225, X

HIBERU A HE S B,
=> f@)P(X =x) (1.8.1)
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TH b, FHUOHEEMAL LIRS, X(Q) = {X(w) : w € Q) OEEEA IR
2N & EE, ERERAEHRIIIER R E L.

EvFAOi%E (Monte Carlo method) I, HESRZELD 53 45 H¥ AR D BB HM 124K
SIRWHIFHEDERGIRETH S, {X,} B X LAUMi2FDIIDSITHD L &, (G#E
W EAED FT) KEOEM LD,

Tim 3™ F(Xe) = BIf(X)]
k=1

DWHER 1 TS S, £oT, nztRKRE<ED, X DRI DM S x1,..., 20
EMSLIZHEIEL LT,

3" flaw) ~ EIF(X)] (182)
k=1

LHBEDL. BT HNRIERE ZALOMAHEZ ZELDMTEL T 52 HEDOZ L THS.

DL E,
2

E %Zf(Xk) —E[f(X)]| = =V[f(X)]
k=1

L0, (CB2) OFELGRZEIZEEINITIE O(1/y/n) THD. Ht-T, VT AIVEIER,
X(Q) OWICIHRIE L R WHFHEDEEIETH V, Rz X DN ZREE, i DoKX
<, O X(Q) > n MR INEHAICE, (TR2) OELUTARIZRVES.
EVTANVOEEZBEHT 720121, EdRD@EY, X OhE»r o2z REIE L8
ENHsb. 00T, X ORHEDOEIRG»> TWBETTEATST, FHEEET
BB AR T 2 Z e ATMRETRLS TRAS AL, ZOMBEIZOWTER S0, K
BETIIHECRIEDMER LB 2 > TWBDT, X WHIBES S L OMREHR CHEER
{mitics CHREOBEICREL THizED LS. £7, rOVIalb—yaviEkaEBnds.

#11.81. S={1,.... N} &ET 3. U % [0,1] EO—FRDAIHED HERET L L,

N
X =) lp,_ <v<ry (1.8.3)
/=1

Tk DHERAR X AEHTS. 2T, B =Y m,l=1,...,N, Fp =0Th5%.
IDrE, PX=0=PF, 1 <U<F)=F,—F,_,=m,Tbb. ft-7T, [0,1] k
D—FRAAED ST n HDOEEK vy, ... u, ZFESH, 2 2 (CBA) IZEWVWT U % ug
WWEEMAZEDE LUTERTSIIETrDYIal—rarRNTELILIilkhs.

Bl =D D HIETIE, {21,..., 2, 213572012, HIZIE, 2TOD u; 12D\ THRITHEE
RIZEOHIET 2 L AROFBRENHS. {F)} OEIZON) 28T 50T, 5
KEMS 2T E, ZHIIEO(N +nlogN) OFtEREZKEL T4, HFEOBEE T
EHTOM+N+nlogN) DFHEETH S0 5, Bk, B LRIz X285
fEFHA 2 I WEL X R Dz <.
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UED XS HHEIZED, 756 DFBERPEG LGEUSTIE, TV TNV OIRIZ
K B HARHER XK TH B Z e DLW, HEENELZ-oTLE -0, AfiT
X, TRb 2 AHEE LT, IO 7&EEE Y TH/)0O% (Markov chain Monte Carlo
method, MCMC ) Z#1d 5. Aiffioc# [ 2 EWliz 5. ZThid<ia 7H#H
RS2 KBOFEMZGTRL7ZHDTH o7z, MCMC L&k, 7 A Y72V IT— R
SNV ATHEE (X, ) OEEMMEABRED L5 {X,} 2HEKT 5 HiE0o—HoZ L%
B9, LIDOEI R {X,} Y Iab—bTEDZRS, EVTFALBELHEKIC

3" (X ~BIF(X)]

NS RVACR

UF, £ieSITHLUTm >0%i-deET . MEXr 2EFAMHELTED
LN aTHEBEEWK TSI THS. HBMHEER P = {p;j}iecs 2F2 {X,} THF
89 & UWEHE (detailed balance condition)

TiPij = TjDji, 1,J €S,

72T DEZEZSL. ZOLE, sP=n7DEOLDODT, 1id{X,} DEEFHETDH
5. ARAORYR - A1 RT 14T RE (Metropolis—Hastings method) Tl&,

Pij = QijQij, U F J,
pii =1-— Zpij (1.8.4)
J#i
Zii7z9 P 2K d 5. 22T, Q= {q,} ZHNOHEBHERT, a;; 1%, qij,q;i > 0705
ijeSITHLTI

Tiqij
™45
ICEDERIND. ¢;=0,¢; >0DEF;;=0,¢;=¢; =0DEF a;;=1¢%
B {sij} BRFFTHIT aqy € [0,1] 2723 X5 IEN S, (C8A) %72 3 HB
PP D EVEME R T I IIBBICHENDD I ENTES.

(CRA) %7 SHBMHER P 2>~ a 788 { X, } 1 FHIZIERD & 512U TR
ns.

(i) o € S ZAEREICHY, Xo=1ip &BK.
i) &En>0&ieSITHLT, PV, =J|Xn=1)=qyj, j €S, &/ T HEREH
Yo &2ld.
(iii) #n>0%i,j € SITHLT, {0, 1}-MEMERER Z,, ;; T,
P(Znﬂ;’j =1 | Yn,i = j,Xn = Z) = Oéij =1- IP)(ZH%J‘ = 0 | Xn = i7Yn,i = j)

BT TEDEER,
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(iv) {X.} % ]
Xnt1 = Ynl{anl} + an{Zn:[]}a n >0,

CkVEDE. ZIT, Vo=Yux,, Zn="2,5..

FEEE, i £ GITRLT,
P(Xpp1 =j | Xp =1) = P(Yn,i =JiZngij;=1 | X =)
=PV = X0 =0)P(Zn,i; =1| X0 =,Yn: =j) = qijouj
= Dij
ThH, 51T,
P(Xp41 =1| X, =1)
=PV = | X0 =)+ Y P(Voi=3|Xn =0)0P(Znij =0|Xp =4,V = j)
ii
= Qi + Z%‘j(l — ;) =1- sz’j = Dii
] i#j
Thd. {oT, { X, DV Ialb—YaViEUFOFIFEICLDEFTTESL Z LITRS.

(i) ig € S ZEEIZE D, Xg=1iy LEDS.
(i) Hn >0/ LT, X, =i€SDEE, MWLM {qi;}jes D B FLEE LR
T 5.
(iira) ZOEBDMEN je SDEE, MR o TXpp1 =5 &L, WEE1—q; T
Xpp1 =i &9 5.

Thbb, LOFIHIIBWT, X, =i TOM {qij}jes POREIELILBD jDOLE,
W% o;; Tj2IRODATY 7DfEE UTERIRL, W1 —a;; TRATLILIIRD. Z
DEIRT Q IFREDMLIFIEND. Q OEVHITIIMEEMEL D 25, ILBAERIES %
HEDTHY, POBRTHERL LTV TN THIRBENDH L. BARNIZIX, H5FE
DIVELT A= WMEDLNDEZ ALV, HIZIEXS ={1,..., N} DEAEIZIE, ¢1 >0,
q2=1-q1, Giiv1 >0, ¢ i1 =1—¢qiiy1,i=2,...,N=1,gvy =1 —gqnNn-1, &
5729 HDTh 5.

#i 1.8.2. 1751 Q PHFRT,

T
Sii = 7Tj T,
’ Ty Ty
1+ 2 <1,
Ty T

LB EE,

5. TOEIBREBIEEXA MORY ELENS.
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IV
Ckz] T +7Tj

LA, ZD XD HERIEIZ/N—H—%K (Barker’s method) &WFENS.

EDOESRFHEIT L OMELU (X} OAADHEPIC 1 TPBRLTWERE SR, T
ULTIGR L TWAGEIXZTOIREE, 252 IXEYTAHLOEOHEMIZBEVWTER
R ThD., ZHIZDODVWTIEHEH LCAPHZTINS.

e 1.8.4. HEBMEL Q KWT IV IT—RHTHS LIKETS. 51T, Ki,jeSITRLT
a;; >0 Z2IRESTS. P % (CXA) 2ifi7zd S LOWBHERLTE. Z0LE, Pzl
WRe$2 S Lo a7 {X,} BT ALIT—RINTHH, AR LD H5EH
C>0&~v€(0,1),ng e NWFEL, P(Xg=1)>0R2TEDiecS &EEDj€S

L,
IP(X, =j|Xo=1)—m;| <Cy", n>ng.

AERL. fRE LD, B% ng € NAFELT, HEDi,j € SI2oWT gl >0. 512,

€= mini’jes Q5 > 0. ZN &b

pl(?) = Zpikpkj = Z ik Qik Ok Qkj = 6261@(]2)-

kes kes
EoT, RIEEES 22T, EEO > LISHUT p) > engll) A0 o 2 & his
5. n=ng LT POINI—FMUEMIRED. ROOTERIFEHLCI2L04ES. O

EAEIRBEIRA BT 2EHC, v, ng EEEKKIZAID 20w IATHS. EH
72 DIEMHTIX, ng 3TN T— FEDRMEFIZENDE 2T v T8, $75bb, &i,je s
CHUT P > 0252555 ng TH2. @ IXA DAHHS, ng L LTIEQ O
T — BT 2 2Ty TRERBTEE V. 515, A=1—min;p{/* LT
C=2/\y=\/"Ths. LrLINEHTUEREBERIMETEERL, EEODRO
WX BADITIIAFHNRE 206 L. P AGEI 0 & 027501,
72 X O EELRFHEAM SN TS, ZHIZOWTIEFIZIX 2] 0FE 6 =T onT
W5,

MCMC #EDfoflZ2rE>. 22T S =1{j=1,.--,ja) : ji=1,...,N, i =
L...,d} b RINBEEE2FEZS. 27, X P10 CRIMRERL L TWAERIEE2EN
Hzs5. S05ATE, X X dRTOMERLEHRT X = (X(1),...,X(d) tRI 5.
,j€8, k=1,...,d XL,

(ki) = P(X(k) = ji | X (£) = i¢, L # k)

EBL.Ek=1,...,d THU Pk) = {pij(k)} ZIROESIZEET D. im = Jim,
m#k, Zi7Z3TEDRi, 7€ SITHLUT,

pij(k) = m(jr |i—k)
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EU, TNPUAD i, € SITHUTIE pijj(k) =02 EDB. ZDLE, &£k=1,....d,
1,j € SITHLT,

S mpy(k) = SOP(X = OB(X (k) = ji | X(0) = ig, £ # )

€S 1€ES

= P(X(k) = ix, X(£) = g, £ # F)P(X (k) = ji | X (£) = ig, £ # k)
€S

= P(X =j)P(X (k) = ix | X(€) = ji, £ # k)
€S

Pies P(X(K) = i, X(£) = jo, L # k)
=P X = ) = X = 4 TR
Wz, HERBER

P:=P(1)-- P(d) (1.8.5)

F P =7 2723, $hbb, PEMBHRE T LS5V a7EH (X, ldn
EEESMICHED. 20 {X,} Z20WTO MCMC #EIZ¥ TR - %> 7 v 5 (Gibbs
sampling) & FEIENTWVWS.

XTI - BT TIEIHIZIELTOFIEIZ & W EIFTE 5.

(i) ip € S ZAERIZE D, Xg=1ip &BK.
i) &En>0&ieSITHLT, X, =iD&E, 3 j=0irB<.
(ii-a) k%2 175 d $ CIEHIZEID» LIREETT 5: {1,...,N} LOWRNE n(-|j_1)
METVRLI L BRESED. OB KRN E ICEHT 5.
(ii-h) Xy =j LED .

FITR - YTV 7T hbb, 2Rt OELEER % RGN 2 2 b DKW 11X
TOHEIIREIE D HETHS. WEDOHHDT T A, FIZIEF TASMMOEEITI,
N EFSHEETS. (- |jg) OV Ialb—Ya VA MAKY A AN ATt VT
AEEEHT I H 5. mE LR LAKIZ, IR2ARONS.

@i 1.8.5. P % (CX3) KX D ERSNBEBHRL T5. P 2EBHRLT2 S £o
2L AT {X,} TV T— RITH D, RAMDIID: HBEMC >0 & € (0,1),
no € N DL, P(Xo=1i) >0 RBEHDic S LAKED j e SITHL,

IP(X, =j|Xo=1) — 7| <CY", n>nyg.

FEH. AEED i€ SIZTRHUT 1 >0 EMRELTWBDT, ip = jg, L # kITH LTI
pij(k) >0 ThHD. ZDOIZre P={p;} DHEOHLLY, PREHNTHY, ®TDI
WX UTpy >0THB. EoTETOREBVIEAMWTHS. t-T, MmELLD KD
(X, } TV IT—=RTH 5. eI 2 2 #AT i L. O
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1.9 <)L 7EHEDOHIME

a2 B WHZES. ZofTiX, —HOKRDL D IZEREY A2 1L FHEITIZR > T\
S5EFH6MEIZRD IR FTEIDE -7z, THnE2KIZ, —HOBDLYIZ2MH T EE
HO6MERd L5 ETEILIZTEE, n HOBIERIZH S A OB X, 1T

Xnt1 = (Xpn + an(Xn) = Dpg1)+

CEDERIND. ZIT, an(i) idn HOKD D OIERE 1206 L THES B RKE S
ThY,

CEEIND., ZOEIITEZSRLUTAL L, REAHITEIZE LI 7 HEIES
NBEZ W RB125 5. BR2BRFEEHEHOHT, ENHIEIICsh RN I EEE % 5
HS 20, WS HEICHT 2I-AN L TIEZBNT2003AHOHKNTH 5.

ZZ Tl

o A D: HxaBES.

o FEDNn=0,....N—1,a€ A,(i) £ we DIZHNLT f,(i,a,w) € S.
o (W, N ,: Dfﬁﬁﬂiﬁﬁf'ﬁiﬁﬁﬂ.

WS Ml T HRE A, D, REI {A, (1)}, BB {f,.}, HERELI (W, } 2F X,
Y
A= {a—{an} |an S — A, ay(i) € Ay(i), i€ S, n=0,...,N -1}

L. BacAizHLT

XnJrl :fn(Xnaan(Xn)aWn+l)7 n=0,...,N—1,
Xo=1

IR D HERBERE X, = X0 n=0,...,N 2E#T DL, TNIERL0 TRE 1o H
95 S~V TEHL RS, *F.lxk, a € A ZHl#EAI (control policy), {X,} %#
FfE <)L 3 7E#H (controlled Markov chain) & IE&.

WHIELERE { X, } OERADNRT + =<V A& B g, TIMEL, TORZ N £ TOWF

&% s/Mbd 5 E
V(i) = inf E gy (X3") + Z gn (X 59 Wag1) (1.9.1)

EFEZED. ZIT, g, B R R THRGERERK L T 5. (CU) % HERFIHEEE

(stochastic control problem) &5,
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() 1R BEB {o, ()} ) OBGELRIE TS 5%, HERBKORHKERENDH 5
7= OMEDLEROREMEL T2 DR E. ZOX S REEEZME 720D FHEE LT
EBIMETESE (dynamic programming) D3RR TH L. PR FNOWTIEH 25, LA
TCEEINDHEK

{VN(Z') = gn (i),

Va(i) = aei.fklf(i)E Vo1 (fn(iya, Woi1)) + gn(i,a, Wygq)], i€S, n=0,...,N—1.

EEZELD. ZTHITREREZD SR L CTREBMIZEZ I NS EHMERNTH 5.
DL E, Rufes:
EH 1.9.1 (BEHEREDFE). AR ie STl T
Vo(i) = V(i)

MRO LD, X512, & V(i) DERRICS TS inf 2 BHT 5 af; € Au(i) BELET
L&, an(i)=a;, &V ay:S—>A,n=0,... N-12EHTHL, INIHHE
(D) DidffE e 78 5.

e V,.(i), (n,i) € {0,..., N} x S Z{EE# (value function) &\5.
AEHDENZHIZ BT THE Z 5.

#il 1.9.2. Hl I8 OFRAT, 8D % > TRdE R EEE 2 RO TAHA LS.
ZoEE, S=A4=1{0,1,2,3,4,56}, A (i)={ac€ A:i+a<6}, D=1{0,1,2,3,4}
THY, FHEEVEDRIZRDMERLERG] (W, } BEOFTFE 2R THRLEES {D,} 1T&
D5 zo6nsd. i

Thad. N=3t L, BEFEHADRYDOIEHEIIMENEDL LELD. T4bb Xg=0&7
5. ZIZTIE FEOIAMIBELREFCOIPEIIAND2DIIEVEZONEEHER
%. Wl 3 ABEDIEFEDREBIZOVWTIEFEZ RO T, ZOREDOIANIEO LT 5.
ZTNETORLZB VT, EEIED 2 THATERWENFIET BRI OfFRK
DOEED, BEIZE1IMDD 0.5 DERAPENETNRET D LMHRETSH. £oT,

93(1) =0, gn(i,a,w)=(—(i+a—w))r+a/2, i€S, acA weD, n=0,1,2

El, &b V(i) =0,i€ STHD. ZOLE, Vo DEHKI

Va(i) = min > {(—(i+a—w))ia/2} P(Ds = w).



40

Thy, BRI LIZEHT S &

V52(0) = IngiIGl[(—(a —1)4+ X034+ (—(a—2))+ x0.24+ (—(a —3))4+ x 0.2

+(—(a—4)); x0.14+0.5a] =14, a35(0)=1or 2,

V(1) = Iglglgl[(—(a - 1))y x024+ (—(a—2)); x024 (—=(a—3))+ x 0.1

+0.5a] = 0.9, a3(1)=0orl,
Va2(2) = Iglgil[(—(a — 1)+ X024+ (—(a—2))+ x0.14+0.5a] =04, a3(2) =0,
Va(3) = Igl<1131[(—(a — 1))+ x0.14+0.5a] = 0.1, a3(2) =0,
Va(4) = V2(5) = Va(6) = 0, a5(4) = a3(5) = a3(6) = 0.

EhA. IhEAWSE n=1DEBEKE RE a 1T

a<6
+ (Va(la=2)4) + (=(a—=2))4) x 0.2+ (Va((a = 3)4) + (—(a — 3))4) x 0.2
+ a—4)4)+ (—(a—4))4) x 0.1+ 0.5a] =2.34, a}(0) =3,

x 0.

~— ~—

((
(Va((
= min [Va(a+1) x 0.2+ Va(a) x 0.3+ (Va((a = 1)4) + (=(a = 1))4) x 0.2
+ (Va((a=2)4) + (=(a—2))4) x 024 (Va((a = 3)4) + (—(a —3))4+) x 0.1
+0.5a] =1.84, af(1) =2,
Vi(2) = min [Vo(a +2) x 0.2 4 Va(a + 1) x 0.3+ Va(a) x 0.2
+ (Va((a—1)4) + (—(a—1))1) x 0.2+ (Va((a — 2)1) + (—(a — 2))4) x 0.1
+0.5a] =1.34, af(2) =1,
%B)zﬂ%ﬂﬂa+$x02+W%a+%x03+Vﬂa+Dx02+Vﬂ@x02

V1(0) = min [Va(a) x 0.2+ (Va((a —1)4) + (—(a —1))4) x 0.3
(1)

Vi

+ (Va((a—1)1) + (—(a—1))4+) x 0.1+ 0.5a] =0.84, aj(3)=0,
Vi(4) =043, Vi(5)=0.19, Vi(6)=0.06, ai(4)=a}(5)=aj(6)=0.

e, Thky

WMD=$£UM@X02+WM@—U+H%—W—1»QX03

+Vi(la=2)4) + (—(a=2))4) x 0.2+ (Vi((a—3)4) + (—(a —3
+ (Vi((a—=4)4) + (—=(a—4))4) x 0.1 4 0.5a] = 3.208, a(0) =

)+) x 0.2

=~ ~—

B ENHEIDOONDG. Tihbb, RINIET 4MEFTEL, KL 1 oKL DIzE, )
D HDBHERHICAEED 3z 25 DI HKET S, Z2UT, BKZ 2 0KbDIZIX, IROH
DOFAJERHZAEED LED 2 122 KD ICHKIET 200 REE WD Z il b,
XC, EHCIO OO ZODE[ME L LS. £3, RPORKLL SE Z FIHA D
£4
Ap ={a={u}i, ‘ak S — A, ap(i) € Ag(i), i€ S, k=n,...,N -1}
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EBMATS. ac A, TNU, B%ln TinomFET 2066 <V 78 (XN
%

n

{XQ’W = fu(X0 an(X %), Wig1), k=n+1,...,N—1,
X — g,

CEDEHTS. ZOLE, ae AITHLT X0 =X ThD.
M 1.9.3. FEDOn=1,.... N-1l,ae A, k=n,..., NIZHLT,

Xp 7| _yno1ia = Xg 70, €S, (1.9.2)
AEEA. kCB T B RMMIE TR T 5. X0 = j THDIN S, X;}J%a\jzxn_l,i,a =
Xn—bba vy, k=n0r& (CU2) FKVLT S, RIT—HD kIZDWT (CUD)

BEDEDOLTE. ZOLE, X0 = fu(X0 an(XP7), Wiy) L IRIIEORE
&0

ngia| _xr-tie = JR(Xy O o (X, Wk+1)|-:Xg—1viva
= (X700 aR(X10Y), W)
177
S

YoTh+1ITHLTS (TU2) D . O
SRR O DFENT. W% n % T L B BRI

a€A, (i)
V(i) = gn (i)
EEZBD. LD, £n=0,..., NIZxLT
V(i) <VZE(i), €S (1.9.3)

MDD I L E2BAMEDRNETRES. n=N D& & (CII) HHELTHDIEHS
D RO I LT () 2(KNET 5. Z0LE, FEDac A, LT,

V()<E[ ’J’ +ng .o ,akX’]’)WkJrl)], jEeSs.

£oT, FED a € A, IZ20VWT,

[gn 1(1 Qo — 1(7') WTL) +Vn(fn_1(i,04n_1(i),Wn)]

Vio1(i) <
< Elgn—1(6, an—1(i), W)

E
E

+E{E

o) 4 ng I (X, Wk+1)]

jf'nl(iaanl(i)»Wn)]

Vii)= inf E n’z’a + Z 9 ( ”’l’a,ak n’l’a) Wis1)|, n=0,...,N—1,
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T, (Wi} NI Th B Il Xnhhe = f (i, 1(i), W) THBI S
B A3A(4) LA I3 & A U,

E{E
. N_l . .
=:E[9N(X?7L“a)+'E:s%(Xﬁ_L%aﬂ%(Xf_L”ﬂ,W%+ﬂ]
k=n

jfnl(i’anl(i)vwn)]

7]7 _|__ Z gk ».77 Oék X n,j,a ) Wk+1)]

2155, £oT,

N-—-1
XN+ ) e TN o (X TNY), W)
k=n—1

0 € A, BHETERE 5T h D, ZAEDNT inf & 252 2T V(i) < Vi), i € S B>,
WOREFERTZDIT, e >0 %2R ICED. TNEEED n, i IZH U, dn,; € A,(1)
PIFIEL T,

Vo (3) > Elgn (i, an,i, Wa) + Vo1 (fn (3, i, Wa))] — €. (1.9.4)

T EHEAVT, Gn:S o A% an(j) =, KLV EHTEE 6= {an) € A
Th3.
Wiz, FEDOn=0,...,.N—11Z#LT

V(i) > —(N —n)e + E |gn(Xn"%) + Z g (X0 aR (X209, Wk+1)] , i€eS
(1.9.5)

BKD DT LR BAHEDFIETHT. Ve =gy £D n=N—10% =FHSH
ThHD. —MO n TH LT (CU8) A Do L ¥, il K3(4) &M O3 % FE
WT

E[Vn(fnfl(ia dnfl(i)v Wn)]

N—-1
> —(N—-n)e+E EgMXﬁW%+ZhMXy”@MX?WLWHQ] ]
i k=n J=frn-1(4,Gn—1(1),Whn)
[ . o~ Nfl . o~ . o~
=—(N=n)e+E |gn (X5 ") + > ge(Xy 700, an(X 7 H0%), Wiga)
L k=n

5. Zhe (UA) Ko n— 11/ LTE (UA) RO LD. f#->T, LED
n=0,...,N— 123 LT (CI3) KD IH, THDX,

Vo(i) > —(N —n)e + VA(i), i€S.

XoTes02LTV,(i)>Vi(i),ieS ib.
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ki, BOERIEANICOWTOXRERT. of ZEHNTHREI WD T B,
Vi (8) = Elgn (i, 7, (0), Wa) + Vaa (fu (i g, (2), W)

INnERIZECANOERETHAILIZLD,

Vo(i) =E

nza +ng nla,ak(nga)Wk+1)], ’LES

NEOoNE. EIADPBRITRLEZEDI, V, =V Thdh»rH, n=0&LT,

Vo (i) = E |gn(Xy

*)+-}:g%(xgaicgﬁxgav,m@+li, ies.
k=0

ZiE of DEGEMEERLTWS. O
ZERMIRE

IR 1.1. H2IFEAPD L8N, BELA 7 1 AOFEIHE > &% 2 KFF> T3
M2 S T, ZOHGAIZEDPHNE, ZThEMS. A>TV ARVWE SR, WObikz
ENTUES. @HRHCHERp e (0,1) THAKZ LT 5. nHEHOBER, O8I

HHEOAEE X, TRT. HlAIE, YA EEEICL, TORETIC 2 ARRHN
X Xo=27T, TOEHIFICHI -2 TE X, =1, NP RTE X, =0
Thb. X, =0DLEFMIBBELINESIPICLLDST X, 11 =2Thd. ZOLE,
{X, )0 WYV ATHBETH D 2R, TOMHBHEREZ KD X.

M 1.2. 25X LDKENPLUTORY BRI NG LT 5:

o K ITEMAHA (L1 Fm’ %) TER.

o n HIEFDXADKEE X, ¥hiE L, n HEFHS n+ 1 HOEFETOREE
Y41 B9 5.

o HMHIEARNIZ 1 i 2R T 5. 1 B D DKPE > TWERWIGE IR L
RN,

o XLDERITK >3 WML L, K 2B E5.

L, Yo, BHSIEAEE L, by = P(Yo = i), i = 0,1,2,..., £BL. DL ¥,
{Xo}o2y WYV a7EHTchHL I L aml, TOMHBHEE {b} 2HWTRE.

I 1.3, HAHHOXKTWEEZ S, BHOKBEIUTD 5 DORETES B LT
W (S), &Y (C), W (R), B (T), % (F). 512, KEO 1HEI LM
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&, UTFO#ERBERZRO IV 7EHTRINS LIET 5.

03 04 02 01 O
02 03 02 0.1 0.2
0.1 02 03 02 02
02 02 04 02 0
04 03 02 0 0.1

=SSl R=-"N@R>

(1) 2oL a7 EHEOHERB X 2 1T

(2) 2o 7 HEIIREND? 7 B Z M) THBRR K.

(3) HBHOW 6, WHEORBEIMNTH LT3, ZOHDIES (6 FHE) O
R TFIwEE K.

M@ 1.4. Y1230 FICOVWTOMVIRITE2EZX 5. n BIHICHZY S 20DH
B Z, LB E, {2,152, & {1,2,3,4,5,6) 1% & BN 4 A R 2B T,
P(Zy =i) =1/6,i=1,2,3,4,5,6, =9, X512, X, & nHHECICHARRD
Het2. Thabb, BREHH (X2, % X, = max{Z1, ..., Z,} L& D EHT .

(1) {X,} BN THPITH D L 2RL, T OHBHERE KD L.
(2) P(X3 =4[Z1 =1) &R &.

IR 1.5, MR

1/1/2 1/2 0 0 0 0

2 1 0 0 0 0 0

p 3|0 13 0 1/3 13 0

40 0 1/2 0 1/2 0

500 o0 o0 12 0 1/2

6\ 0 0 0 0 0 1
EROT VA TEPFEEEZD.

(1) Zo~va 7 #HEOHER M % i)
(2) REEZEME 2 BRIV & > TaME &,

M 1.6. MR

1/4 1/4 1/4 1/4
1/3 2/3 0 0
12 1/2 0 0
0 0 1/2 1/2
0 0 2/3 1/3
0 1/3 0 1/3 1/3

Uk W=
SO OO OO
~ O O O oo

ZRiOYNIOTHEEEAEZS.

(1) 2DV a 7EEDHER R % HilT .
(2) AREBZE[M %2 BERIMEIC & o THEE K.



IR 1.7. IROHEMSHER P 2 R Dk~ L 2 7 #iH 2 B X %

1/01 09 0 0 0 0
2(02 08 0 0 0 0
p_ 3] O 0 03 07 O 0
41025 025 0 0 025 0.2
5( 0 0 04 0 06 0
6\ 0 05 0 02 02 01

(i) Zo~)ba 7 HHOHEBRZ .
(i) MR OMITH S &5 kL% RD &,

M 1.8, HERHER

1 /05 05 O 0 0 0 0
2105 04 0.1 O 0 0 0
3] 0 06 04 O 0 0 0
P=4]| 0 0 02 04 02 02 O
5| 0 0 0 07 O 0 0.3
6| O 0 0 0 0 0 1
7T\0 0 0 0 0 1 0
ROV THEPEEEZD.

(1) ZO%N a7 EHOHE % 1.
(2) IRBEZEM & HERIMELT & - T HBIE &

IR 1.9. IROHEMSHER P 2 R Dtk ~ L 2 7 #iH 2 & X %

1 /05 05 0 0 0 0

21025 07 0 0 0 0
p_ 31025 025 025 025 O 0

41025 0 025 025 0 0.25

51 0 0 0 0 05 05
6\ 0 0 0 0 05 05

(i) To~va 7 EEOHER B 2 ).
(i) BRI OB TH 5 & 5 A% KD £,
(iii) FEFFRRAPREZ KD .

I 1.10. OB 2RO~ )L a7 HHEZE X 5.

O
A

o
S
©)
\@

45
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(1) 2o~ a7 HEDOBERIMEIZ DWW TN K.
(2) R 1 DA Z KD K.

M 1.11. ##BX

0.5

mCKi) 0.2 <:zg%%i§21;f/}:>z;;j<:>

0.1
EROYL I THPIZOWT, RIE 2 2 SREOES {4,5) ~OBEMHRE KD &.

Mg 1.12. (2—uE7y - ZAXAILD) L—L vy M —ATIE, [FEEIZHE%IC37%
3Nz, R—IVDELLZRTY "HHYD, £RT7 Y MTIE0~36 FTOHFEIHLINT
Wb, BFIE 1256 36 £TDOSH I8 FIFAR, 7D D 18 fEllxE, 0 lFkicaniIInT
Wa. BFICBERRL, BRENE WS EITLOYE, M 25 THS. FIAIX, R
BT, R=VDELKRT Y NOAWROGE, MII7-F vy TITMATHRBDOF v 7H
"mon, "7y NOURENFKOGE I ZFy TIEeTERbONS.

L, BERIZFY T2 1IBREIEZX YV T I7—%E25. ZOXF Y VT 7—13F v T
PEBIZREH, TR I 2105895, 20 E, MTFTOMWIEZ L.

(1) ¥v > 75 —0F v FTHOEHIZET 3 MR % HIT.
(2) Fx VT —AT & LD BHER, Thbb, Fv IEAETIIRBH TIET B
K Rd &

R 1,13 (3T — 22 BREHLIRARE). TROLS %5 OOBEEER, HE
JITHIAB Y, WESICETF— ANBENTHEETS. 2L IEHE > HEAT VX
NCEETRHT 55D LT 5.
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BlZIE, WE2 PSR 1/2 THE 1 ~, X 1/2 THE3~ABEL, M2 49151
HE 1,35 NENZTN 1/3 ODHERTHRENT S, HWIEIBHEH LRV, 2 XINLRIZA-T
EEWZWFIARIEZRRNDL LTS, A AXAIFMH 1 T TR EBET L2 E R, WHn T
DARXIDNEE X, TRT. TDOLE, X XIMNMIAERONTIZF—X 2B L
DTE LR, ThDb,

T=inf{neN: X, =5 X;#3(1<k<n-1)}

YEE, fi)=Pi(r<o0),i=1,2345 &RDE>. ZIT, RE3 L 5 FHICK
RBL AT,
(1) &k
@) =Pi(r=1)+ > pif(), i=124,

7j=1,2,4
ZRt. 727U {pi} RISV a7 EHOMBHETH L. (B b T
]P)I(Xl :j,T<OO):pij]P)J'(T<OO), i,j:1,2,4

B &)
2) f(1) &Rk &.

I 114, {X,)}, & IRREZEM S, HBMR P = {p,} 2> <L 7HMT,
P(Xo=1i)>0,i€ S, 2329 5. BCS ~DFEHA

g =inf{n € N: X,, € B}
DYRHE m(i) .= Ei[rg], i€ S\ B, %2 5.
(1) Pi(rp <o00)=1,i € S\ B, 2KET 5. ZDL&EmiEHERA

j¢B
DffEL b Z e itlT L. (v b T 1.5.6 DitHZSEIZT 5. RKIZ,
Pi(X1 =j,78 =n) =piPj(tp=n—-1), n>2 ijeS\B,
EHWS.)
(2) Bl 159 1CBVWT N = 4 OBA%2ER 5. B = {0,400} I25WT, m(200) % K
H&.

B 1.15. Y OHBHER 1/6 TH A A 30T OMRAGEE 5. n BEICH~ZE
BY, LBE, WRER (X, % X, = |{Vi,.... Yo}, Xo=0, CE 0 EDHZ. =2
T, Al 13ES A DERBERT. WEG ~D (§) BEM% r T3, Thbb,

7 =inf{n > 1; X,, = 6}.
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(1) {X,} HOREEZER {0,1,2,3,4,5,6} LD LI 7@ TH2 I L E2RL, TOHY
MR %2 Kk K.

(2) #eRHER P2 b O~ L3 7% (V) 2L, F=inf{n>1;Y, =6} #£2 3.
%i=0,1,2,3,4,5 18 UT Pi(F < c0) = 1 B D 2D 2 & &5t

(3) El7](= Eo[7]) %3k &.

IR 1.16. HDIFAR D L28URH, HEBL A7 1 ADFEITHE > % 4 K> T35,
W2kE-> T, ZOHBAZEBHNIE, TNEMS. WL TVARVWE X, WOHA%
ENTUES. EERCHEp e (0,1) THAKS T35, nBHOBER, OB
HLEORYE X, TRT. X, WA EEBIIL, TOREEIC 4 AERHIE
Xo=47T, SSOITBHRFICNDYBE->722TE X =1, RS RNE X, =0TH
5. X, =00, EFMMPELZNEINICr2bST X, =4 Th .

(1) {X,,} DHBBZHT.
(2) T=inf{n>1; X, =0} B L X, Bylr] & p DAEHWTHE,

i 1.17. N e N &9 5. »2EWEMOHENREDOMEMEEA S ={0,..., N} ZiR{EZE
Mg b~ a7d {X,}00, CLkDETMEINTWDE LT B, 5, {X,} OHEBHE
R P ={pijlijes ¥

Piiv1 = bi, pi—1=di, pu=1-bj—d;, 1=1,...,N—1,

poo =1—"0bo, po1 =bo, pPNN-1=dn_1, PNN=1—dn
WWEDEZONTWEERETS. 7272L, 0<bgp <1, 0<dy <1ThHHH, &
i=1,.... N—1I1Z2W<T, b, >0,d; >0,b;+d; <1 B4 9B, ZDLE,
{X,} DEHEDMZ KD X.

[ 1.18. & & EWHEM O HAREOEEBARDESHER P 2D <)L 3 7#BEIZ LD
ETMEINT VWD LT 5:

0 0 1
1 @ "1 p1
2 g2 T2 P2
pP= ) )
N-1 gN-1 TN-1 PN-1
N 1 0

27T, K%i=1,...,N—=11Z2VWTC, p;>0,¢;>0,p; +q;+1r;, =17T, 175 P DRk
SOEMIETOTHS. 2OV T HPEOETE %KD XK.

M 1.19. —RIZHEKIZBWTIE, BEO FIZEAPBE ST WEORBEPESL S <,
MOZMRAEI D 55, HEHKIIENT LM ZEDES {1,2,3,4,5} & X,
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HORRDBNEWUT OHEBIHER P IZL o TRldINd LET 5:

0.12 0.12 0.12 0.42 0.22
0.14 0.05 0.10 0.3 0.18
0.12 0.08 0.10 0.32 0.38
0.12 0.28 0.05 0.20 0.35
0.13 0.27 0.08 0.19 0.33

i
I
N

RHIFNCIE > T OFRMAERE L7z & &, KD 5D SEGIEZLED X 5128507

kb 475
1.88 0.88 0.88 0.58 0.78
0.86 1.95 0.90 0.47 0.82
0.88 092 1.90 0.68 0.62
0.88 0.72 095 1.8 0.65
0.87 0.73 092 0.81 1.67

DHATHNE GELHIZ)

082 -0.19 -0.16 -0.06 —-0.20
-0.16 0.75 —0.18 0.03 —0.24
-0.18 -0.23 082 —-0.18 -0.04
-0.18 -0.06 -0.22 0.76 —0.10
-0.17 -0.07 -0.19 -0.25 0.88

i EZxoND.

Ml 1.20.

(1) HEOIRIEER S L HMBHER P = {p;; ) jes % HO MBI~ L 3 7 888 [X,}°,
BEXRB. PH&KJESIHUT Y, copy =1 2lETLE (ZhE PIR_mERER
WTHBL\NS), m=1/|8),j €8, N{X,} DEHIMTHSBZ L ERYE. 77
U |S| 135Ea S oEHB L T 5.

(2) S =1{0,1,2} &L, {V,)°, &M ANMHREESIT, JBOHAH

P(Y: =i)=a; i€S,
LD EZAONEHDETSH. 2T, £ie SITHLTa; >0.
T {Xninte
XOZO, Xn+1 :Xn+Yn+1 (IHOd 3), n:O,1,2,...,
CEDEHT S, Z0rE {X,}IES 2REEMETEY LI 7TEREAS (ZhIZ

BaEe LTdw). {X,} OfBER e e oMMz Rd XK. pEao/NH (1) OfiR %z
HAWTHE L.

M 1.21. 25RO AICBEL T, HEEX N> 2) MEOHA T 2RMmD T h 5%
RIENTED. INSORMNERSMITTL2,...,N &EE, il OMFHBICEM j
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ERIMHBEOEEGE pi; RO RTZILT B, 51T,
0<pii<1, pi—_Pi i £
Dii y Dij = N_la J
ZRET S, T4bb, AUMHTIERSOMMBEZEIANOEEIT—ELTE. ZO

i DMk A A GBS & HERS SR P = {p,; } 2R DB~V a 78 { X, }20  CTalk
THLE, LFOMIZEZ &:

(i) COVV T EBHOE N {m} BB,

-1
N
1 1
T — E N 7,:1,,N
L= pai = 1 —pjj

&V ExONE T L 2RE.
(i) Mdh e OHHBEER (=7 v b - x7) &, MBI WTREMG @ A
BHLEGE, $hbL

1
Jim 5 2 o=
k=0
ZEDRBERAZENTES, ZOEEHEE L.

M 1.22. FTHIEH 2B OBIREER LAY N7 =272 W25 DTH 5. MOoILEK%
£U, 15756 10 OHFITHFHEROFEA A E2KRT (ZZTERIhozE [Vr ooy

V] EER).
1

N

_J

N
Nej

i
—
(a]

R T E——

Uy vy a vHORERETINICEIORTEUTDOLS TR S.

© W0 Utk W=

SO O OO oo RO O
DO OO oo oo =OO
SO OO OO O
e lie ool el
O OO OO ~ROO
SO oo O OO OO
O=H M OO OO OO
DO O R OO O oo
—H OO R OO0 OO
O R OO oo RO OoOo

p—
o
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ZITHED 1LYy vy a VEIPEEHG L TWDS Z 2R, B 0 IXEHITIEA
ALTVWRWZ 2EIKRT 5.

L, ZOMKEERKAY T —2 &S U RAIBETAHEHEE XS, ZOHBHIZE
B 2 Xz, EEEAGLTWAY vy vy a UASHRTREIT 2 L IRET 5. BEIHD
BEiz <)L a 7@ AT e &, IFOMIZEZ X.

(1) Zo~)a 7 EEOHBHER P = {p;;j}i =1,
(2) PageRank D& X fizSHL, K@BIZELTY Yy oY arves v 7MLk
V. ZD7=HIC, HEEIZROBEH (a) £7213 (b) 27 Y X LITERT 5 L UE

I 5:

(a) BEIRHEBBEEWS Y Y V7Y a v EHEEELTWE Y Y Vo7 Y a v ~Ef
RTHET 5.

(b) HEIHEIIBAEWD Y v v 7 ¥ a VICBRRL, ROV vy v oY a UASEfER
THEIT 5.

&) (b) 1ZHI 21X, BIRERZRHURWBEZINKL7ZE DL RINTE 5. BH)
(a) ZBINT HHERE 1/4 95L&, KWBEIIEATLIY Yy o7 a oI rFy
RO K. ZTOMET, By =77/40, Bij = —pi;/4+ 37/40 (i # j), THZ5
N 35174 B € RI0*10 2001,

(1,...,1)B~!

~ (0.0836,0.0836,0.1384,0.0960, 0.1146, 0.0846,0.1179, 0.0848, 0.0972, 0.0992)

THLHIeZHNTH L.

e 1.23. M LOMRR S 4 iz KIFEHE D DIHIC 1,2,3,4 ¢ £L, Z0oDRER
B9 AR~ L O 7B { X, 100, 2F R 5. ZOXN I 7HEBEIIMERL T - 2,
253,34 BENTIH, 4ITRZLESIELRL/2TLABHEIL, HE1/2TLICH
E5LIETS.

(1) {X,)} BT T— RIITH B 2 & & RE.
(2) {X,} DR &R &

M 1.24. ERTOLFLDIZR>TWVWEIHMDOAI—RIZETE2 -y EEZEZS.
ZZTH—RYD &L, 1BEOI—R2LoT3HADOEINITTIVELIZANDZ L
28T, SO —RE2FSMITTL,2,3 KL, nBHOA—NYHHEONWTHZE X, T
KT L&, {X, )00, dIRAE4EM {123,132,213,231,312,321} 2>~ )L a7 #ETH 5
(ZHIEFBRE LTLTEW). A—FNID 22 HEEVIRLZLE, I—FOIWMOHIFE S
o TWAMN?

M 1.25. =20 ABIZA dHOENRA->TWVWSE. A, BLWihhro@HE»s 1{H%
WOHL, MLz ESFEICZD 1lE2 ANS LTS, ZOHMEL n HFEDIRLZ
BRIZAIZASTWEIEDHZE X, £95&, {Xplpso B¥IVaT7HETHL (ZDOZ L
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FEEFIE LTRW)., 22T, AWifl, BiZd—ifiAoTWnd&E, ARS 1EED
HgERIEi/d, B2 o LHEEO HIHERITL—i/d 2T 5.

1) {X,} ODHEBRERZ KD K.

2) {X,} DRI E S kR X

3) {X,)} ODKIRFEO,1,...,d DREMIERD L.

4) {X,} DEFENHIFETE01? FHETIHEITNERD, FELRVERIZE
DiEA%E 5 2 K.

(
(
(
(

M 1.26. ¥ an% n k> CH-HOEGF %2 X, 295, 727721 a00lisH
RO IXBRVWEDET 5.

(1) X, 24 THS7=RVEY, £35. EEL, V=08, Z0rE, {V,} »~<
NaAT7HETHEI L ERL, TOWBHERERD X.
(2) lim,, oo P(X, %% 4 DEFE) 2K K.

MIRE 1.27. (1) { X}, 2 ARES S Loz v I— R~ La 7EgEe L, {Y,12,
Y, = (Xp, Xpp1),n >0, CEDEHTZ. Z0rE, {V,} 7S = {(i,j) €
Sx8:pj >0 EoTVI—RW~vLVITHETHE Z L EGHE L. 22T,
P ={pij}ijes T {X,} OHBHLTHSD. 512, {V,} DEEMiZ P L {X,}
DEFEDMA 2 HNTERE.

(2) {X,} ZHeRBHER

0/1 -« «
PZl( 8 1—5)

ZFD {0,1} v a7 §5. 72720, «,8€(0,1).

S, 0P LIl ZE & BRI T — R 20,21, ..., 28 DI NZETE. ZDFT—

AN {X,} DEBUETH 3 LIREL, x0,21,...,28 5 a ZHET HMEEZE 2

9.

(a) Spi=(Xo+ X1+ ...+ Xpn)/(n+1) & Ty = (1/0) X020 Li(xe, X 0)=(0,1)}
O (FERNHDERTD) HEZ KD X.

(b) (a) DFEREZHANT, o DHEERZ 5 Z K.

M 1.28. HDITA®D UBURN, HEL A 7« AOFEBITMHE S &% 2r ARFoT W
5. EELUr IZIEQBEE TS, MAK-T, TOERICENONIE, Thzei>. W
D> TVWRWVWE S, WObRZENTULE D, EERHICHER 40% THARES &7
5. nMEHOB#®, TOHIIHLLEOAKE X, TRT. fIZIX, #tiEzEE
2L, TORHERIZ 2r RELRHNIE X = 2r T, I SIBEBHFICHERH -7z T
X1 =1, PSRRI NE X, =0THb. X, =008 ZEHABELNE S 2IIrrb
59 X1 =2r ThHd. ZOLE, MERSMADO N THEEVPWITEN MR, Tabb,

lim P(X, = 0,7 + 1 [1 H OB )

n—oo
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% 0.01 BANIZT BB/ D r 23K K.

i 1.29. (1) {1,2,3,4,5,6} EOWMERNST puh

em

. m=1,2,3,4,56
eteZteStettestes

Mm =

kb 5EzeNTWBEET S, [0,1] OB A%EHANT, pilhd lEREHRD
Al & Rl &
3ODYAI0%EEZL. FEY 1 300HIK 1525 6 FTOERMEETS. Y12
ODHDMAEDY i = (i, is,i3) LB T BHEE 1, FUTFTORTERS5NB LK
Ed 5.

eil +i2+413
—
ZIZTZIFEBLEBTH Y, BTDi= (i1,i,i3) DHMAZOEITK T BHERD
A LIZRD XS ITHESINT VWS, FTZ - BTV VT RGN (1) TRD
TEBERBHLUT, (i1,i0,13) DflAGDLEEZY I 2L —Ya v T 5 HEER
¥ &.

T = i = (i1,12,13).



54

EiinRFRE <L 76818

IS H BB B IR & i 22 R O CE AT B Z LIz &k 0, RTINS AT RE
272y, AEEAGHARIENEH L. KETIE, a7z DR R RER &
ZNSITE o TERSINDMELBEEZHKS . UUF, HNDMHERLH, WHREFRIIETHE
24 (Q, F,P) LoD LT 5.

21 K7V ViERE

HEHREEDHMII B B HERLE DA Ry NRBEMBUIRT Y VY ik fioTET IV
INBZ L. HilEEEET, MR 25410 U 2Rt e U
TIERT Y ViEErN RN TH 5.

EFHE 2.1.1. A >0 &9 5. EGERHETHERERE (N} BULFD (1)-(5) 2fikdT & &,
E (intensity) A D—#kKR 7Y Vi@F (homogenous Poisson process) &\ 5. H 5\
FHLUZEREE X DRT Y ViR & IR,

(1) Ny =0.

(2) t — Ny I3 ERE» D LR Z S .

(3) MNEEAME: EEDOn e N, 0=t <t; < - < t, THLT, Ny, — Ny,_,,
=1,...,n, [FMITH 5.

(4) EHEBEHVE: FED t,s > 01K LT, Nyps — Ny & N, EHA/GTH S,

(5) Zt>01ZX LT Ny iZNTA—=R N DKRT Y VHRARITHED.

{Ni}iso ZHRE N DRT Y Vi $5 2 &, EOEHRLD E[N,] =X Th5. fto
T, K7V Vilft kA4 Ry M OFAEMER L AT L &, M N ITHARRY 72 0 OHIfS
FEMBERIRTE S, £z, Taylor DEHEEY, 1—e " =h+o(h) (h - 0) TH5
"o,

~.

P(Nypp — Ny =1)=e MAn=Ah4o0(h) (h— 0)

MDD, bbb, BUNXENE R OBIT N, WYy TT5HRIIEEXZT hIZH
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BIL, ZOHBIEBHM N EVIDIFTHS. 51T,
P(Neyp — Ny >2)=1-P(N, =0) —P(N, =1) =1 — e — Ahe ™"
= M+ o(h) — Ahe ™™ = Ah(1 — e M) + o(h)
=o(h)  (h—0).
7o, WNIRATE L EHBMAIEE VWS Z 2T {N,) OERRTH AR EBICEET S
TSRS, FEE, 6 <ty <. <t ITHLT,
(Nit,, Niy, ..., Ny, ) =

n

(Ntl,th—Nt1+Nt1,~- s Ny, +Z - Ny, >
& ANIK

P(Ny, = ki, Ne, = k1 +ka,... Ny, =k1+---+ k)

=P(Ny, — No =k, Nyy — Ny, = koo . Ny, — Ny, = k)

=P(Ny, — No = k1)P(Ny, — Ny, = ko) - -P(Ny, — Ny, _, = kn)

=P(Ne, = k1)P(Npy—ty = ko) - P(Ni, 1,1 = kin)

— oM (Atl)kl o~ Mt2—t1) Atz — t1))" e Mt —tn1) A(tn = tn—1))*"
kq! ko! k!

_ o QW) A2 = t))*2 (At — ta1))™
k! ko! k!

WERERF AW, o0 2L Ty =0, T, =Wy +---+W,,ne N &EE, iRk

R

#

Ny :=max{n e NU{0}: T, <t}, t>0 (2.1.1)
EHEZD.

EEL 2.1.2. FERZHS (W, 102 IZMSIFE DA T, & W, 28T A —& X\ DB I
fE> L, () TEZEIND {N}so RIBENDORT Y Vil L 725,

AERH. {W, (TR 2 ARE & IR K D

2 (Aa)k
Paggx)zl_e*fEZ—H—, x>0 (2.1.2)
k=0
EHENPDDLIENTES. £oT, &n e NU{OMZHLUT{N, =n} ={T,, <t < Tpy1}
THBHIL D
_ae (A"
P(Ny=n)=P(T,, <t) —P(T,y1 <t)=e Y (2.1.3)

LB, Thky

(Nt—nNHs—n) P(T <t t+S<T +Wn+1)

/ / )\2 —Az4y) \M) ()\ ) d dr 6—A(t+s) ()‘t)
t+s—x ( ) ’I’L'
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ThHs. AT,

]P’(Nt:n Nt+3:n+1)
=P(T, <t<T,+Wu1,T, +Wn+1<t—|—s<T + Wit + Whga)

t4+s—x
/ / / 3 —)\(z+y+z) ()\ ) dZdyd.’L’ — e—)\(t-i-s) ()\S) (At‘)
t+s—x—y ( )

n.

T%D, m22®t€f, Z = Wn+2++Wn+m tiTm,1 (‘ilﬁ]ﬁ#ﬁf@éi))g, (E:L__Z)
EHNT,

P(Nt:n Nt+szn+m)
—[EDT <t<Tn+Won, Tn +Wopn + 2 <t+s<T, +Wn+1+Z+Wn+m+1)

/ /ttJrs x/tJr ()\Z)m 2 ()\x)n 1

s—x—y
A4 —Az+y+z+u) dudzdydx
/Jrsncyz ( _2) (n_l)!
_ —)\(t—i-s)()‘s) (At)

m! n!

3%, koT, (CI3) 2 Z@THIE

o0 oo
P(Nips — Ny =m) = ZP(NIH-S — Ny =m,Ny =n) = ZP(Nt+S =n+m, Ny =n)

n=0 n=0

> As)™ (AE)™ As)™
B Y0 L U L Ly
— m! n! m!

Lin. Fibb, (N} REEEAMERED. &5,
]P)(Nt =n, Nt+s - Nt = m) = P(Nt+s =n++ m, Nt = n) = ]P)(Nt = ’I’l)]P)(Nt+S - Nt =m
75)'{;E9 @Z. Nt b Nt+s Nt liﬁﬂﬁfﬁ)é \_o)uﬁauﬁi’ ('J:E%Ef'b)) _‘EX’ﬂ:—d_é b
T, {N,) OHIBMES R EATES. O

L 2.1.8. {Ni}is0 ZRT Y ViBfELT5. ZOLE, RO eN,0<t; < - <t,
A ti,..  tn >0,k <--- <k, A kl,...,knENU{O} Iz LT,

]P)(Ntn = k;'n, ’ Nt1 = kl, e )Ntn,1 = knfl) = P(Ntn = kn ‘ Ntn—l = knfl).

o THPIZFARTY VBREOTLVITHEZEKRLTWDS. E, BTHS XS
AT Y VR IEERLR ]~ L 3 7O R el & IR o T\ S,

o EH PIIIIART YV VIBRROBARRICHHZHWVTEGIZHENPDD Z LN TES.
Lo CEFHHIZ BT 5.

HHBREEVIFXE T, BMESRMPREOIZONTEIT S EZ DS HVEERT
HbB. IDILEEBLT, ATV VEROEEL—MRLLTEIS
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E 2.1.4 (FE—RRRT Y VIBRE). \(t), t > 0 ZI A DK SHERGREE 5. H#iikE
[EIHER TR { N, }i>0 ZPATD (1)-(4) 2729 & &, BERH (intensity function) A D
JE—HKRT7 Y VBT (non-homogenous Poisson process) &\5.

(1) No = 0.

(2) t— Ny (3GEREP DR Z S D,

(3) {N;} (FHSTIEHMEE D,
(4) BEDO0< s < tIHLT, Ny— N, 355 2—2 [* Au)du DET Y A6

WS,

(Ni}iso ZHERE N DK7Y VB L T2 L%, —BOBELFACHERIZED, h—0
DR

trh t+h t+h
P(Nyyn — Ny =1) = e e A<“>dU/ AMu)du = / AMu)du + o(h)
t t
= A(t)h + o(h)

THY,
P(Nt—f—h — Nt 2 2) = O(h)

L5,

o E—HDGAELER, KTV VilifiE T V3 — 7 O KSEFREMBAGAL H2
Bl BT 5NTWS.

22 HBERTYVVERE

(N} 2RI A O—BEHT Y ViBRE, {X,)00, 2MITANGHD (N} LT E 45 &
> RHEREHHIT, & X, FEMOMRERL TS, Z0L*, WTEHSNLHRAR
(S} &£ 25

Ny
Se=> Xn, t=0 (2.2.1)
n=1

ELYY_ =08F5. {Si}iso WEARTY VB (compound Poisson process)
EIEENS.

o N; ARl t FTITHI o7 KEMHE, X, 2 n BHICKE S KFICI28EHL
T2, S, IFMZIt FTITRI > -8 EIT L 2 RFHEEE L 25,

e B IZBWVT, PRV TUI—TDKKT—ReHWTHEED M X, OHEN T
bhvTnb.

Sy DHITHE, DEIEThTN

E[S:] = E[X1]E[N;] = ME[X1], V[S] = E[N;]V[X1] + E[X1]*V[N] = ME[X7]
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TEhExOND . £z S, DEEE ¢, (u) 13

es, (u ZE VIR0 X1y, = ZSO )"P(Ny = n)
n=0
Bl (0] — BV RS0, ucR

iZkoThHEAONE., 22T, NP WNU{OHETH D H 6 EXDATIE log DA FLDHL
DHIZESTIRED., 51T, NIRRT A=X N DRT Y U HAIZHS DT,

oo
/\t h
[ehN] Zehkef)\t _ e M=eM) oo
k=0

5. Ko7,
vs, (u) = e~ MA—px; (u)

— %z, R LD F 2k DA T, F(—o00) =lim,_o F(z) =0 B &
F(400) =lim, o F(z) =1 27§ L &, ym%ﬁ?ﬁfﬁiﬁl (distribution function) &
WO HEREHM X TR LT P(X <z2),reR, i EOWEZHE-ZLTEY, X O04HM
BEMES, Znbifg, KEIOKDY £T, X O9MBEE Fx L& 5.

—fiT, WEREH XY PO L E,

Frov(@) = [~ Fx(e=)dFy(y) = (Fx+ F)(@), o €R

—0o0

yEIND. HEL, AR E, G LT
FxG(x) :/ F(z —y)dG(y), xe€R.

ZNENHEEF £ G DEH&AH (convolution) EIEIXN, HOOMERIZRS. 5,
So=0, S,=X1+---+X,, neN

LBL L E,
Fs,(x) =E[P(S; < 2| Ny)] = > P(Sy < )P(N; = n)

L%, foT, MMEEE FITHLUT,

F@) = {0 (z < 0),

F*(z) = F« F*" Y(z), neN, zeR

LEHT DL,

[o.¢]
* — )\n *
Fi () = 3 BV = m) s, (1) = 3 BN = i) = 3 e )
n=0

n=0 n=0

ERTIENTES.
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Bl 2.2.1. Xy DDAEHINTA=R 0 DIRBAMTH L EEER LS. ZoeE, FY
&

o ¥
F{l(x) = ) /0 e %y ldy, z€[0,00), neEN

(n—1)!

CEDERONG (HBHRINEHIDE). 5T, Fs(0) = ThHY, £ Fs, &
(0,00) THATRETH T, S, D Z TOEEIE FY (2), 2 € (0,00), &

/ — o~ (A+x9) - n _ ,—(A+xzd)
Fg,(z)=e 321 P (z0) e VA /2T (2V Axd)
YEF B, ELU L(2) BB FCEH S WA IEE Bessel MK TH 5

0 (2/2)2n+u
L(z)=y 22 . veR
(2) nz:%n!f‘(u%—n—kl) zZ,V €

2.3 EfmbFE~<I/LO7EHE

I TR O L a 7HEBIZIOWTEZ LS. FO =LA, S E2EaxaBE
GEl, Ihz<)ba 7EEOREEBY 3 5.

EF 2.3.1. 4,7 € SITHULT p;j : [0,00) = [0,1] BFEIELTEATFD (1)(3) &A=
&, P(t) ={pij(t)}ijes, t > 0 ZHEBHERE (transition probability function) &
W,

(1) %icS2t>0kHLT,

> pi(t) =

JjES
(2) FHEME:
P(s+t)=P(s)P(t), s,t>0.
(3) t— P(t) 120 CHEfiTHS. ie.,

AI{‘%P(}L) :P(O) :I|S|-

o ISR B A L Ffkic, RISXISI O A—83 5L &, P(t) 2 HEBRERIS
IS,
o HEIT(2) EHA THERT &,

pz] 5+t szk pk] i,jGS, s,t > 0.
kesS

5. I (HBHWVEFWHE (2) BK) 2F vy Ivry - aleEdn 7 AR
I35,
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¢ 0, ETATVIDTFNRET S, $hbb, i,jeSITHLT,
5. J1 (=7
1) — . .
0 (i#J)
ZoLE, BHEZZAOD (3) IF

}{%pi]’(t) =dij, 1,JE€S
LEERIND.
EFH 2.3.2. S EEGRHMERER (X, oo 2%, RO >1,h>0,0<t <t <
e < Ty < By éf’ff%’n\@j es, BJ:U‘]P’(XtO =10,..., X} = in—l;th = 1) >0 7%
BEED iy, ..., ip_1,5 € SITHLT

n—1

]P)(th+h = j | Xto = ’io, ey th71 = Z'nfl,th = Z) = p” (h) (231)

iz e &, HRBMHER P() 2 D&ERERE IV T7E#H (continuous-time Markov
chain) &\W5.
o HEEKIREH DG G L FIMRIZ, S (E330) &0
]P)(th+h = j | Xto = i07 cee 7th,1 = infl)th = /L) = ]P(th+h = .] ‘ th = Z)
TH5b.
#il 2.3.3. BE N O—RAKRT Y ViakE {N,} 2RAEZEM S = NU {0} Lok~ a
THEBETH DI L E2MENPDOTAHALD. EELD,

P(Nyyp = i+n|N, = i) = Elern = Ne =n, Ny = )

= ]P)(Nt—‘,-h - Nt = n) = P(Nh = n) = ef)‘h ()\:LL')” .
£oT, y
o=t (At))~* s
0 (J <1i)

YEFTNE, EHEI3 L0, (N} (E3D) 2T IEASNB. £, 20
{pij()}ijes WEHBEZI D (1) & (3) 22T Z L IHS»RDT, (2) 2EEHFICK
DiEPDD. j<iDLE, {LED ke SITHUT pu(t)pri(s) =0. £>T

> pik(B)pri(s) = 0 = pij(t + 5).
kes
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i>inrE,

J k=i (\g)i—k
> pin(t)pij(s) = e M) kz::l E;t) )] 8_) k)!

kes 1)

_ e~ A(t+s) I (j—1)! g)i—i—t — e*>x(t+s)(/\(t+7$))j_i
G- EaG-i-0) Q0" s = (7 =)

= pij(t + 8).

PRI A 9 ORI T H 5.
i 2.3.4. {X,} ZEfGEREE LI 7EEE L, n>0,m>1,0<tg < <tpim &
T2, ZDEE, i, ... inem €S XL,
P(X:, =tny-v oy Xtnym = intm)
= P(th - in)pinin+1 (tn—i-l - tn) c 'pin+m_1in+m (tn—l—m - tn+m—1)-
FEFHIEMECII OZNEIF L ALH U2 DTEKT 5.
HERB MR B D F B MEE Z R R B,
Wl 2.3.5. P() = {pi;())} DHBREREE 51E, & py () 12 [0,00) LERETHB.

GEEH. £, h >0 LT, Fryy Fvy - aLEIR T ARRE ppi(t) <1 &0,

szk pk] (pm( ng

k#i
< 2(1 — pii(h)).

WM OME (3) X0, h\, 002 =, Fllk0 1T 5,
IRk,

Ipij(t+ h) = pi; ()] = ) <D pir(h) + 1= pii(h)

k#i

pis(t — ) = pig(0)] = (1~ pia(W)pig(t — 1) + 3 pis(Wpag (¢ — )
k#i

<2(1—=pii(h)) =0, h\0.
UEXD Pij 3% t>0 CHETH B. ]

W 2.3.6. f: (0,00) = R I limp o £(£) = 0 £ 2 2FAMKT, HIMEHETS. T
b,
flt+s) < f(t)+ f(s), s,t€(0,00)

Rl eTs. ZOLE,
f@)

q =sup —= € [0, 0]
t>0 t

LB,
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AEH. ¢ DEHRED, EED a € [0,q) ITHULT, 5ty > 0BFEL, f(to)/to > a.
BFmt>0%220, neNZty/t DBEHILTDE, nt <ty <nt+tTHEH5
to=nt+067256€(0,t) BEHETD. ZZTHMEEZ (BOEL) HWT

f(to) < f(nt) + £(0) < nf(t) + f(0)

"Eon, fEoT
W) 10)
t to

S
~

f(to)
to

a < <

~

0

to—t<nt<ty ZBEETHL, t\O0DELE, nt >ty THD, § =0. Zho e fiTxt
THRELD,

a < liminf 1) < lim sup @ <gq.
t\0 t N0 t
a < qlIMEREEZ 70T, WHEOEEIRES. O

EHL 2.3.7. P(-) = {pij (") }ijes 2 HBHEREHE 5. 20L&, &i,j€SITXHL,

ffit B 5

2.3.2
R \.0 h L2,

PIFAET S, FHZ, i £jDEE, ZOMBEIARTHS. T4805, ¢; <oo. TH
2, SHEREERSIX, ¢ > —oo.

AR limpopii(h) =1 &0, 5 e > 0DMFEL, pii(h) >0, h € [0,e]. FREDEt >0
XL, t/n <elBdES5T+FAKREVn e Nz, pu(t) > (piu(t/n)™ > 0.
£oT, B

f(t) == —logpii(t), t>0

HIMENTH S, Tkl 238 2EATE,

h
A

. 1—pyuh) . 1—€_f(h)f(h)_ f(t)
Y - R W SR S

TRhbDL, g ld —oo IKHET 06 LBV, HETS.

WIZ, i #£ j OBAI (E32) BRI DOIEERES. h > 0 2EEIZE o TH
EL, {Xn}o2, 2R P(h) 2R DHERH <)L 3 7HEHT, £ie SITHLT
P(Xog=1i)>0%A=TLDLT 5.

Pl () =1, pli(h) = pi(h),
M) =P(Xpy =i, Xp £ 5 0=1,....m—1|Xg=1), m=>2

(2
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LB ZOEE, i£j&0n>31ZHLT

pij(nh) =P(X, =j| Xo =1)
=P(X,=4X1=j|Xo=1)

+Z n=17X _j7XZ#jaezla"'am_llXOZi)

+Z Z P(anjaXm:]7XZ:]€>€:]-v7m_1|X0:Z)

m=2 _ JeF#I
BHEOEROGLICMHMELCTA ZEAL,
pij(nh) = pij(R)p;;((n — 1)h) + pii(h)pij(h)p;;((n — 2)h)

+3 > pin (WP (B) - i ai(h)pij (h)pji((n — m)h).

ZZTplM(h) DEHEEVHL
> pip (WP (h) -+ o _si(h)
= P(Xpo1 =i, Xe £ 0= 1,...,m = 2| Xo = i) = p;" " (h).
£oT
pij(nh) Zp” )pij(R)p;i((n —m — 1)h). (2.3.3)
T 5T,
EHEL. ZDEE, m>3ITHRLT,

—1-mZ_IP(Xm:z',Xl,:j,Xg;éj,ézl,...,y—1|X0:z’).
Iz LEFAROERZIT>T, m=20DH5HEDT,
pii(mh) = pl™(h) + Z h)p;;((m —v)h)
2%, Zhe Yt <1 &0,

pii(mh) < pl™"(h) + 1§1a<XmPJJ<( —v)h).
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Wz,
pl"(h) > pii(mh) — | max pj;((m—v)h), m>2. (2.3.4)
Sv<m

)5, WBHELROERID, TA/NMI Ve >0I12HL, 6§ >02FEL,

sup p;j(h) <e, sup pji(h) <e,
0<h<d 0<h<d

i i 1— inf pj; 1—e.
odpt  pisth) > 1=, duf psi(h) > 1—e

(2.3.5)

fE>T, (CE3)-(5H) £ 9, nh< DL,
pij(nh) > pij(h)p;;((n — 1)h) + pii(h)pi; (h)pj;((n — 2)h)

£ 3 P (Wi Wp(n = m — 1))

> (1 —&)pij(h) + (1 —&)*pij(h) + Z (1 —2¢)(1 = ¢e)pij(h).

m=2
LZAD min{l —¢,(1 —¢)%,(1—2)(1—¢)} > 1—3c THDH»5KEH, pij(nh) >
(1 —=3e)np;j(h). bbb nh<dDEE,
ii(h 1 ii(nh
t,he(0,0) &L, n& t/h DBEHSETE. ZOLE, limponh =t THY, HiHF
P33 &0 s pii(s)/s i3t THEBELEHN S, limpopij(nh)/(nh) = pij;(t)/t. T 51T,
nh<t<§ ThHhsdH»o (230) Z#HHL

pij(h) _ 1 pi(t)

li < 00.

I R
ZZTtN\02LT

(h (t
lim sup pig (1) < lim inf ]L() < 00
hN\0 h 1—3¢ N0
BEIZe 02 LT
(h (t
limsupw < liminfw < 00
h™\O h N0

2135, Zhid (2232) O E BT 5.
SeHAREGLTLE, MREHDOZMATELDT,

g P =1 pij(h) o Pig(h) N~
e D D Dl e A DU
Jj#i Jj#i JjFi
Bl TR FEARTRE N 0

o & qij (G5 j D) #FE (transition rate), Q= {qij}i,jes T WRERTT

(transition rate matrix) &\5.
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o WRRITHDZI L% QITHIEMIZLEH 5.
o (I32) 2{THIETHIE,

_ iy £(R) = P(0)
Q= fm

LU TWAZ IZERLLES.
il 2.3.8. B3R &b, BTV VBRI HIGT 2 BRI
AT
e
pij(t) = { (j—o)! U
0 (j

Thbd. Ik, HBEITH Q= {q;} &

v

i),
i)

A

-A (=1)
gij =yA (=i+1)
0 (#ii+1)

kv EzoN5.

HEREREROEZRE LD ZjESpij(h) =1Thsh»1o6,

1 —Pm’(h) _ pij(h)
h ‘~ h
J#
T hN0&T2E, SUALOMEMBRORMNATE 45 (ZHIFKHIZ S
ﬁ’ﬁﬁﬁ%é@k%ﬂﬁ%f%é), —qiizzj#qij C‘f_fcié. J:“)f

qii > —00, 1€S (2.3.8)
AN S
> gij=0, i€S (2.3.9)
jeS
"EsN5.

iﬁb:, (M)*(M) %(FE?‘:?”:%@WJ Q == {qij}iﬂ‘gg 73‘5‘2’. Y (YR %, %ﬂ%jﬁ@
RPN T B LI~V a7HHERKT 5L HTES. ROEMHD (5E2%) GEHE
BRI AR D\ T IR 1 [3] D5 5 % ] O 9 Bk H &

EM 2.3.9. —FEH Q = {qij}i7j€5 » (M)*(M) B3 edh. ZDEE, Q
ZHERRITH & T 58 R ~ )L 3 7 A FEIET 5.
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Iz, S ZEREELMHEL T, HBRITH & HBHERBEBOBEGZ X 0 FEMIZHHN
5. P={pij}ijes ZHBMERRL, Q 2NIET H2HBEITIHETE. 20L&, Fyv
Iy - a)lEIduT7 FERLD

Di t+h — P pir(h
(] ( Z] Z ? pk] (t)
kes
pij(t —h) —pij(t Z pik(h) — pas
t—nh)
kes

235, Ino M3, BLUSPEREATHLIILED, t—pj ) idt>0
?Mﬁﬂ%?%b,@mohﬁsuwﬁﬁﬂﬁ@%

dp Z o
Z] szpk] 1,] € S
keS

i3, INETHITETE
=2 —QP(t), t>0. (2.3.10)

G P(0) = Iig) TH 5. (Z300) 2L EITOTDHRIBARERX (Kolmogorov
backward equation) &\5.
i, Fry 7wy - aleEdn 7 AREROFEVWEEEZ S L,

ii(t+h) —pij(t i(h) — Ok
Pis ; p():%;M@Wk(L 2

ZEL50OT, ML hN\0&T5E, LEFEKZ, WMo hiRA0R

dpij (
zl]t => pita, i,j€S
kes

PEINDL. ThETFITHEERT L
dP(t)

dt
ISR Y P(0) = Iig) TH 5. (E300) 23)LEIA7ORIEHRERX (Kol

mogorov forward equation) &\ 9.

=P(t)Q, t>0. (2.3.11)

o (E3MN) 2 EHBIZEF vy Ivy - aLEITUTHEAZ
pz] t + h Z pzk pk]
kes
EWVWSTETHWE. t0>0%8 b, hxtnhdwedse, EOFENT
P(Xpppr = | Xegon = 1) = Y _P(Xppur = j | Xoy = B)P(Xy, = k| Xpp—p =)
kes

ERIND. Thbb, ZhiE, HBHEEREZEZZXDSKXMZ [to, to+t] 2 HEEIT
WoTltg—h,to +t] ITIEEL, [to — h,to] DHEDEM|EZRZ-EDTHD. D
RET (2230m) 1 TR AR IFENn 5.
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o [ARRIZ, (Z030O) 2ELBIZHWZF vy I~y - I)VEITE 7 HREAK
P(Xpgtern =51 Xty =) = D P(Xigr1n = 5| X1 = F)P(Xig 1 = k| Xy, = i)
kes
ERINDG. SEFHBHEREZEZ DX % [to, to + t] S RFFIZEI L THiM E (12

[to,to +t+h] NEFXUZETH Y, ZOREKT (ICII) 1 TaiE) HGRER e g
ns.

(2Z31m) (b 2 Wi (030)) (3750 EMS AR TH D, ThoiIfTs s
BEBIZEDEZ SN ZEAHISNT VWS, —f#iz, AcRSXISI 2 5 >01zxL T,
WEL S ((sA)™/(n!) 1 s € [—sg, 0] LIRS 5. > T, 175IfEBEEK
exp(sA) := Z (s4)"

n=0
EBTETHD, R EHlFETHE. X512, BROTHMOEEZSLE, s exp(sA)
T R B ATRE T,

T seR

di exp(sA) = Aexp(sA) = exp(sA)A
s
ThHsd WMo iEX0BRELZSROZ L).

EH 2.3.10. S EAREALTS. ZOLE, LEOHBHEREL P(-) X 4R (2231m)
2L,
P(t) =exp(tQ), t>0 (2.3.12)

LEDERBNG. ZIT QI P() ILNBET 2HBRTHTHS.

Wz, (2030) & (2939) %72 Q = {qij}ijes € REXISicH L, (E3m2) c&k v
#IND P() 1 Q 2HEBRITII L T 2HBHRBERTH .

AEH. WA AERO R LY, (E302) Lk W EHEND P() BEIRE P(0) = I )
FD (300) OB TH 5. Lo CEHORPEOERIFESIZHS.

Wiz, Q = {qij}ijes € RISXISI A% (237 & (2239) %73 L iET 5. L Q=0
%5 P(t)=1ig) THYH, INHPHEBHERBEETHLI LIS THS. £oTQF#0
L35 (E3A) &0 Q... )T=0. 22T, 2T ZRI MLz DiEEEZRT. #-T,
ozl (1,...,)T=0. Zh &b exp(t@Q)(1,..., )T =(1,...,1)T. ThizeE
% C30(1) OEGLZE ERT 5.

exp(tQ) DERDVIFATH D I L E2RT7D, a=max{—¢;:1 €S} 2EZX5. T
DeE, (30) & (Z539) £V a>0ThS. RKiZa=0LF2L, 0=—qi =2,
L7578, £i,jIiDWVWT g, =0, THbL Q=0 2RVENONEZFETS. £o
Ta>0TRPNERSRY. Zhe a DEHLD Pi=a"1Q + I|5) RIFATHTH
5. Q% PTRITZELIZED

exp(tQ) = exp(at(P — Lig) = Z e, (2.3.13)

n=0
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ZZT, iz A, BeRISIXISI 33 AB = BA 2373705
exp(A + B) = exp(A) exp(B) (2.3.14)

MWED LD Z L, BEV exp(—atljs)) = e “Ijg) Z /2. (Z313) &V exp(tQ) &3k
“frsTH 5.

£/, (330) L0 EFEEZ3N(2) FHES IR, ISR HELOME L E#
P3A(3) A7z I b Z L EHLNTH 5. O

S & DA IR L CTHlnENFSE R IZEE 2B Z 5.
EFE 2.3.11. {X,}>0 ZHEBMHEREE P(-) = {pi; (") }ijes ROV 7HPEL 5.

(1) S LOMERHE 7= {m}ics 1Z

T = Zﬂipij(t)a t>0
i€S
itz 9 & &, {Xihiso DEH 2 (stationary distribution) TH D &\ 5.
(2) {Xt}tZO =) 75‘] RBHERED 1,] € SEEEDLt>0IZRLT pij(t) >0 2729
& &, BEW (irreducible) THD LW\ 5.

{Xihiso ZHRBHERBIB P() = {pi; (") }ijes 2ROV ATHPL L, Q 2T OHBFE
FHET2. ZOLEUTD2OMNMI D (FHEEZINS IO X)

o SWERELGZOIE, 70 {X;} DEEFATHDILL 1Q =0"HKHLDI L
FFEMETH 5.

o (X)) BEEMTHBILY, i 4 jBAMEEDI,j € SITHLTir,....in €S
(i # i) PIFIEL T Qiiy Ginin =+ Qi > 0 DD IO Z L IEFEHETH 5.

T 2.3.12. S R HREA LTS, {Xihiso & HBHEREH P() = {p; ()} 2HOHK
BTN THEBLRETS. TOLE, EHA T NI,

tlg](c)lopij(t) =m;, 14,j€S.

AL EH A T ORI DWW TIKGEE (2] ©% 6.3.1 2. TN DEEER
Tro, £F, E3I3) &0 pu(t) >e @ >02um52 L EHELTBL. koT, ¥
HIMEL DERED 6,5 €S, t> 016 LTpj (t) >0 THS. DAITh>0%ERIZLD
L&, HEREEIOL 3 7B { X b0 BTV T = RITH Y, EEDM ot BRI
T2, 7 BES {Xuntnso DEENMHTHE2 00, =7 Thb. TibL, 7l ikh
ICERAE LR\, E7z, T & 0 ERRE <L a 7 #EEOERE SO B RES.

T, P(t) 1320 T, [0,1] BTl TH s, DRI, EED e >0/ LT,
H%6e(0,1) AL, [s—u| <075 s,ue(0,1] 1IZXHUT [pi;(s) —pij(u)] <ed
%i,J € SITOVWTHRILT S, Lo THIZ, TARIWEED >0 LTnZ t/d D
BB SETDHE, 0<t—nd <6 LBBDT, |pjt—nd)—0d;y <e. fi), EH I



69

£V, BB ng BFELT, N 2ng 85 |pi;(NO) —mj| <e. #£2T, t>02H2K
EUNIEn>ng ETEBHDT, |pj(nd) —mj| <e 255, DXL, THRERtE>0L
Fi,jeSITLT

pij (t) — ;] < [piz(t) — pij(nd)| + [pij(nd) — mj
<Y [pin(t = nd) = G |pj (nd) + |pij (nd) — 5] < (IS| + 1)e.
keS

IN&DEHRDFRENHES. O

2.4 HERRERE

HAE (Lo U kD) LB T EY DA D RIZ DOWTIHHZE T 57201 EA X
NEETNTHY, fEREREE U CiddRf~ a7 HTh 5. EERBUZHIRZH S
B I BRWNGENH Y, BIEIZERIRED <)L 7 #E & 72 5 72 ORI D 2T Ok E
DHEATE 5D, BHIZODVTUIMERB OIS (D7 L EARBMOPHIATIX) BB
BREHALH L. RETEHLNIEEREZRE TR S HFHTAOMBEIGHT 5.

BIEICIk 7z & 512, HERBHRITH %2 5 2 2 Cilfiief~ L a 7z R T2
TE% (EHEZ92MK). HAELBMERIZZ O AETERINS.

T 2.4.1. S =NU{0} &L, {\)2, ()2, 2HEDFEIIT o = 0 2735
@K—é—é Q = {qij}i,jes 75?

i (G=:i4+1),
o= L Qi) =),
T (j=i-1),
0 (jgé{z’—l,i,H—l})

KD EERT S, Z0LE, Q 2#HBETH & 5k~ IV O 7 EH % HAETERETE
(birth and death process) & \5.

o HEREKDEERLD,
P(X;ip =i+ 1| X, =i) = Nh+o(h), h 0

7%, ZZT, o(h), h \, 0 & limp f(h)/h = 0 Z 7= 3 BIE f 2RI
RKIZEE2EVEZFS. koT, X, 214t TOMAEEL T2 L, N\ I3MEAED
i DEZDOHER (birth rate) Z2=EET 5.

o [ARRIZ,
P(Xpyn =i—1] X, =) = psh+o(h), h 0

THENS, p; \TMEEED i DL EDFEE (death rate) 2EXL TN 5.
o g =02 LTWVWBDIE, AEKELOLSHET 2HHRE2HRT 57-2DTH 5.
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i 2.4.2. ARG OHBIHERELR P() XarveETn 7o&R AR (2230m) %
73 .
FEBH*. 0,5 €8, t> 0 ZEET 5. BifiZ FEBRIZ,

ij — Pij i(h) — 1 i
POl =po() _ pul) =1, 5l o)
ki
ERU, HUDMRIZOWTHHNSL, RO N e NIZHULT
7 h a i h

ki

THY, HARERNTHE25 b\ 00 F Yo qupiy(t) KT 5. 5T,
EE2) IBVThNO0ELTHS N 500 £ T2IET,

. ik (D
hzn %lf Z b kh( )pkj(t) > Z qikDr; (). (2.4.3)
A ki

RIZ, N >ilZHLUT,

pir(h) Y ik ( p
ik )S Z pk] + Z zk
ki k=0 k>N
N
ik h 1-— 7 zk
-y ]E )pkj<t) pz p

k=0
ki

THoEh o,

N0

N N
p k(
lim sup Z iy (t) < Z QikPr; (t) — qii — Z ik
k=0 k=0
ki ki

i34 N — oo &3 1iZ, quz‘kzoc}i@,

lim sup Z sz ) < Z Qikprj (1) (2.4.4)

hNO G ki
(ZZ23) & (223) &b (220) OALHE _ITHOMR A7 L,

. pij(t+ h —pij(t
lim i . 2.4.
lim = Girp;(t (2.4.5)
kes
|—J L/uﬁan J: D , (
. pij t— pzy
1
hl{% Z szpk]
keS

EREDHDT, e (243H) & @mEO ERPHES . O
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REEE-PAFRDO L i, 7 VEENGTHEI LI n7Q =0 LFAMETH -7z, [FABED
Z e DHAEERGEFRIZ DWW T H E R 5.
B 2.4.3. sup;eg(Ni + ) <00 BIRESTSH. TDEE, S LOMRAE « 2 P(-) D
EWDATHEODBEFTIFMETQ =0DKDIDI L THS.
FEHA X RN VEE R T, MBI KD, [LED > 0L T,

ng - 51] + Z szpkj(s)d& Z,] €S
0 kes;

7272L Sy = {0,1}, S; = {Z - 1,i,i+1}, 1>1. 5, keSS, Dt & |qikpkj(s)] < A A g
THY, Y cgmi(Ai + 1) < oo ZIELZDT, MO EMOLHMMRTE,

Zﬂng Zﬂ—z(sz] + Zﬂ—z Z / qzkpk:_]

€S €S €S kEeS;
=7+ / Z Z qumpk]
€S kES;

ZIT, Yies dkes, TildikPri(8) = D opes ies TildikPrj(s) TH B S (ZAULHMIHIL
FEDPSHRES N, EEFHEIL->THHENDOND). FHOKELD, ZOERDAU
0 TH205, fEr ZEESIMGTHS.

Wz, 7P DEFESGENET S, Z0OLE, FEDOAR>0L j€SITHLT,

0=>Y" mp” %ij (2.4.6)

1€S

pijh) = 03 / > ikpri(s)ds

0 kes

ZDHERL ¢;; <0, ¢ >0,i#k &P

1 [P ;i —
Qi < h/ ¢iipij(s)ds < u < — / Zqzkds = —qi;.
0

0 ki

Thbb,

pij(h) — 6i;
h

koT, WHOMKE LD, MREM (S,2%, 1) (B W TENEH (EH B2d) »3 M

TE50T, (248) IZ8WT h N\ 0 &ThiF,

. pz] pz]
T STUELIES JSPWEEUELTED S F

€S €S €S

Q=0 DS, O

< A e




X 7Q =0 1%

Aomo — 1y = 0,
Xic1miz1 — (N 4+ pi)m + pigamisr =0, i>1

LEERING. m POoRMIIZENTNSZ XD, ZOHLBEADOMHI

72

= Do himL s (2.4.7)
[ Y7}
IED—EBHIZEZOoNBEZ DN hb. £oT,
o A
YA v (2.4.8)
P L S
DL xE, .
1+ZAO ) (2.4.9)
LEETNE, CO {m)ics BERAHEIRD, (T P() DEHMETH 5.
Bl 2.4.4. i =A>0, i =p>0DBE%5E25. ZOLE, pi=\Np<1h5iE

A
1/mo =Y eop =1/(1—p) THEHh 5, EHIMIE

&V E5EZOND. TROLLEWDMIINT A=K p DEMIMHTH 5.

AL R A2 &0,

dpi;(t) _
dt

:m’i’, Di—1,5, Pi+1,5 %Eﬂi%ﬂc\_’_ LT Di,j 6:5@ bfﬁ@”’ﬂi

—(Ni 4+ pi)pij (1) + pipi—1,(t) + Xipiy1,;(t), i,j5€S.

t
Dij (t) = 6_(>\i+ui)t5ij —|—/ 6_()\i+ui)(t_s)(,uipi_17j (8) + )\ipi+1,j(s))ds. (2.4.10)
0

B 72770, i =0 D ZRALOEIHIFH NV, &, £EDic S, t>0

TR U T py(t) > e~ Kitrdt > 0. Zhe (Z21m) 2 VT,
t
Pii+1(t) = Ai/ e M=)y, iga(s)ds > 0,
0

t
Piji—1(t) > Mi/ ~Qitn)t=s)y, 1 (s)ds > 0
0
195, 5, FEDOme NIZH LT

Pii+m(t) >0, pji—m()>0, >0, j>m, t>0

(2.4.11)
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DO DZ EZMIEIZEDRES. THICKDEOFEHIZTET TS, m =105
BRO D Z X ETHRLZOT, —fO m XL T (2210) O ERKET 5.
IDtE, m=10t& R, (2Z210) &0,

¢
Pijitmy1(t) > )\i/ e Qitn)t=9)p, i m(s)ds >0, >0, t>0,
0
¢
Dii—m—1(t) > Mi/ 67(Ai+m>(t*3)}?i—1,i—1—m(S)dS >0, i>2m+1, t>0
0

L%, EoTm+ 1L TH (E2Z0) A3k D 2. O

HEBZEENORDOHBERLREE X TIZT 5 Z & TRARBD— € ORFEMNIZINE 5 &
S AEFEREEEZ ERTE L. RPOHAERERERNEIZED L &, MEOFEADH
Wz LD, ZOHERBEELBNTH D Z D E,rOONE,. DL E, REEMIE
FREES L AR DDT, RIfOEH IITA L D IROFERIE SN 5S:

M 2.4.6. NeN& L,

A>0, i=0,...,N, \=0, i>N,
>0, i=1,....N, =0 i>N+1

BRETS. ZOLE, P() OEENMiE {1i}ics £T5 &,

lim p;;(t) =m;, 4,j€{0,1,...,N}.

t—o0

25 #F5175

#5175 (queue, waiting line) &1, B2V —ERA%2ZI}572DICHATVEARY
DZEEWS. BlAIE, MERPEMEOF 7y 8T —ATF 7y hOEADZDIZAA
TWABADRZNIZYE 25 THA . FHiTHEHMR (queueing theory) TIX, FEbiT5%
BERET LD, fRELEHROMNTPY — CAREO DD Y 27 L% - Gl Z47 5.

FHATHIE, BaRGERE, BE, @RS EAMUNAORLE S Z2 5T, ARETI,
RS %F Ty NEADZDIZWSIANEZEEL THHEL L 5. ZoHE, ANEF Ty
N2 FIZANDZOIZFIEDLATIZITL. ZOZ 2R L, F7rv h2FITANDS L
WHZlE [H—v2%2%175) LI, y—CARBRHEIN G2 [RIO), B
A5 Nz T8, BORELGIICbE 2% T5F#E] LIER. $ LEL AN YT
HNWFTERERINZIMND Z 22850, N IHELART.

RHATHIE T VX

1
2
3
4

AR A R ARG S 2 I bE O MR 516,

Y— C AR B 1 NCET 55— AR O HER 3 4,

BODH: FRFZY —ECA%2ZIFTEILDTELEE,

FHITFIORE: BODOKE FHEHITFNIERICHRZ & D TE B ABOF,

N

~~ ~~ —~

)
)
)
)
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(5) Y —eAHE: b —E ZX0RENLEEIE (FCFS: First Come, First Served) 72D
& NE (LCFS: Last Come, First Served) 7M1 ¥,

WWEORET S, —RIZ, Zholdr Y R=ILDRSZHVWTRINS. 7V F—ILOi
F%
A/B/c/K|Z

EWHIETRBITFIETIVERET 5. 22T A ZPERMMEREI M4, By —E A
RO, ¢ ZBOOK, K ZRABITHOARR, Z 3V -V AhiEE2ERT. FlzE,
M/M/1/00/FCFS 3F XK T Y Vil THFE L, ¥ —ARMIZHEHRS M, H
—A&B, LA ORBIIMRTCEEIHIIY —CAINELIIRETIVTHS. Tk
M/M/1 EWET 52 &%\,

LA, HBAMETIVIEM/M B LT, [ELEHA0EX & — ANk ) DY — Y AR
RHIMN . TH B Ze2IEETSH. DL, L IAWATVWED S — L AR %2 HE
M35, LVWHEIIRILIIFBETHZEDS. I 51T,

A(i): RNER T O L = OB = RIE i 25 i + 1 ~BBT 5 £ TORH
D(i): RNES i DL & DY —C AWM = RE i 25 i — 1 NEBT S E TOR

EEZDH. TITRABHEIZBROIZWAELRABITHICHATWAIEDGHTHS. Z
DEE, & A®W), D) FEBEAMIHENE LAWY EHREST D, TDNRNTA—REZTNETN
iy i &35, 51T, KAt IZBII2RNEERZ X, Itk ET L,

P(Xipn =i+ 1| X =) = P(A(:) < h, A(i) < D(4)) + o(h)
/ / i i€ iz Te HiYdxdy + o(h)
{z<h,0<z<y}

/ /‘ Nipie N%e HiYdydax + o(h)

e ( i)
= (e o)
= Nh+o(h)  (h\0).

ZZTl-—e*=x+o0(z) (r —0) AWV, FKIZLT

P(Xt—i-h =71—1 |Xt = ’L) = H1h+0(h),
P(Xern =i|Xe=14)=1—(Ni+ui)h+o(h) (h\,0).

HoT, {X;) BTN TR TIE S NI ERAR TS 5. HHIFFIATIE, H

o ZI T, RBITHETAN M/M B TH2 I LITMATRNERIZY LI 7
EFERUED, FIF M/M HETHIEBRMIC {X,}IE~xLa 7He s 2 e h
HoNTWS, ZANBEAHEEZHVAHEHTEH 5. OV TIEHIXIE [17]

FHeEEZZRDI L.
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FIEH TR L7 & 510, HUEFWBRIE (EE8) 27T & S eI {1 )ies 285,
U (ZET) ¥ (F0) T XD B SND. AR ) TS HERERE X 245 L,
TR X, Dt — oo LB BREFINER BT HREM L ABE5.

M/M/1ETI
A>0&u>0%8b, BERLY -—UARBENTN
/\i:)\v Hit1 = Ky i €S

LV 5RONBGEEEZS. DL E, HERIERIKFET S ={01,---} k
—ETHINE, TOZLIZLVFBITHOFRENTRTH L ZENRITE S, £z,
— I E Z N, BOSARONMEENIZBOOKE ZZIZVWAEBIISLTRELZED
THY, SERNEBDR AL -DDRE —FLREL TSI hb, BOE—DL
AlsE L. $hbb, ZOGEOMARBENRIE M/M/1ETVERELTWS.
Bleaa &0, \<puDrE, EHNE, Thbb X OAHIRNTA—R p=\ud
AN THS. 5, E[AG)] =1/\, E[DGE)] =1/u THEH15,

Y — R
P = s

rERINDG. £,
PX>1)=p, P(X=0)=1-p

ThHb. 5580, [ERMIZIX, H2EDVHINZIFICBODVEDN > TWIHEED p TH
D, BOTWEHERN 1 —p THD. ZOERKRT p 2RHRE NS,
Rz, EHREZBTD

o FYIRNER L
o YRR W

2%x%. L=E[X] THoHH5,
p

L:Tj;
o T, FHRNEBIIFHERN 1 1EI< o0 T (B #imns 3.

v A EFHRBIZBEVWTEPHNZROMNLRME T2 &, PRI RS R
Y —CAREOMTHE 0o W =E[y|+1/u Thd. i, EEIRET ;A
Y- AT BRHDOGEE v; £TBL (y=0&8L), v=37"01x=j)y £REN
5. j>1DEE, v 3T A=K u OIBAMEIHES jEOMN R HEREHOMTH
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D, ETHUAMHBHAOES ¥ —ARBOMTE L (@ZI2) 55,

00 (o]
Ply<t)=> Py <t,X =j)=mo+ Y mP(y; <t)
j=0 Jj=1

oo t i1
plpx)’ =
=y + 7T'/ — e Mg
’ ; o (G-
L%, m; DEKBEENRAL, MAGREZEDSZLIZLD

Po <t =1-p+ 3 (-p [ e

1

t o0 -
(ppz)’ =
=1p+(1p)up/ e Mda
0 ; (=1
t

=1-p+(1- p)up/ e r1=P)T g
0

-1 pe—#(l—f')t

2155, ’to T,

1 1
W =E[y]+— = .
) po p(l=p)
X o THESRERM B RAZEN 1 1A DK IZONTAEICHEMT 5. £72, 2 &b
L =\W. (2.5.1)

FfEA (250) 29 bLroARE WS,

M/M/1/N EFIL
N>2A>0,u>0&L, BEREY—LARNENTN

\ A (0<i<N-1), - <i< N,

10 (i > N), 10 (> N41)
WWEVEZONBEEE2EZ LS. ZOHE, ZNERDN N IZRNEH - R85 185
BT, FOBREOANRKRIBZLEZLZIENTES. koT, ZoOHERBEREX
M/M/1/N €T NVERBL TV, EEDM {m}lE, £i=0,1,...,NIZ2W\WT

S;Qﬁ (p# 1),
T = 1
ES

ICEDEZ SN, ko TEMRNER L = E[X] 1

p o (N+1)p"*!
1_/)_ 1—,0N+1 (P?él),
N+1

9 (p=1)

L=
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L5,

o M/M/1/N EFMZBNVTE, U MVOAR L =AW BEH DI L HRISNT
W3, IHIZEAIE, VN LVOARIZETVOIEMNIF L A IR TH KD V7
D, FLKR 2] 0FE 2 mESROZ L.

EEEEADIGA

RBHTHEROIGHE LT, H2MEOEEERIZOVWTEZR LS. MEZ BiflL,
BRI L2/ ORE e, EHEHROEE, BROZELD 3 HMOAEERD. SEEEAR
AT, BEEOEXEZIITHOREIECEET D, ZO5E, BEOFEXHRHELITHE
TIVZBITEEOHNEIZY -0, MEOZELIFBOTOY— A LALES. ZHEL %
o TVWAEXDHERNEHE L, ZO/HFBG5E M/M/1ETVERET DL, %D
FRWEHTE,

EtE, TICEEINBRVIER =P(X > 1) =p,
1

g, W EZITHS £ TOFIRH = SEIIERH] = =)

CREH DI ENTE S,

RAFEEARNTE, UFOFRELAZMELTHONUDAEELTEE, FXGU TE
FERSHTT 5. ZOAKETIE, bbAA, BEOMHFLIMIZE 2505, B0 RE 2
ARED ML= RAIRFHEAET L. DAFAARIE, ZOREZRLUZEEERETH
5. HEEOEBEIIE ThAIXA ] LIEENZEEEVRMEINTED, MmEe LT
RET 5. MEOZEURZIE, PARARAS S, AAxnizr XAk, BEHMcEb
T, ILOWHBOEERREL UTKEEZLZ5. Z0HRTED, FEEIH-T-L &
DAELERTOI, DPAIXADEBIZ ioffﬁéﬂlbl:/l\m—)lxéné T 5.

AMEATIREEBITIIRTIVCHIT L TA LS. $ LIEXHHICEREL H L, BEHO
S LR, PARADEEIZ XL > TEEPHIBS NG, fEEFENE ST, ZiEEEE
FIRRICHEEEZRDZ LIl D, XoT, EERRPAIZA] OBEEEIENE EDHE
XEOKH, TiRbHAEEMNSS OEXBERBITFIET VIZE T2 RAEREARTS.
ZHAEFEDOEG L FRZ, HAE/RDEXDREIIRT Y VBRI CIRET . 5
K,%D@ﬁ~€l%%ﬁb%ﬁ@mﬁb&&&7’tﬁ,F%’@ﬁ%ﬁﬂ%ﬂﬂMﬂ
ETIWVERET DI LNTES. 5, EHEREBOEEMSLEHE X, DAKADEE 2
95k,

o TEHM = (2z—X)y =1,
o MEREYINKFDEX = (X — 2)4 =: B,
o LR AIEADE = min{X, 2z} =: C
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L5, kv,

z

SEIHERE = E[I] =Y (2 —i)4(1—p)p' = (1 —p)p* Y mp " =z —
n=1

=0

p(1 —p%)
1—p

L0, PARABEIEEBUS I IIMRABTH D Z 0 0h5b. 51T,
EHEYINDOMER =P(I =0) = P(X > 2) = p~.

TRDL, DARARERECT I L CTHEESHA SO TIERYINITR S HERIZ/NET 2
5. ULHL, FIHE p BRZNEE L RWVRHTIE, PAIEARE —ELA LY U THERFY)
NHERIZK SR EEZ G220, KB, p=0.1 OFIIE 2 = 4 FRE CHEBRYINMERIZ T
SINZ .

HUAEEYNORIZIZEXDRF Yy v bENTLEILEEICIE, PARKAARIE
M/M/1)z EFNE%5. ZO5E, RNEBIZEERRDAZABRIZ—BL, Zhre
DL INEABIZHE L W ZITIEF 7 RBEVPREL RN STHS. EoT,

1_ V4

(l_i)f_)l (p#l)?
WEXAF Y v L INBHEE =P(X =2) = 1P

o (p=1)

LiRs.

26 T UIEE

TIu VBB L IE, 1827 EICEE O FE O N— R - T I T UDNRR U, KITED
AR T OIR T DA KALEB 2 BELE T WML L 725D TH S, BETIE, ZOX5%K
BB DR & 13BN, B4 2B OB IcB VW THwenTWS. file LTI, i
BN HERIIREIND L O, TUXLIZ/FEOENY AT LIZE T 5 RHEEMEDIE
RELUTOHREBE TSNS,

DT, S =>7_1Xe (n>0)Z02SHHFKTSE LIRGCHNIETI VAL - Tx—2 L
T5. NSVHHXFCE#SE 57280, /n TEELLZ ET

m . 1 o (n)._ L (). 1
WO = %S()—O, Wl/n = %51, W2/n = %527...
YuE, Zhoofpmiie W 35, $habb,
m _ 1
W, —;ﬁ[ﬁmy+XmuH0ﬁ—LmDL t>0.

W O S OERTOME n — co THSNBEBIZOVWTERZ LS. T,
{Wt(n)} DERBRITEOFFIZDOVWTIIATD Z &R yhn 5.
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M 2.6.1. 0 = tg <t <ty < - <ty ETDEE, (m+ 1) IRTTHEREH
W W, W) BT OB R HD (m+ 1) RoEHRER (Wi, Wi, ..., We,,)
WZARINERT 5:

(1) Wy, =0 as.

(2) Wy, , Wiy = Wy Wy — Wy IEAT.
(3) & Wy, — Wy, 1 EFI 0 DBty — to—1 DIERDMITHES .

A m =2 DGEEFEZS. —RDO m OGELEMEZDPRKIIRES. s=t1,t =1
LBl

my_ 1 1
W, — —8 | < —
’ VR BV
ThHdro, HoRIZ
n n 1
‘(Ws( )W} ))_ﬁ(stsnLSLth) —0 as.

o7, DAENKDERT
1 Lsn] Ltn]
n Zvasz — (W, W) (2.6.1)
j=1 =1

B D IO Z &R REIE K. i ZEREME L, o,fERETHEE, (&) OMVIFES
Atk & D

sn] [tn]
1 1
E |:exp (’LO&\/E E XJ +2Bﬁ E X])

[ Lsn] Lt
=E |exp (i(a —~ /5)\/15 Z X; H;B\/lﬁ > Xj)

Jj=1 j=|sn]+1
[ Lsn]
el e A )|
i j=1

< E 5 [tn] — [sn] 1 Lmjz_fsnj ¥
exp | @ - ]~ o] 2 j

%, (sn=1)/n < |sn|/n < s THBEH 5 |sn]/n — s. £, FOBREHRELD

ﬁ SO X R E B 2 0 S HER AU AR B0 5,
1 LZ":J 1 “Z”‘j | »
E [exp | ia— X;+if—= X; N E[e’(o‘_ﬂ)WﬂE[ezﬂ Wt—s)]
\/ﬁ j=1 \/ﬁ j=1

_ E[eiaW,g—i-i,BWt]'

& > THHBIBOIHIC & ) (Z5T) A% 5. O
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W iz, @EEED O (1)-(3) & a7z THERERE (W) ik (W) OBy LTod
HREOMIR L A5, (W} O &> alkifis 75y v iEH L 0F e, REHIRSH O
ZHNCHEB LI NAZET LV E LTHWS.

EFH 2.6.2. (EBUH) MERBERE (W }iso BUTORMERG-TLE, T30V iER
(Brownian motion) TH»5 &\ 5

(1) Wy =0 as.

(2) ¢t — W, (3HfE=R 1 T,

(3) MSZHEAME: 0 = tg < t1 < -+ < by TR U, WRELS W, , Wy, —
Wiy, Wy, — Wy, | T

(4) EEREDVE: s <t ITNU, Wy — W ld, FEH0 28t — s DERSMITHS.

77 VEB O & D BRI, M EED T, 7TV VEBOFIEIRMRIETET
WAERWZ EIZERLTIELWY. & LIFAET 2 2 TUEAERR OGN BT 22 nw5 2 &
ZEERLTCVWEDATHS. L, ZITRT7 7Y VEEBOEFEMEICILEAST, &
ROBERRS,

EFL 2.6.3. fEUET S vy o EE) 30 Y e R 2] BIFET S,

15
L i
05 F ,WN 4
\
iy At “'NM
PV W Wl \
il [ ”w”, “‘w M " “NW o WWW ’v‘ﬂ
ol VY I L /|
Wi | \ TNV A W
\ \ LY oo
ho Y Ay
I W Ww” f
VW”WV‘ I N
-05 ' B
4 s s s s
0 0.2 0.4 0.6 0.8 1

X 2.6.1 7357 EFDOEAR.

o 757 ViEHEI %A Wiener BEEH WS,
o d UGTHERETE W, = (W1,... W), t > 0, B&RAHT 5 ™ 2 HH T H 2l
SDEE, dIRTT T VEEE XX,

Rz, 750 EBH DR ARAMEZDOVWTATALS.
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M 2.6.4. 77 VHEOBEAKIIERIZOWTHER 1 THMAARRETHS. Thbb,
Wit 2750 viE#Hed2LE, FEDs>0IXHUTPH{weR:t— Wi(w) s T
WD ATTRE }) =

A F T s> 02EEL As={w:s>0Tt— Wy(w) IZWamaE } &<, ko T
we A, 3B e, R limy o(Wepn(w) — Ws(w))/h DPEFELUTHRIETH 5. KT,
[Win(w) — We(w)|/h <6 (0 <Vh < hg) Ziii7=3 5§ >0 & hg >0DFETD. £o
Tsup,>; | Wepim(w) = Wi(w)| <oo THY, T0&b, 5 N > 1BFHELT, &
n > 1IZHUT W /m(w) — We(w)| < N. 28l

As CUN>1 N1 {n|Wepim — Ws| < N}

EEWRT L. HROHFMELD
P(A;) < hm inf P(n|Wyyq/, — W] <N)

N—ocon>1
185, 5, Wepim — Wy~ N(0,1/n) THBM5, £~ N(0,1) £T2EE,
inf P(n| W1/ — Wi < N) = inf P(ny/1/nl¢] < N) = inf P(¢] < Nn~1/2) = 0.
5T, P(A4,) =0Th5. 0

ZOMmEL Y T VEBOMARKIIIEFICHSZEB L TWE B0 5
o HiX, 77U HBIOEAKIIMER 1 THARIZ Vfwﬁ$ﬂ%tﬁégt%mﬁ
5. AEHNZOWCIRBIA I [I6, 5E5 1.2.2] 25O L.

BOREEZHNTT S Y VEBOEABRO AN ZRE S, &> 0L

Viv ([0,1]) := supsupz Wi — W

k>0 w
LEFET D, TNIEXM (0,¢] Lo {W,} ODLEE (total variation) LIFEFNTWS. T
ZTCT2O0HD sup Z kDR ZHD(0,t] DAEI7:0=1y <ty <---<tk <tpyr1 =t
BRIZDIZoTE D, ZNIET b, HEMADSHOMAE TOEIZE T 5 EEZED
BEtERT. REHVREVEZE, TYTXIVDEDWERTHDIEVWAD.
EHL 2.6.5. 777 VBB DA OLET) IR 1 TRIBKTHD. T4abb, P(VE>
0, Vw ([0,t]) = o0).
A 29, [0,t] EOMEEOSE 7 6L T

EY (Wi, —Wi)” = (tiga—t) =t

t,em t;em
THDIEITHERETD. Z;= Wy, —Wi,)2 = (tis1 — ;) EBE, E~N(0,1) T3
E, Z; HIEHEWICHNT, ZTNENE (2 - 1) (tiy — ;) EASAHTHS. koT

E KZ(WmH - W) —t> —EY 7} = — 12> (tirr — ).

t;em t;em t;em
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DEG 1, B Ay = supy o ftivr — 6] = 0 2T LS L, EXDALIR
tE[(€2 — 1)2]A, THIX A 5N5. foT, HERIKDOEET,

Qn = Z (Wti+1 — Wti)2 —t, n— o0.

ti€ETn

X o THUINR T 28950 Q,, DFAET 5. W2, K2 P(Vip([0,t]) < o0) >0 & T3
k., 750 VEBOBAROENEL D supy cp, (Wi, — We| = 0 THLH5

=0

t < lim <sup Wity —

k—o00 ti€mn,

Wti) Z |Wti+l_Wti
ti€7rnk
MABFHRZDHERHE LD, UNPLEBAAINELt>0EFETS. £oT, £ED
t> 0 UTPVw([0,t]) =00). THIT, fEEDt>0IIHL s <t HdHHM s &
# 200 Viv ([0, s]) < Vi ([0,1]) 2752 DT,

=P(Vs € QN (0,00), Vix ([0, s]) = c0) < P(Vt > 0, Viy([0,t]) = 00).
(ZRE B DREERDE D . O

o FOEHMODIHEYD, MEDODE O =1t) <t1 < - <tp < tpp1 =t ITHLT
A, =supltiyr —ti] - 0 D& E, HERHDEEKT

W>t = IimZ(Wti+l - Wtz‘)2 =1

AN RRVASH

o (W), t >0% {W;} DZRES (quadratic variation) &\W5. T4bbH, 77
T VB D —IRDEIMIFEIT 2, KDLV NV TIRARIZELEDTHS. 20
MEPHELERS OERITENINS.

WIZT T VEHO< LA THIZDOWTERS. YL THEOGEERRD, 777
VEBIIMREEAFOOT (Bh), YVITHOEBEEBETAIHELHS. LirL
I TCIHBREEEZT DI IR, EEIIZEZTALS. 7»:7Lﬁ®%m,v
Nazteld, HolXK A, MEDEREIC K D504 SRV Z DERTDZRMI
WiFT2ZeTHo7z. ZORKT, 77V VEHEYILITHEEREOE VR 5. %@,
t>siZRLT

Wt:WS+Wt—WS
ERINBDT, Wy — W, W s AETOMEDIFHR L Mz Th i, W, O FHlD7=diz
X s R DBROAVRENTH Y, TNLVATOEFEIIBERZENZ 21225,
M 2.6.6 (YVITME). 0<s51 <3< <§p<s<t&FTIHELE, W, — W, &k
Wy Wy, W EHNITH S.
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FE. €1, Emyr € RIZRILT,

m m—+1m+1
§m+1Ws +Z€jW$j = Z Z gk s] 1)
j=1 J=1 k=j

72720 Spa1 = 8,80 =0. ZTN& 7T VEBIOMNIENME L Y, i 2 BHBOLAL £i0 €R
LT

E |:eXp (i§m+2(Wt - Ws) + €m+1Ws + ijWsj)]

j=1

j=1

m+1 m+1
= E[€i£m+2(Wt*Ws)] H E [exp (z Z fk(Wsj — VVS]._I) ]

‘ m—+1m—+1 1
:E[ezgm“(WFWS)]E exp Z Z&c W, )

j=1 k=j

= E[ei£m+2(Wt_W5)]E exp (ﬁm_HWS + ZngSj)] .

j=1

Pe-o TEMAZE X Of5imelFs. O

EBRDA RS ERERN —ETRWD LRI, 770 vEEE BTkl flx
ESUS N A IVASE
il 2.6.7. {Wih>o 2777 ViEHIE T2 L ELATD (1)-(3) DHERBRIILTT IV
HETHD. 7272Us>0,c£0LT 5.

(1) {=Wi}i>o.
(2) {(Wigs — Wiliso.
(3) {CWt/(c2)}t20.

AEAH I @i OEEME L § 5.
WIZ, T VEHODHADOWEIZDONWTATNI S, s>0,z € RIZHL

W=+ W, —Ws, t>s

X, SOIERL s T oMK TET IV VEBITHS. 20 E, W' ORERELE
B

a S.T
p@ybw%zafm@ <y), t>s, yeR

% (s,1) 5 (t,y) ~OHBEE (transition density) &IER. Tk 2 BRI S
Tt

0 1 92
5P = 2ay2p, (2.6.2)
0 1 92

ap = 5@% (2.6.3)
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Zi7-9. (E62) 2)LEIAT7OMEARRER, (E63) 2)LEIATOREBAREAL

W
pe(z,y) = p(t,y|0,2) £BE, feCHR)ICHLT

/mpmmwﬂw@ (t > 0),
Pif(z) =< /-

f(z) (t=0)
EFZBD. 22T, C3R)IF R E 2 [E{EHS ATEE T RER A A s & 74 2 BIfE
KTHbH, ZDEE,

E[f(Wo)] = Elf (x + Wy)] = P f(x)
THY, Frv vy - ALEITOTAHER
Pt+s:PtPs:PsPt7 t,SZO

MDD, Thdkb,

d 1
%Pt—}lllm h(Pt—i-h_Pt):PtA:APt

NEMINSE, 2T T,

.4—u%hu%—n
ThHY, [d CER) EOEFEEHAZL L, MRIZFEHIEZEROZRTEZLZHDET
5 (HELHRITAR. I CREANICERINETOTHL). A7 77 VEFHO
4 /EA%E (infinitesimal generator) ¥\W5. ¥4 5 —DEMEZBEMET 5L, & Vhy (2
Wtz d % 0 € (0,1) ZHNT

= flz+Vhy) - fla) e ¥ /?

Jim 5 (Paf = 1) %li% h Neriid
—y?/2
= 1 Vh + L2 (e + V) e d
fim [ [ hyf'(x) Shy [ (@ m]v@% y

LRINDG., BHOMED IS F"/\ fboto, EBIHITES LBRONER 2 AN 2
BTk fi(2))2 875, ko,

1 d? 9
Af(x) = 5@]0(55% f e Cy(R).

Tbb, 770 VEFHOEMEREIL 2O (R MoERETHS.

BB, 790 VEBHOBRMEY I 2L —varvDAEIZERLTEIS. HlXIE
O=tog<t1 < - <tp,=tIZHLTWy,..., W, DIEARKEZSIaL—Yar Lz
BEHERED. Wy, =Wy, D0 0t —t; 1 DIEBDMEITRE, {4 MITH
I eEFRL, EMEEMELS (&), MK, @i

Wj:Wj,1+\/tj—tj,1 s ij=1....n

T& D W, REET DL, KW, & W, OEMIREAL BRI EHNTES.
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EF N

M 2.1. AXA, BXA, CEAD 3 AIFAURIEATWT, EroFERE TRHESD
BLWIENATE-TWA., FHOHI, FRIEMEIIANZERD D, NAZFESHEIEIINS
DNAETREFET S, ISICUTOREEZZITS.

o [EHDGE, HOHD SFEWIEMBTE T t, D05, T I T, ZER GEEE
) TH5.

o NAFERE N > 0 DKRT Y VBRRIZHE > TROF DO NZFIZHET 5.

o NAZF S 56, HOHMSFERIEMATE TEE ¢, 405, FHIFHORS
ENADRERL & MR TH 5.

A ZIABESTERETITFLSZ2IZLTVWS. BEARNREZMES Z2iZLTWS. CX
AL, BOFIDNABTHRE c PRI EIZLTWT, fFo TWBMIZNALEIGER
ZTONRIZED, c B> TENADPKRITIEESTERE TS Z2ITL TV S.
twsto, C W EETIEDEHE L, t, <ty, ZIRETS. 3 NTEICHRIREZNZLLT,
SEYIRNZ D B FRRICEIE T 5 DIk ?

IR 2.2, »5EFHBERIZBE VT, HEHIIREGAHICES Y 2 Biihd & T5. iins
HEhEX, BASEHE, FEEEHE, KEBHEO 3SFEHETH Y, ThEh 30%, 50%, 20%
DEIETRIEFIZENS Z D> TWa. 72, B&irTlk, BEBIHEL 200 H, K
BIEHEEHEN 700 XIS 2L iR oTWwWb LT 5. BEfmBzitins 1 HOEFHEE
D% 100 HHREIZT 2720101F, HEEFHEORESZ Y S ELZS Lnn?

B 2.3, (W, )50, % EAEES A EHERERI & U, Ty =0, Ty := Wy + - + W,
neN, 2BL. INSIZEDEHRINS

N¢ :=max{n e NU{0}: T, <t}, t>0,

EHEFBEE NS, Tibh, IO {N} FKRT YV VERO -t THE. E[W] < 0o

DL E, "
_E[N] 1
A (+)

ThdIeMHoNTNWS.

%, 100 fHOF—%2FD PCOF—FR—RNE2EZX5. H2EN (—FRIZ) JVXLIC
F—RATREOVERT LTS, 2D E, 14 XF [W. Shakespeare] (Z 15 1& 100 1
DE—IZEHEEND LT D) BEANENS T TOMEF— AN ERD XK.

<AV

o N, # t EHOFXF — ANETIZ LD 14 XENHFENZREE T 5.
o R (x) V5.
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o E[N;] =Y B[Ny — Np_1], t > 14, 203,

IR 2.4. Wit IZIXEINTVWEESEEZXS. RERSNIA-XAS>0DRT VYV
R {N () oo K-> TRI D EIET S, 1 HIORGEHKIT 5fL%E p e (0,1) &
U, BEOEAIHIZRED LT D, £72, TOBRER (Nt o LBMTET S, 2
DEE, FEHOREVYOTHRINT ZHNTKIM U ZEBDO Mz RD L. 72720, K
t>0 FTITRILAEEE Ny(t), RELZEEE No(t) £ B EE, {Ni(t)}iso &
{N2(t) }eso BHNRART Y VIBRTHEZEEZHVWTE LW, £z,

e, 1 B
/0 e Fdﬁ—w, n—0,1,2,...,

HMEIZE U THEHZ LIZHWT S X,
by b T P(N(E) =4, No(t) =k) 2R L TAL.

fI#E 2.5, {Ni}is0 287 A =X A S 0DOETY Vilgfie U, ThIZ kD @HI N DR
i

Xi = Xo(=D)N, >0
EEZD. ZIZT, Xold {—1,1} iz & 2HERAHT, {N} &, 2D P(Xo =
1)>0, P(Xo=-1)>0%H~3&T5.

@) 6,h>01HLT, %R
P(Xirn = 1] Xy = —1) = P(Nygp, — Ny VG E)

MO DZ 2 ERE. Vb Xt+h & Xt, Nt, Nt+h THT.
(ii) pij(t) = P(Xy = j|Xo = 4), t >0, 4,5 € {-1,1} B & &, Pt) =
i) }ijef—113 &

1/1 + 6—2)\t 1— 6—2)\t
P(t) = 3 (1 e {20

ERINDZ LR E. KL,

o (A2 ]
() ()\t_e

k1) 2 ™)

k=0
AL LTRO.
(iii) {X¢beo (FHERSHERBIEL P(t) 2 3 D~ L 2 7HEHTH 5. T OBz ik
RE 72U, h>0,0<ty,... ty <EITHUT Ny — Ny BNy, ..., Ny, &
M CThHdZeEMMELTLW.

Fﬂﬁ% 2.6. §S= {0, 1} bt L/, P(t) = {pij(t)}i,jESa t> 0, VJ‘LH\‘FVCEP%. 55 c\:j_é
2

5
.
5

—5t —5t

e

+
Pt) =

e
6_5t 6_5t

Ul W ot w
ot W ot N

2
5
3
5
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(1) P(-) WHERHERERTH 5 2 L 2R,

(2) {Xi o ZHERHER P 2552 S M~V 78 35, {X;} OHBX%
1.

B)t>0,95. P(X;=1,X0,=0]|X0=0) % t DAZHNTEE.

(4) {X;} DEHDMZRD L.

i 2.7. HEHFMRIZENT, KLt TOROERKE X, TRT & &, RREFRDOHIKIZ
FDO0< X, <nPEIZEOVI->TWVWBEDE TS, 22 Tn>2 517, #AITky,
]P)(Xt+h =17 — 1|‘thL = Z) = ,U/lh + O(h), h \‘ O,

MDD EDRDhRoTWVWE LTS, 72770, \p >0 EHMEREE, SOLEHRD
DAEEED R >TWBEN?

Fﬂﬁ% 2.8. S ;&%bﬁjﬁ%é\, —1 {glj}l,]es i& S L@Tﬁ%ﬁﬁﬁg, {Zn}?lozo %ﬂ%ﬁ%ﬁﬁ%ﬁé
G % L DB S~V 7HHE 5. 51T, {Nihiso ZHEN>0DRT YV Vv
WRT {Z,) e 5. ZorE, Mk S v ov 3 7 {X, o %

Xt = ZNt
R DEHRT D (X BV 7EETHD I IEBEHIE LTEW).

(2) P(Zy = j) > 0,5 € S\A, 2402 L, HEME P, j € S\A, % P,(B) = P(B|Zy = §)
KD E#RTS. A% SOMBESGEL, {Xi} D ANDOEERL]

Ta=inf{t >0: X, € A}

EFEAL. ZZTinfl =400 £T5. ZDLE, f(j):=Pj(ta <0),jeS\A4,
TR
S aii+ > ai9() =0, i¢A,
jeEA j¢A
DIETIMAETH 5 Z & ZAEHHE K.
b [B2t>008FELTX €Al & BB n>00FHELT Z, € Al

(3) —HHH Q = {Gij }i jenvioy %

1+ 2

— = ifj=4i4+1, i>1

2@_,,_2’ 1 ] Z+ ) Z— )
q’L]: m, lfj:Z—17 121,

-1, ifj =i, i>1,

L0, otherwise,

LR DEHTE. LOHEITEY, Q %FOWBRITH & T 5 dfEL <L 2 7 He
DART A
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(4) BB ORI T, P(Xg=7) > 0,5 > 1, 2KETS. Pj(fp < o00), 5 > 1, ZRD &.
71U, ol {X} @0 ~ElERL, Pj(B) =P(B|X,=j) &7 5.

fidE 2.9. TH 1.7.4 & FELLOKE R A KR ~ )V 3 7 I U TR D o0 ?

M8 2.10. HABHBEIZIZ N BOOHEAR—ANRH B, HEAR—ANRH B L EDHA
BHTE2INEL, ZOBHEEGZNZEIE, £ UEEAR—ARRITNTES IZ5EH
LikkbbDrT5. Thbb, BEAR—ANTELEFTHETLIZ 23RV EIRET
5. ZOMFLEKEE YL M/M BFELITHET VAL, BEEHAHOER 20 % K
L.

M 2.11. B2 EHEOAEBELG T, 77— MNE22H0, —AY72 0 OFYFARERH
1320 B, FRITHIZAEEESGICES 12 DHEETHEET 222200 oT0a. Z0fEb
BB M/MBGLFHET VTR TER LRET S & &, ERIREBIZB T 2 EHMS
B ERD K.

M 2.12. H2A—=T, VLIPS ORMWHEL 5. HWYIE OV R [E
Bald 1330 BTHY, ~ADEDHERICET HMHEIFI 20 THS. ZOHEHRN
M/M BEGBFHTRB T NS LIREL, STFOMWIZER L.

(1) E@HERBIZB VT, BWFLTICREITEHMERERD L.
(2) FIFHTES L Y% 3DICHP LI E, EWELTICAIHTEBMRIIB B & s
275 H 7

M 2.13. M/M/c/c fFebATHIET IV, $hbb, BOM c lTRLEIEN M/M 1Y
FBITHIET NV e KBS 5 HAESRBER 2GR U, ZDOER DM Z KD XK.

[ 2.14. XD M/M BfEH10ET NV E2EZS:

o BN HERMIEIMEIX 124, 1 AN 0 EHY —V AMIZ 8 0 TH 5.
o MHLEIZIXF K NUATE, Bl 1 2.

ZDEE, EHIREBIZBWTRADNMEIZRDMHEREZ 0.1 LFIZT 57200/ K %
ke k. 272U, log2 =0.69, log3 =1.10 &§ 5.

I 2.15. ¢ ZIEDOEHE U, M/M/cTUEBITHETVEE XS, BlERE X >0, &
H125H70 DY —UARE n>08U, p=Apldp/e <1 ZH7ZTLRET S, E
WREBIZB T2 ANH%E N TKT L Z, UFOMWIZEZ L.

(i) N oafizRo &.
(i) P> TVWEIRMED FTD N OFMAMNEARMEEN | N > 0] 1220V T, EFX

C
c—p

E[N|N > 0] =



MED LD Z & ZRE.

IHRBFEDEHIC

o YV 7HEH: (2, [6], [4].
o fFH4741: (03], (1], [I2].
o HERGIMHEG: (1], [16].

o U 5w iEE), fERMFEN: (5], 4], [16).

o TR, W@ (18], 7], [<], [9], [10).

89
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Tk A
A G HUME SR 5R

Al HEERZER], HERBIE

EE ALL QEEEOEEL TS, QOEAHETF QLD o-REEK (7 oIk
) TH2LRBANNORMEDN I ND L EITWVS.

(1) 0 e F.
(2) A€ F= Ace F. #7L 4° = Q\ A.
(3) A1, As, - EA:>U$LO:1An e F.

e Ac F#% (FIZBHALT) WHIARES, HEVITFEREIELR.
o #l(Q,F) #FAIZEME WS,

Bl A2, EROES QIIHLT, QOMHEELIKF =29 :={A: ACQ} ¥ ot
GHhTH 5.

i A.1.3. (Q,F) 2aflEfe L, A, e F,i=1,2,...295%. ZOtE, DUTFOHE
BETART FZBELTCAIAREATH 5.

UAZ, ﬂAl, DAZ, ﬂUAl, UﬂA

n=11i=n n=1i=n

IR A4, R TIRERNIZ, QOHDEEGEAERIESLIHROELY AL,
ZTDOERE W 5 70 & H 5 @ﬁ%b?é ZDLE AR F IEEFERTRERBIR DM Y 75
7 AL ZIX I, BIZIE, BEAELRHRKOEED AL B2¥HY (e, A, Be F),
A Y B HFHEIRFIZ ié“éfﬁ%ﬁAﬂB’PA BHEEEDR BIIEERVWERK ANDBS 2% X 7-
WA, TS DELEEERAETRIINER S\ (e, ANB,ANB¢c F). FH
DEFOVDN -EERTHEILRBIDEDD—-DODEFETHS. 2%, LOMBETH
=& DI - AT A BESEFICEUCHU TWA 720, HHZFROMALGDLYE
FERWNRIZTEDIRVWERIBIZAR>TWEDTHS. LU, MFARI L E2E 2K
TR SRNDEZA S0 ? HIZQ OMSESRERET 2 ZOEREE UTEHRHALTWL
TEHXABRDEALSIDP? ZZTEHEHZRRBZVD, ZNTEUIXUIEARHMEN R 5
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DTHD. —fkiz, MEEZMES & SITFFEITR LU T o- oK EEYNIHESBEDNDH 5.
CIEVWZE, HEMEENTUEAR oc-BEBRIIOVWTHMIERT LI L3R5 TH
%95,
Q DEFEGHE G ITH LT,
o(G) ={H:Q LD oc-HEEKst. G CH}
LK. IR GEEUCRND o-HERTH 5.

BIAL5 AcFEL,G={A)DBAIE o) (ZhE o(A) LB = {0, A, A°, Q)
TH%.

O Z2H 502N, § % QOREEEKELETELEE, 0(G) 2 Q LD Borel o-FE&1K
VW, B(Q) =o0(G) £EL. ELHESIDIX, Q =R [a,b] DEGAEETHD. E7z,
B(la,b]) % Bla,b] L LMET L b5 5.

EFH AL6. P:F — [0,1] AIZER (Q,F) LOBEAETH S &1k, TR ZIN
5LEITWVWD.

(1) P(0) = 0, P(Q) = 1.
(2) Ay, Ag, - E./T"f))OAiﬂAj =0 (Z?é]) ANSYES

() - S

=1

o 3 DHlA (O, F,P) 2EFRZERE NS,

o P(A) = THHH{ AN BHER)

e P(A) =10, &, HRLAFMRLITEIS], FR AXFTLALHEREIZ (almost
surely, a.s.) 2 5] REE WS,

Bl A1.7. (Q,F) 2% ET 5. w e F2MoTHEHEL, P:F - [0,1] %

P(A): 1, lf wp € A,
0, ifw ¢A

CEDELTSD. ZOLEPIF(QF) LOMRAETHS. 205G, Pl w ITEM
LT 1 7y ZHIEE NS,

Bl A.1.8. Q #HRES (e, #2<00) &L, F & QOHPEA2EKLTE. Fwel
IZH LT DR p, € [0,1] 25X, P(A) =) capw EEHET D, TOFHEITLo
T(QF) LOEROHENEIHELTE 5.

Bl A.1.9 (Lx—2ZHIE). ((0,1],B((0,1])) EOMeRHE 1 T,

,u((a,b]):bfa, Ogagbgl
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ZHi7ZTHDODEFEENRONT VWS, ThDLLEXMORIZMELTZ2HDTH 5.
ZhzE ((0,1,B(0,1]) EQIR=FTREEL WS, {0} OREEZLXYOELTL I LT,
([0,1], B]0,1]) LOHIELAZZ b H 5.

72, (R,B(R)) LoFEWE (e, EHFATAHD (2) Zhiz 3 FAMEESEE) v T

v((a,b)) =b—a, —oc0o<a<b< 400
72T EDOMVEHET S, IhE (R, BR)) EOVR—=FHEL NS,
THZ, ZOWED [a, 8] ~NDHEIEZ ([, 8], Bla, 8]) EONR=ZHIEL NS, i

A7z ((0,1], B(0,1]) EOLR—=FHIEX, R EOLR—=FH]ED (0,1] ~NDHIPRE A7
LT k.

i A.1.10. P %2 (Q,F) LOMERHEL T2 LS, AT LD:

(1) A, e F,n e N, BHEGEEM (Ge, Ay CAyC--) DEE,

P (U An> = lim P(4,).
n— oo
n=1

(2) A, € F,neN, P .G kA (i.e., A DAy D ) DEE,

P (ﬂ An> = lim P(4,).
n=1
UF, ZoEOKDLD X THEERZEM (Q,F,P) 25X 5.

e ABeF P(B)>0%¥5,

_ P(AnB)
P(A|B) = P
ZHR BBEAZONTE EOHF A DFRHEMZHEZE (conditional probability) &
W,
e P(A|B) I BHWRIZLEVIHHRT ADRI 2MLREADLEDTHY, P(B) T
HpZ iz HiRILL T WS,
@ A.1.11. P(B) > 0745 B e F¥52onze TOLMMNEHEDRE P(A|B),
AeF, iF(Q,F) LoOMENETH 5.

o R A Bc F My (independent) TH 5 &I,
P(AN B) = P(A)P(B)

EROIDE ZIZWS,
e P(B)>0Dr &, MyMiZP(A|B) =P(A) LFAMTHY, Zhix [BHEZS
EWIOHHRTH>TH A DHERIIZDLSIRW] ZE2EKRLTWAS.
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e HE A, € F,i=1,....n, WHTTHE L, FEED L {1,... 0} LHVICE
BRBAERED i1, ... i€ {1,...,n} KHLT

4 V4
P (ﬂ Aik> = [Tr,)
k=1 1

MR DE EITWD.

A2 FEREL

MERZEM LT VDX RHEENED TR] 2Nz 5EEOMTH 508, i~ DRMEENE
DRIZHN S L HBUEZ LR T 2 DDHRLERTH 5.
EFE A2.1. X :Q— RU{£oo} iZ

{weQ: X(w)>ateF, acR
Ziilzd e &, (F-iHll) BEEHTHL LV,
o FR {weN: X(w) e B} iFdHE, {X B} RrEeMaInd.

Bl A.2.2. ROEDOVFEHRIRDOESEZ Q = { BV, FEI, GV} &35, Z0eE,
D VatOEMOE LR X 1 Q FOMREREEZLZLNTES.

o X DHERERZSIE, MROXM izl T{X el}eF.
o Q DWMHEEA AITHLT

1, weA
1A(w>:{0 wé¢A

TEBEINZEK 14 2848 A DEEBHD 5 WV IXIBTEHE V.
o 1y WHEREM — Ac F.
o MERERKDI { X }7_| DN TH D LlE, EED ay,...,a, € RITHLT
P(X; <ay,....X, <ap) =P(X; <ay)---P(X,, <a,)
MO NDE EITWD.
o MERAID (IR F1 { X, }00, NI TH 5 &k, LEOMHERD ny,...,np €N
LT { Xy, Yoy PHNITH D L E TV,
o MEELHDONRI MV X = (X1,..., X)) £ Y = (Y1,...,Y,) P TH B L1,
ERED al,...,am,bl,...,bneRL:i(ﬂ”b’C
]P(Xl < aly"')Xm < amuifl < bl)"'JYn < bn)
:IP)(XI S al,...,Xm S am)P(YI S b17...,Yn S bn)

MW7z X Nd & ZITWNWD.
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Bl A.2.3. pe[0,1] T 5. {0,1,...,n}-EMEREL X

P(X = k) = (Z) pF(1 - )
iz e E, X 3N ITA=& (n,p) DHBHIIMKS LD,

Bl A24. A>0855. 0L ELOBERBOES NU{0} IZffi% & DHERLH X »

)\k
P(X =k)=e ", kecNU{0}

k?
Zhi7z3TLE, XIENRITA—RANDRTYUBHIIHS L0,
o X WFEHUMED & F, i IR A B
Fx(z):=P(X € (—0,2]) =P(X <z), z€R

z X OHBEBE NS,

o FEHMEMLEL X ZOoVWT, P(X €8)=1%7-97XMS % X D& (support)
E IS,

o X ZEFEMRLHLL, SEZXTDAHELTS. fsf(x)dx =17%5% 8 LoJEaHE
T BEEL f A

b
]P’(a<X§b):/ f(z)dz, —oco<a<b<+oo

Bl EMRET B, 72720 SOMITIE f ¥Rl ERLTEL. 2D f%2 X
OEEBH (density function) MR, F7z, X O/HITEE f 2020 .
o HEMBUZL D FWETEETHESLD, IbH L ERHOEHRET T TH 5.

Bl A2.5. meR, 0>0195. HBREHX VR ZHICKD, & 5IHERK

1 z—m)2
f(m)zie_( 27" , z€eR

EHOLE, X VM m, Mo OER (HIR) HHEIHES L0V, X ~ N(m,o) &
B om=0,0 =108 X X ZEETEMEIRES 205,

#l A.2.6. A\ >0179 5. HERLZHX ODED (0,00) THH, HEN
fx)y=Xxe™, >0

THZONDLE, X IENTA—=Z XN DIRESHIHKS 20D,

A3 HAfHE

X EWREHET 5.
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(1) X(Q)={X(w):weQ} BEREGDL E, X OHFFE (expectation) E[X] %

E[X] = Z 2P(X =x)

zeX(Q)

KO EERT D, Z0LE, EEOFEBMEBE f1zonT

Ef(X)]= ) [f@PX =a).

z€X ()

(2) X DEIERS p 2508 X, ZOMEHE[X] &

E[X] = /S opla)da
WWEOEHRTS., 22T, SEXDHEEL, Al (V—vv) EoagEr35.
DL E, EREOEFERBEE f 1T LT,
B = [ S
(3) —HE DI LRI X 15+ 5 W1

n2"—1
. Z k k k+1

IRV EHEIND.
(4) GEEELIFRSA) X 128 L TEBS NAMRER

X (w) == max{X(w),0}, X (w):=-min{X(w),0}, we

e ITHEAMRERTHEH S LD &> ITHFERERE NS, ko T E[XT],
E[X~]| D5 5 pREREO L %, X OBfHE E[X] %

E[X] = E[X*] — E[X]

XD EET S.
(5) X,Y %EBEMERER, i =1 2EBEN L THLE, 7 =X +iY IJEFRK
TEERER L 725, EEBUEMEREZE Z OMFHEIX

E[Z] = E[X] +E[Y]
LREEIND. HIZIL, () MELH X LteRIZHLT,
E[e¥] = E[cos(tX)] + iE[sin(tX)].

o —HARMIFHEDTE (3) B L (4) RMRNAEAOTE (1) LEENAEE 0
T (2) LBAKTH .
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o |[X|=X++X" &0 E[X]BEBRMETHSZ L L E[|X]] < oo THB T &AM
TH5.
o WERZB X OHHE[(X — E[X])?) & V(X) TKT.

M A.3.1. XY 2EMEREKE L, TNSDOMAHENEHRIND LTS, a,beRIZ
U TR A3 D 32D,

1) X =Y as. = E[X]

I
=
=

2 X<Yas=¢MM§EW]
3) E[aX + bY] = aE[X] + bE[Y] (ZHUFIHLA 00 — 0o THRWERD THEH D LD).
5) E[| X]] < oo = |X| < o0 as.

6) X >0as,EX]=0= X=0as.

(1)
(2)
(3)
(4) [E[X]] < E[X]].
()
(6)
(7) X >Y as,E[X]=E[Y] = X =Y as.
£ 0 F AT S HIRHEOMEBE O WL D92 IROMETHRLHTH I S
i A.3.2. RO (1)—(4) DL D LD,

(1) ap, >0, A, € F, n e NU{0} I L,

E [Z anlAn] = Z anP(A,)
n=0 n=0

(2) NU{0}-fEffE 2% X 123 L,

= iP(X >n).
n=0

(3) (FzEyzIDORER). e>0,p>1 & E|X|P] < co &t T IMeLEH X 12
HLT
(WW>@<4*HXM

(4) A BEEmAAHERLL, X LY 3ZENTN AL BIZfli% & 2ERER LT
5. XY PMSIDoL E, AEOERBEE f: Ax B> RIZHNLT,

E[f(X,Y)] =E[E[f(2,Y)]|la=x]-

o MEMAZA4) &b, f(X,Y) DMIFHEZGIRT 2720121, £ X 2EHE A%
LT A(X,Y) ofififiz Y ICBIL T b, Zo%T X ICBEL THIfiEz 2 nud &
WZ T,

o M AZA(4) XX —MOMEREBIZH L THDIDOH, AT ETLOLS &
MET T THS.
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px(t) =E [ Zia %] |t = (... tg) €R?
X OB E NS, 7270 i =v—1. BEEBIZ X DERZERONDHIXTEITHRE

xha.
W A.3.3. XY ZEBUHEMRERE T5. FBDt € RLIZDWVT px(t) = ¢y (t) &

S5 Fx =F Th5.
SIS 2 R CHE S 5 2 L B TE 5.
T A.3.4. HEREBH (X, )0, PWALTH B b DB D&M,

k=1

ZZTX =Xt ., Xn), t=(t1,...,tn).

R AL3.5. TEREHDONT PV X = (X,...
TODBELDEML, FED &, . m, M, -

exp (Z Z kak>
=1

X)) LY = (Ya,...,Y,) B TH B
,Mn € RATXH L

=E

E |:exp (z Z anj)
j=1

E

m n
exp (2 Z{ka +1 Z 77ij)
k=1 j=1

MDD Z L THAS.

A4 HERZHDPNR

FREREBT] {X, )20, & EMRER X HBEX5NT WD LT 5.
o X, (w) B X (W) IKIRT 2L 5% we Q ORADIHER 1 ThELE, Thbb,

P(X = lim X,) =1

n—oo
DEE, { X} 1F X ITHIET 5 200, lim, 0 X, = X, as. &EFL. £z,
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o FEMD e > 01T T
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n—oo
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e pe NIZXULT
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n—oo
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DEO LD Y E, { X, } X X ICHART 5, H2WIEAMINERT 5 &0 5.
EH A.4.1. RO (1)—(4) DS Y SLD.
(1) { X} 2% X TGRS % 722 5 1 XHERIUR T 5.
(2) {X,.} 2% X 42 p WOEHAIGR T 572 & IXHERIK T 5.
(3) { X} A% X RIS 5 72 5 IFHEANGRT 5.
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E [hm inf Xn} < lim inf E[X,,].
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(1) X,, » X as.
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1
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